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Vijay Gupta 56-61

10 Spatial Risk Estimation in Tweedie Double Generalized Linear Models
Aritra Halder, Shariq Mohammed, Kun Chen, Dipak K. Dey 62-91

11 On Some Well-Posedness Issues of the Inviscid Burgers Equation on Sobolev
Spaces
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15 Unbounded Quasi-Normed Convergence in Quasi-Normed Lattices and
Some Properties of Lp Spaces for 0 < p < 1
Enkeleda Zajmi Kotonaj 126-133

16 New Results Bbout Lebesgue-Type Parameters in Greedy Approximation
Theory
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International E-Conference on Mathematical and Statistical
Science: A Selcuk Meeting

Generalised Picone Identity and First Eigenvalue
for p(x)-sub-Laplacian on Stratified Groups

Abimbola Abolarinwa

ABSTRACT. In this paper, we present a generalised variable exponent Picone type identity
for horizontal p(x)-Laplacian on general stratified Lie groups. As applications we establish
some properties of the first Dirichlet eigenvalue of horizontal p(x)-sub-Laplacian such unique-
ness, simplicity, monotonicity and isolation in variable Lebesgue spaces.

2020 Mathematics Subject Classifications: 35B05 35H20, 35P30, 47J10

Keywords: Stratified groups, Picone identity, sub-Laplacian, principal eigenvalue.

1. Introduction

The study of variable exponent partial differential equations in Euclidean setting is gain-
ing more attention [9, 11, 13, 15, 16, 18]. Models involving p(x)-growth condition arise from
physical processes such as nonlinear elasticity theory, electrorheological fluids, image process-
ing, etc [2, 3, 24]. It has been observed that p(x)-Laplacian is similar in many respect to the
classical p-Laplacian (p-constant) but it lacks certain vital properties such as homogeneity.
This therefore makes the nonlinearity so much complicated and many of known approaches to
p-Laplacian can no longer hold for p(x)-Laplacian. It is interesting to consider p(x)-Laplacian
in the sub-elliptic setting and investigate which of the known results for p-constant hold for
variable exponents.

In this paper however, we study the indefinite weighted Dirichlet eigenvalue problem for
p(x)-sub-Laplacian (5) on Ω ⊂ G, p(x) > 1, where G is a stratified Lie group, and discuss
some properties of the eigenvalue λ ∈ R+ and the corresponding eigenfunction u(x) in the
context of variable exponent Sobolev spaces. It is well known in the classical setting (p(x) = p-
constant and M = Rn) that Problem (5) possesses a closed set of nondecreasing sequence of
nonnegative eigenvalues {λk} which grows to +∞ as k → +∞, and that the first nonzero
eigevalue is simple and isolated. Due to some complication in the nonlinearities in p(x)-
Laplacian and inhomogeneity of the corresponding variable exponent norm, some of the
results in the classical case may not hold or rather under restrictive assumptions. In [13], the
authors studied (5) (with g(x) = 1, Ω = Rn) and showed that the existence of infinitely many
eigenvalues and established some sufficient condition for the infimum of the spectrum, called
the principal eigenvalue, to be positive. The properties that λ1 > 0 is very useful in analysis
and applications. Motivated by [13], we are able to assume the existence of λ1 > 0 for (5) and
proved its uniqueness, monotonicity, simplicity and isolation. The variable exponent Picone
type identity is key in all our proofs.

Picone identity is a very useful tool in the study of qualitative properties of solutions of dif-
ferential equations, and for this, several linear and nonlinear Picone type identities have been
derived to handle differential equations of various type. Picone identity was originally devel-
oped by Mauro Picone in 1910 to prove Sturm Comparison principle and oscillation theory
for a system of differential equations. This identity was later extended to partial differen-
tial equation involving Laplacian by Allegretto [4] as follows: for nonnegative differentiable
functions u and v with v 6= 0, the following formula

|∇u|2 +
u2

v2
|∇v|2 − 2

u

v
∇u∇v = |∇u|2 −∇

(
u2

v

)
∇v ≥ 0(1)

holds. It was later generalised to p-Laplacian by Allegretto and Huang [5] which enable
them to establish among others, existence and nonexistence of positive solutions, Sturmian
comparison principle, Liouville type theorems, Hardy inequalities and some profound results
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involving p-Laplace equations and systems. Allegretto and Huang’s identity reads as follows,
for u ≥ 0, v > 0, then

|∇u|p + (p− 1)
up

vp
|∇v|p − pu

p−1

vp−1
|∇v|p−2∇v∇u = Rp(u, v),(2)

where

Rp(u, v) := |∇u|p −∇
(

up

vp−1

)
|∇v|p−2∇v ≥ 0.

Several extensions and generalisation of Picone identity have been established in order to
handle more general elliptic operators. For instance, see [7, 27] for nonlinear versions of (1)
and (2), with several applications. For other interesting extension of Picone type identities
one can find [21, 22, 23] for general vector fields and p-sub-Laplacian with applications to
Grushin plane, Heisenberg group, Stratified Lie groups, [19] (for p-sub-Laplacian on Heisen-
berg group and applications to Hardy inequalities), [25] for nonlinear Picone identities for
p-sub-Laplacian with applications to horizontal Hardy inequalities and weighted eigenvalue
problem on Stratified Lie groups.

Allegretto [6] established variable exponent Picone type identity for differentiable functions
v > 0, 0 ≤ u ∈ C∞0 (Ω) and continuous p(x) > 1 as follows:

|∇u|p(x)

p(x)
−∇

[
up(x)

p(x)vp(x)−1

]
|∇v|p(x)−2∇v

=
|∇u|p(x)

p(x)
−
(u
v

)p(x)−1
|∇v|p(x)−2∇v∇u+

p(x)− 1

p(x)

(u
v
|∇v|

)p(x)
(3)

+
1

p(x)

up(x)

vp(x)−1
|∇v|p(x)−2

[
1

p(x)
− ln

(u
v

)]
∇v∇p(x) ≥ 0

on the assumption that ∇v∇p(x) = 0. He used the inequality to prove Barta theorem and
some other results. Later, Yoshida [26] established similar Picone identities for quasilinear
and half-linear elliptic equations involving p(x)-Laplacian and pseudo p(x)-Laplacian, and
consequently developed Sturmian comparison theory. Most recently, Feng and Han [14],
motivated by Allegretto [6] proved a modified form of (3) and showed that

|∇u|p(x) −∇

(
up(x)

vp(x)−1

)
|∇v|p(x)−2∇v ≥ 0(4)

provided ∇v∇p(x) = 0 a.e in Ω, with equality if and only if ∇(u/v) = 0 in Ω. They
proved monotonicity of principal eigenvalue and a variable exponent Barta inequality for
p(x)-Laplacian in the the Euclidean setting.

In this paper, we present a new generalised variable exponent Picone type identity for hor-
izontal p(x)-Laplacian on stratified Lie groups. Our identity contains some known identities
in various setting as will be discussed in Section 2. Consequently, we give several applications
to qualitative properties of the principal eigenvalue of p(x)-sub-Laplacian such as uniqueness,
simplicity, monotonicity and isolatedenss.

2. Preliminaries

In the section we recall some preliminaries which will allow us fix necessary notation. First,
we give basics of the stratified group (homogeneous Carnot group). Secondly, we discuss some
concepts from the theory of variable Lebesgue and Sobolev spaces, and then present Dirichlet
eigenvalue problem for p(x)-sub-Laplacian on stratified Lie groups.

2.1. Stratified groups. Recall that a stratified Lie algebra g of step r is a Lie algebra with
subspaces V1, · · · , Vr satisfying

g = V1 ⊕ · · · ⊕ Vr, [V1, Vj ] = Vj+1, j = 1, · · · , r − 1 and [V1, Vr] = 0.

If a Lie group G is Nilpotent, connected and simply connected with a stratified Lie algebra
g, then G is called a stratified Lie group (or homogeneous Carnot group) of step r. In fact,
if Nj = dimVj , using the exponential map we can identify G with RN1 × · · · × RNr so that

each point g ∈ G is identified with a point x = (x(1), · · · , x(r)) in RN1 × · · · × RNr so that
xj ∈ RNj .
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The stratified Lie groups have a natural family of anisotropic dilations δγ : G → G for
every γ > 0 defined by

δγ(x) ≡ δγ(x′, x(2), · · · , x(r)) := (γx′, γ2x(2), · · · , γrx(r)),

which is an automorphism of G. Here x′ = x(1) ∈ RN1 and x(k) ∈ RNk for k = 2, · · · , r. The
homogeneous dimension Q of the group G is given by

Q :=
r∑

k=1

k · dimVk =
r∑

k=1

kNk.

The Haar measure on G is denoted by dx, which can be taken to be the Lebesgue measure
on RN1 × · · · × RNr Let X1, · · · , XN1 be the left invariant vector fields on G such that

Xk(0) = ∂
∂xk

∣∣∣
0

for k = 1, · · · , N1. Then, for every x ∈ RN = RN1 ×· · ·×RNr , the Hörmander

rank condition
rank(Lie{X1, · · · , XN1}) = N

holds, that is, the iterated commutators of X1, · · · , XN1 span the Lie algebra of G. The left
invariant vector fields Xk has an explicit form given by (see detail in the book [20]),

Xk =
∂

∂x′k
+

r∑
l=2

Nl∑
m=1

a
(l)
k,m(x′, · · · , x(l−1))

∂

∂x
(l)
m

,

where a
(l)
k,m is a homogeneous polynomial function of degree l − 1, r is the step of G, x =

(x′, x(2), · · · , , x(r)), and x(l) = (x
(l)
1 , · · · , x(l)

Nl
) are the variables in the lth-stratum.

The canonical (horizontal) sub-Laplacian on G is defined by

LX :=

N∑
k=1

X2
k ,

which is a left invariant homogeneous second-order hypoelliptic differential operator. It is
elliptic if and only if the step of G is equal to 1. (The hypoellipticity of L is a special
case of Hörmander’s sum of square [17]). The Horizontal gradient and divergence on G are
respectively denoted by

∇H := (X1, · · · , XN1) and divHw := ∇H · w.
Let p : Ω̄ → R be a continuous function and p(x) > 1 for x ∈ Ω̄ ⊂ M . We define the
p(x)-sub-Laplacian (horizontal p(x)-Laplacian) on G by the formula

Lp(x)u := divH(|∇Hu|p(x)−2∇Hu),

where u is a smooth function. If p(x) = p (p=constant), the operator Lpu becomes the
p-sub-Laplacian, divH(|∇Hu|p−2∇Hu). Here the notation

|x′| = (x′21 + · · ·+ x′2N1
)
1
2

stands for the Euclidean norm in RN1 .

2.2. Variable Lebesgue spaces. In order to discuss generalised solutions, we need some
concepts from the theory of variable Lebesgue and Sobolev spaces. Detailed description of
these spaces can be found in [8, 10, 12].

Let Ω ⊂ G be an open domain and E(Ω) denotes the set of all equivalence classes of
Haar measurable real-valued functions defined on Ω being equal almost everywhere. For any
positive variable exponent p(x) : Ω→ [1,∞) such that

1 < p− := ess inf
x∈Ω̄

p(x) ≤ p(x) ≤ p+ := ess sup
x∈Ω̄

p(x) <∞,

and any u ∈ E(Ω), the identity

|u(x)|p(x) = exp [p(x) log |u(x)|]

shows that |u(x)|p(x) is measurable. Since it is also nonnegative, the integral
∫

Ω |u(x)|p(x)dx
is well defined. Consider the functional (called the ρ-modular) ρp(·) : E(Ω)→ [0,∞] given by

ρp(·)(u) :=

∫
Ω\Ω∞

|u(x)|p(x)dx+ ‖u‖L∞(Ω∞).

3
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Here we assume that Ω∞ has zero measure and we stick to

ρp(x)(u) :=

∫
Ω
|u(x)|p(x)dx.

Definition 2.1. The generalised (variable exponent) Lebesgue space Lp(·)(Ω) is the vector
space of measurable function for which the ρ-modular is finite, that is

Lp(·)(Ω) =

{
u ∈ E(Ω) :

∫
Ω
|u(x)|p(·)dx <∞

}
.

The space Lp(·)(Ω) is a Banach space equipped with the (Luxemburg) norm

‖u‖Lp(·)(Ω) = inf
{
t > 0 : ρp(·)

(u
t

)
≤ 1
}
.

The ρ-modular ρp(·)(u) possesses some useful properties such as (see [8] for details)

(a) ρp(·)(u) ≥ 0 with equality if and only if u = 0 a.e.
(b) ρp(·)(u) ≤ ρp(·)(v) when |u| ≤ |v| a.e.
(c) ρp(·)(u) is convex.
(d) For {uk} ⊂ E(Ω), ρp(·)(lim infk→∞ |uk|) ≤ lim infk→∞ ρp(·)(|uk|) (Fatou’s Lemma).

Another basic result is a generalised Hölder’s inequality which can be used to define an
equivalent norm. If 1

p(x) + 1
p′(x) = 1 a.e. on Ω, then for all u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω) we

have uv ∈ L1(Ω) and∫
Ω
|u(x)v(x)|dx ≤

(
1 +

1

p−
− 1

p+

)
‖u‖Lp(·)(Ω)‖v‖Lp(′·)(Ω).

Definition 2.2. The variable exponent Sobolev space S1,p(·)(Ω) is the vector space of those

functions u ∈ Lp(·)(Ω) for which ∇Hu is also Lp(·)(Ω). S1,p(·)(Ω) is also a Banach space with
the norm

‖u‖S1,p(·)(Ω) = ‖u‖Lp(·)(Ω) + ‖∇Hu‖Lp(·)(Ω).

We denote by
◦
S1,p(·)(Ω) the closure of C∞0 (Ω) in S1,p(·)(Ω) with respect to the norm

‖u‖ ◦
S1,p(·)(Ω)

= ‖∇Hu‖Lp(·)(Ω).

It can be clearly seen that Lp(·)(Ω), S1,p(·)(Ω) and
◦
S1,p(·)(Ω) are all separable and reflexive

Banach spaces in their respectful norms if 1 < inf p(x) < sup p(x) <∞ in Ω.

2.3. Eigenvalue problem for p(x)-Laplacian. Let Ω ⊂ M be a bounded domain with
smooth boundary ∂Ω. We suppose a continuous function p : Ω̄→ R+, p(x) > 1 is such that

1 < p− := ess inf
x∈Ω̄

p(x) ≤ p(x) ≤ p+ := ess sup
x∈Ω̄

p(x) <∞.

Now consider the indefinite weighted Dirichlet eigenvalue problem for horizontal p(x)- Lapla-
cian

−Lp(x)u = λg(x)|u|p(x)−2u, x ∈ Ω,
u > 0, x ∈ Ω,
u = 0, x ∈ ∂Ω,

(5)

where Ω is as defined above, g(x) is a positive bounded function and p : Ω̄ → [1,∞) is a
continuous function for x ∈ Ω̄.

Definition 2.3. Let λ ∈ R+ and u ∈
◦
S1,p(x)(Ω), the pair (u, λ) is called a solution of (5) if∫

Ω
|∇Hu|p(x)−2∇Hu · ∇Hφdx− λ

∫
Ω
g(x)|u|p(x)−2uφdx = 0(6)

for all φ ∈ W
1,p(x)
0 (Ω). If (u, λ) is a solution of (5), we call λ an eigenvalue, and u an

eigenfunction corresponding to λ.
Similarly, by the sup-solution and sub-solution of (5), we mean the pair (u, λ) such that∫

Ω
|∇Xu|p(x)−2∇Hu · ∇Hφdx− λ

∫
Ω
g(x)|u|p(x)−2uφdx ≥ 0(7)

4
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and ∫
Ω
|∇Xu|p(x)−2∇Hu · ∇Hφdx− λ

∫
Ω
g(x)|u|p(x)−2uφdx ≤ 0(8)

for all φ ∈W 1,p(x)
0 (Ω), respectively.

The principal eigenvalue of (5) is denoted by λ1 := λ1(Ω), and for the solution (u, λ) and
u 6= 0, we have

λ1 = inf
u∈∈

◦
S1,p(x)(Ω)\{0}

∫
Ω |∇Hu|

p(x)dx∫
Ω g(x)|u|p(x)dx

.

In the case p(x) = p(constant), it is well known that λ1(Ω) given above is the first eigenvalue
of p-Laplacian (with g(x) = 1, Ω ⊂ Rn), which must be positive. But this is not true for
general p(x) in the sense that λ1 may be zero [12]. Nevertheless, Fan, Zhang and Zhao in
[13] have proved the existence of infinitely many eigenvalues p(x)-Laplacian and established
sufficient conditions for λ1(Ω) > 0. Motivated by [13], we are able to assume the existence of
λ1 > 0 in the rest of this paper.

3. Main results: Variable exponent Picone identity and principal eigenvalue

In this section we give the statement the generalised Variable exponent Picone identity,
which can be considered as the main result of this paper. The complete proof of the result
is not given here since it is almost similar to Theorem 2.3 of our recent preprint [1]. The
following is the variable exponent Picone identity.

3.1. Generalised Variable exponent Picone identity.

Theorem 3.1. Given any domain Ω in G. Let u ≥ 0 and v > 0 be nonconstant functions
differentiable a.e. in Ω. Suppose p : Ω̄→ (0,∞) is a C1-function for p(x) > 1, and f : R+ →

R+ is a C1-function satisfying f(y) > 0 and f ′(y) ≥ (p(x) − 1)

(
f(y)

p(x)−2
p(x)−1

)
for y > 0.

Define

R(u, v) = |∇Hu|p(x) −∇H

(
up(x)

f(v)

)
|∇Hv|p(x)−2∇Hv(9)

and

L(u, v) = |∇Hu|p(x) − up(x) lnu

f(v)
|∇Hv|p(x)−2∇Hv∇Hp(x)

− p(x)
up(x)−1

f(v)
|∇Hv|p(x)−2∇Hv∇Hu+

up(x)f ′(v)

(f(v))2
|∇Hv|p(x).(10)

Then

(i) L(u, v) = R(u, v).
(ii) L(u, v) ≥ 0 if ∇Hv∇Hp(x) ≡ 0. Moreover L(u, v) = 0 a.e. in Ω if and only if u = cv

a.e. in Ω for some constant c > 0.

Proof. Direct computation gives

∇H

(
up(x)

f(v)

)
=
up(x) lnu∇Hp(x) + p(x)up(x)−1∇Hu

f(v)
+
up(x)f ′(v)

(f(v))2
∇Hv,

which when substituted into (9) proves (i) of the theorem. The proof of the rest part of the
theorem follows directly from the proof of [1, Theorem 2.3]. �

Remark 1. Theorem 3.1 generalises many known results:

(a) In Euclidean setting, if p(x) = p in (9) and (10) we then recover Picone identity of Bal

[7]. If f(v) = vp(x)−1, we have Picone identity of Allegretto [6] and Feng and Han [14],
and that of Allegretto and Huang’s [5] for p(x) = p, f(v) = vp−1.

(b) In Subelliptic setting, if p is constant and f(v) = vp−1 in (9) and (10), then we cover
Niu, Zhang and Wang [19] (Heisenberg group), Ruzhansky, Sabitbek and Suragan [21]
(for general vector fields). Suragan and Yessirkegenov [25] (stratified Lie groups).
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3.2. Properties of principal eigenvalue of p(x)-Laplacian.

Variable exponent Hardy type inequality.

Proposition 3.2. Let Ω ⊂ G be an open bounded domain. Suppose that a function v ∈
C∞0 (Ω) satisfies ∇Hv∇Hp(x) ≡ 0 and

−Lpv = µa(x)f(v) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,

(11)

where f : R+ → R+ is C1 and satisfies f ′(y) ≥ (p(x)− 1)

(
f(y)

p(x)−2
p(x)−1

)
, µ > 0 is a constant,

a(x) is a positive continuous function. Then there holds∫
Ω
|∇Hu|p(x)dx ≥ µ

∫
Ω
a(x)|u|p(x)dx

for any 0 ≤ u ∈ C1
0 (Ω).

Proof. Since v > 0 and solves (11) in Ω, that is, v ∈
◦
S1,p(x)(Ω). For a given a ε > 0, we set

φ = |u|p(x)
f(v+ε) . By the definition of solution (6) we compute

µ

∫
Ω
a(x)f(v)

|u|p(x)

f(v + ε)
dx ≤

∫
Ω
|∇Hv|p−2∇Hv∇X

(
|u|p(x)

f(v + ε)

)
dx

=

∫
Ω
|∇Hu|p(x)dx−

∫
Ω
L(u, v + ε)dx.

Taking the limit as ε → 0+, applying Fatou’s Lemma and Lebesgue dominated convergence
theorem respectively on the left hand side and right hand side of the last expression, we
obtain

0 ≤
∫

Ω
|∇Hu|p(x)dx− µ

∫
Ω
a(x)|u|p(x)dx

since L(u, v) ≥ 0 a. e. in Ω. This completes the proof. �

Corollary 3.3. Suppose there exists λ > 0 and a strictly positive sup-solution of (5). Then∫
Ω
|∇Hu|p(x)dx ≥ λ

∫
Ω
g(x)|u|p(x)dx(12)

for all u ∈
◦
S1,p(x)(Ω).

Proof. Applying Proposition 3.2 by setting a(x) ≡ g(x), µ = λ and f(v) = |v|p(x)−2v , then
one arrives at the conclusion (11) at once. �

Monotonicity of principal eigenvalue. Here we show the monotonicity of the principal
eigenvalue λ1(Ω) as the function of the set Ω ⊂ G.

Proposition 3.4. Let there exists λ and a strictly positive sup-solution v ∈
◦
S1,p(x)(Ω) of (5).

Then we have ∫
Ω
|∇Hu|p(x)dx ≥ λ

∫
Ω
g(x)|u|p(x)dx(13)

and

λ1(Ω) ≥ λ(14)

for all u ∈
◦
S1(Ω).

Proof. Suppose there exists λ > 0, since v is strictly positive sup-solution of (5) in Ω, we
have ∫

Ω
|∇Hv|p(x)−2∇Hv · ∇Hφ〉dx ≥ λ

∫
Ω
g(x)|v|p(x)−2vφdx(15)

for all φ ∈
◦
S1,p(x)(Ω). For a given small ε > 0, setting φ = |u|p(x)

(v+ε)p(x)−1 into (15). Then,

following the proof of the Proposition 3.2, we arrive at (13).
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Now, let u1 ∈
◦
S1,p(x)(Ω) be the eigenfunction corresponding to the principal eigenvalue

λ1(Ω). We have∫
Ω
|∇Hu1|p(x)−2∇Hu1 · ∇Hφ〉dx = λ1

∫
Ω
g(x)|u1|p(x)−2u1φdx(16)

for any φ ∈
◦
S1,p(x)(Ω). Choosing ε > 0 (small) we can apply the Picone identity as follows

(using φ =
|u1|p

f(v + ε)
and (16) with φ = u1,) we obtain

0 ≤
∫

Ω
L(u1, v + ε)dx =

∫
Ω
R(u1, v + ε)dx

=

∫
Ω
|∇Hu1|p(x)dx+

∫
Ω

|u1|p

f(v + ε)
∇H(|∇Hv|p(x)−2∇H)vdx

≤ λ1(Ω)

∫
Ω
g(x)|u1|p(x)dx− λ

∫
Ω
g(x)

|u1|p

f(v + ε)
|v|p(x)−2vdx.

As usual, taking the limit as ε → 0+, applying Fatou’s Lemma and Lebesgue dominated
convergence theorem, setting f(v) = vp(x)−1, we arrive at

0 ≤ (λ1(Ω)− λ)

∫
Ω
g(x)|u1|pdx,

which implies λ1,p(Ω) ≥ λ.
�

As a corollary to the last proposition, we show strict monotonicity of the principal eigen-
value with respect to domain monotonicity.

Corollary 3.5. Let λ1(Ω) > 0 be the principal eigenvalue of Lp on Ω. Suppose Ω1 ⊂ Ω2 ⊂ Ω
and Ω1 6= Ω2. Then

λ1(Ω1) > λ1(Ω2)

if they both exist.

Proof. Let u1 and u2 be positive eigenfunctions corresponding to λ1(Ω1) and λ1(Ω2), respec-
tively. Clearly with φ ∈ C∞0 (Ω), we have by Picone identity that

0 ≤
∫

Ω
L(φ, u2)dx =

∫
Ω
R(φ, u2)dx.

Replacing φ by u1 and applying Proposition 3.4 we have

λ1(Ω1)− λ1(Ω2) ≥ 0.

If we have λ1(Ω1) = λ1(Ω2), then L(u1, u2) = 0 a.e. in Ω and thus u1 = αu2 for some
constant α > 0. However, this is impossible when Ω1 ⊂ Ω2 and Ω1 6= Ω2. �

Uniqueness and simplicity of λ1(Ω).

Proposition 3.6. Let there exists λ > 0 and a strictly positive solution v ∈
◦
S1,p(x)(Ω) of

(5). Then we have

λ1(Ω) = λ.

Moreover, let u1 be the corresponding eigenfunction to λ1(Ω). Then any other u ∈
◦
S1,p(x)(Ω)

corresponding to λ1(Ω) is a constant multiple of u1.

Proof. Let u1 ∈
◦
S1,p(x)(Ω) be the eigenfunction corresponding to λ1(Ω) and u be a positive

solution of (5). Applying Picone identity by choosing ε > 0 (small) as follows:

0 ≤
∫

Ω
L(u, u1 + ε)dx

=

∫
Ω
|∇Hu|p(x)dx+

∫
Ω

up(x)

f(u1 + ε)
∇H(|∇Hu1|p(x)−2∇H)u1dx

= λ

∫
Ω
g(x)|u|p(x)dx− λ1(Ω)

∫
Ω
g(x)

up(x)

(u1 + ε)p(x)−1
|u1|p(x)−2u1dx,

7
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where we have set f(u1 + ε) = (u1 + ε)p(x)−1. Taking the limit as ε → 0+, applying Fatou’s
Lemma and Lebesgue dominated convergence theorem, then

λ1(Ω) ≤ λ.

On the other hand by Proposition 3.4, we have

λ1(Ω) ≥ λ.

This therefore implies that λ1(Ω) = λ. By this we have proved the uniqueness part.
Now by the hypothesis of the theorem we have for φ, ψ ∈ C∞0 (Ω) that∫

Ω
|∇Hu|p(x)−2〈∇Hu,∇Xφ〉dx = λ1,p

∫
Ω
g(x)|u|p(x)−2uφdx,(17)

∫
Ω
|∇Hu1|p(x)−2∇Hu1 · ∇Xψdx = λ1

∫
Ω
g(x)|u1|p(x)−2u1ψdx.(18)

Taking φ = u and ψ = |u|p
(u1+ε)p−1 into (17) and (18), respectively, and sending ε → 0+, we

arrive at ∫
Ω
|∇Hu|p(x)dx = λ1,p

∫
Ω
g(x)|u|p(x)dx

=

∫
Ω
|∇Hu1|p(x)−2∇Hu1∇X

( |u|p(x)

u
p(x)−1
1

)
dx,

which implies (by choosing f(u1) = u
p(x)−2
1 )∫

Ω
R(u, u1)dx =

∫
Ω
L(u, u1)dx = 0

and consequently, ∇H(u/v) = 0, i.e., u = αu1 for some positive constant α > 0.
�

The next proposition gives the sign changing nature of any other eigenfunction associated
to an eigenvalue other than λ1(Ω).

Proposition 3.7. Any eigenfunction v corresponding to an eigenvalue λ 6= λ1(Ω) changes
sign.

Proof. By contradiction we suppose v > 0 does not change sign (the case v ≤ 0 can be
handled similarly). Let φ > 0 be an eigenfunction corresponding to λ1(Ω). Choosing any
ε > 0 as before, applying Picone identity, we have

0 ≤
∫

Ω
L(φ, v + ε)dx

=

∫
Ω

[
|∇Hφ|p(x) −∇H

( φp(x)

f(v + ε)

)
|∇Hv|p(x)−2∇Hv

]
dx

=

∫
Ω
|∇Hφ|p(x)dx+

∫
Ω

φp(x)

f(v + ε)
Lpvdx.

Note that φp(x)

(v+ε)p(x)−1 is admissible in the weak formulation of (5), so we arrive at

0 ≤ λ1(Ω)

∫
Ω
g(x)|φ|p(x)dx− λ

∫
Ω

φp(x)

f(v + ε)
g(x)|v|p(x)−2vdx.

Setting f(v + ε) = (v + ε)p(x)−1 and letting ε→ 0+ in the last inequality as usual we obtain

0 ≤ (λ1 − λ)

∫
Ω
g(x)φp(x)dx,

which is a contradiction. Thus v must change sign.
�
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4. Conclusion

A generalised Picone type identity with variable exponent (Theorem 3.1) was presented on
general stratified Lie groups. It was also shown that this theorem covers many known results
(see Remark 1). The uniqueness, simplicity, monotonicity and isolation of the first Dirich-
let eigenvalue of horizontal p(x)-sub-Laplacian in variable Lebesgue spaces on the stratified
Lie groups were then proved as applications of the generalised Picone type identity. These
results were discussed in Section 3. Meanwhile, some basics of the general stratified groups
(homogeneous Carnot group) and some concepts from the theory of variable Lebesgue spaces
were presented in Section 2.
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[16] Harjulehto P., Hästö P., Lê, Út V., and Nuortio M., (2010), Overview of differential equations with
non-standard growth, Nonlinear Anal., 72 4551–4574.
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1. Introduction and Preliminaries

The study of fixed point theorems of mappings satisfying contractive conditions of integral
type has been a very interesting field of research activity after the establishment of a theo-
rem by A. Branciari [1]. He appointed good integral prescription of the Banach contraction
principle such that :

Theorem 1.1. Let T be a mapping from a complete metric space (M,ρ) into itself , c ∈]0, 1[,
and let T :M →M be a mapping such that for each x, y ∈M∫ ρ(Tx,Ty)

0
γ(s)ds ≤ c

∫ ρ(x,y)

0
γ(s)ds

γ : R+ → R+ is Lebesque integrable mapping which is summable on each compact subset of
R+,nonnegative and

∫ ϵ
0 γ(s)ds > 0 for each ε > 0 then T has a unique fixed point a ∈M such

that for each x ∈M , limn→+∞T
nx = a.

Since then, many authors have established fixed point theorems for several classes of con-
tractive mappings of integral type.([4, 7, 8]) Especially Liu et. al.[9] extended the result of
Brianciari in many different ways.

Recently, for the first time, Gordji et al.[5] expand the literature on metric space by
introduced the concept of orthogonality, established the fixed point result. There are several
uses for this novel idea of an orthogonal set, as well as numerous forms of orthogonality.
Further for more information, we refers the reader to ([2, 3, 6, 10, 11]).

This study is devoted to investigate the problem whether the existence and uniqueness of
integral type contraction mappings on orthogonal metric space. To do this we first recall
some fundamental definitions and notations of corresponding mappings and space.

Throughout this paper, we assume that R+ = [0,∞) and

Φ1 :

{
γ : γ : R+ → R+ is Lebesque integrable,summable on each compact subset of R+

and
∫ ϵ
0 γ(s)ds > 0 for each ϵ > 0

}
,

Φ2 :

{
β : β : R+ → R+ satisfies that
lim infn→∞ β(an) > 0 ⇐⇒ lim infn→∞ an > 0 for each (an)n∈N ⊂ R+

}
,

Φ3 :
{
α : α : R+ → R+ is nondecreasing continuous and α(t) = 0 ⇐⇒ t = 0

}
,

Φ4 :

{
∆ : ∆ : R+ → [0, 1) satisfy that lim sup

s→t
∆(s) < 1 for each t > 0

}
.

Lemma 1.2 ([9]). Let γ ∈ Φ1 and {an}n∈N be nonnegative sequence with limn→∞ an = a.
Then

lim
n→∞

∫ an

0
γ(s)ds =

∫ a

0
γ(s)ds.

11
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Lemma 1.3 ([9]). Let γ ∈ Φ1 and {an}n∈N be nonnegative sequence. Then

lim
n→∞

∫ an

0
γ(s)ds = 0 ⇐⇒ lim

n→∞
an = 0.

Lemma 1.4 ([9]). Let β ∈ Φ2. Then β(t) > 0 ⇐⇒ t > 0.

Definition 1.5 ([5]). Let M be a non-empty set and fbe a binary relation defined on M . If
binary relation f fulfils the following criteria:

∃ς0(∀ω∈M,ωfς0) or (∀ϑ ∈M, ς0 f ω),

then pair, (M,f) known as an orthogonal set. The element ς0 is called an orthogonal element.
We denote this O-set or orthogonal set by (M,f).

Definition 1.6 ([5]). Let (M,f) be an orthogonal set (O-set). Any two elements ς, ω ∈ M
such that ς f ω, then ς, ω ∈M are said to be orthogonally related.

Definition 1.7 ([5]). A sequence {ςn} is called an orthogonal sequence (briefly O-sequence)
if

(∀n ∈ N, ςn f ςn+1) or (∀n ∈ N, ςn+1 f ςn).

Similarly, a Cauchy sequence {ςn} is said to be a orthogonally Cauchy sequence if

(∀n ∈ N, ςn f ςn+1) or (∀n ∈ N, ςn+1 f ςn).

Definition 1.8 ([5]). Let (M,f) be an orthogonal set and ρ be a metric on M . Then
(M,f, ρ) is called an orthogonal metric space (shortly O-metric space).

Definition 1.9 ([5]). Let (M,f, ρ) be an orthogonal metric space. Then M is said to be a
O-complete if every Cauchy O-sequence is converges in M .

Definition 1.10 ([5]). Let (M,f, ρ) be an orthogonal metric space. A function f :M →M is
said to be orthogonally continuous ( f-continuous ) at ς if for each O-sequence {ςn}converging
to ς implies f(ςn) → f(ς) as n → ∞. Also f is f-continuous on M if f is f-continuous at
every ς ∈M .

Definition 1.11 ([5]). Let a pair (M,f) be an O-set, where M (̸= ϕ) be a non-empty set
and fbe a binary relation on set M . A mapping f : M → M is said to be f-perserving if
f(ς)f f(ω) whenever ς f ω and weakly f-preserving if f(ς)f f(ω) or f(ω)f f(ς) whenever
ς f ω.

Definition 1.12 ([11]). We say that an O-set is a transitive orthogonal set if f is transitive.

Definition 1.13 ([11]). Let (M,f) be an O−set. A path of length k in f from x to y is a
finite sequence {z0, z1, ..., zk} ⊂M such that

z0 = x, zk = y, zi f zi+1 or zi+1 f zi

for all i = 0, 1, ..., k − 1 and also λ(x, y,f) be denoted as all path of length k in f from x to
y .

2. Main Results

Definition 2.1. Let (M,f, ρ) be an orthogonal metric space. A mapping T : X → X is
called an orthogonal integral type(B) mapping such that ∀x, y ∈ X with xf y

α

(∫ ρ(Tx,Ty)

0
γ(s)ds

)
≤ ∆(ρ(x, y))α

(∫ ρ(x,y)

0
γ(s)ds

)
,

(1)

where α ∈ Φ3, γ ∈ Φ1,∆ ∈ Φ4.
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Theorem 2.2. Let (M,f, ρ) be an 0−complete orthogonal metric space, a0 is an orthogonal
element of M and T be a self mapping on M such that:
(i)(M,f) is a transitive orthogonal set,
(ii)T is f−preserving,
(iii)T is an orthogonal integral type(B) mapping,
(iv)T is f−continuous,

Then, T has a unique fixed point in M .

Proof. From the definition of the orthogonality, we have a0 f T (a0) or T (a0)f a0. Let

a1 := Ta0, a2 := Ta1 = T 2a0, · · · , an := Tan−1 = Tna0

for all n ∈ N ∪ {0}.If an∗ = an∗+1 then for some n∗ ∈ N ∪ {0}, then an∗ is a fixed point of
T . So, we suppose that an ̸= an+1 for all n ∈ N ∪ {0}. Thus, we get ρ(an, an+1) > 0 for all
n ∈ N ∪ {0}. Using f−preserving of T, we obtain

an f an+1 or an+1 f an.

Thus {an} is an 0−sequence. Set ςn = ρ(Tna0, T
n+1a0) and show that

(2) ςn ≤ ςn−1, ∀n ∈ N.

Suppose that (2) does not hold. It follows that there exists some n0 ∈ N satisfying

(3) ςn0 > ςn0−1.

Using (1), (3) and α ∈ Φ3, γ ∈ Φ1,∆ ∈ Φ4, we get that∫ ςn0

0
γ(s)ds > 0

and

α

(∫ ςn0−1

0
γ(s)ds

)

≤ α

(∫ ςn0

0
γ(s)ds

)

= α

(∫ ρ(Tn0a0,Tn0+1a0)

0
γ(s)ds

)

≤ ∆
(
ρ(Tn0−1a0, T

n0a0)
)
α

(∫ ρ(Tn0−1a0,Tn0a0)

0
γ(s)ds

)

= ∆(ςn0−1)α

(∫ ςn0−1

0
γ(s)ds

)

≤ α

(∫ ςn0−1

0
γ(s)ds

)
which is a contradiction, and hence (3) does not hold. Consequently, (2) is true. Notice that
the nonnegative sequence {ςn}n∈N is nonincreasing, which implies that there exists a constant
c ≥ 0 with limn→∞ ςn = c. Suppose that c > 0. In light of (1), we infer that

α

(∫ ςn

0
γ(s)ds

)

= α

(∫ ρ(Tna0,Tn+1a0)

0
γ(s)ds

)

≤ ∆
(
ρ(Tn−1a0, T

na0)
)
α

(∫ ρ(Tn−1a0,Tna0)

0
γ(s)ds

)

= ∆(ςn−1)α

(∫ ςn−1

0
γ(s)ds

)
,∀n ∈ N.(4)
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Taking upper limit (4) and using Lemma1.2 and α ∈ Φ3, γ ∈ Φ1,∆ ∈ Φ4, we know that

α

(∫ c

0
γ(s)ds

)

= lim sup
n→∞

α

(∫ ςn

0
γ(s)ds

)

≤ lim sup
n→∞

[
∆(ςn−1)α

(∫ ςn−1

0
γ(s)ds

)]

≤ lim sup
n→∞

∆(ςn−1) . lim sup
n→∞

α

(∫ ςn−1

0
γ(s)ds

)

< α

(∫ c

0
γ(s)ds

)
which is a contradiction, so c = 0.

Let’s show a {Tna0} is a O−Cauchy sequence. Suppose that {Tna0} is not a O−Cauchy
sequence which means that there is a constant ϵ > 0 such that for each positive integer k,
there are positive integer m(k) and n(k) with m(k) > n(k) < k satisfying

(5) ρ(Tm(k)a0, T
n(k)a0) > ϵ.

For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying
(5). It follows that

ρ(Tm(k)a0, T
n(k)a0) > ϵ

and

(6) ρ(Tm(k)−1a0, T
n(k)a0) ≤ ϵ, ∀k ∈ N.

Note that

ρ(Tm(k)a0, T
n(k)a0) ≤ ρ(Tm(k)−1a0, T

n(k)a0) + ρ(Tm(k)−1a0, T
m(k)a0), ∀k ∈ N.

Hence, for all k ∈ N ∣∣∣ρ(Tm(k)a0, T
n(k)+1a0)− ρ(Tm(k)a0, T

n(k)a0)
∣∣∣ ≤ ςn(k),∣∣∣ρ(Tm(k)+1a0, T

n(k)+1a0)− ρ(Tm(k)a0, T
n(k)+1a0)

∣∣∣ ≤ ςm(k),∣∣∣ρ(Tm(k)+1a0, T
n(k)+1a0)− ρ(Tm(k)+1a0, T

n(k)+2a0)
∣∣∣ ≤ ςn(k)+1.(7)

From (6) and (7), we obtain

ϵ = lim
k→∞

ρ(Tm(k)a0, T
n(k)a0) = lim

k→∞
ρ(Tm(k)a0, T

n(k)+1a0)

= lim
k→∞

ρ(Tm(k)+1a0, T
n(k)+1a0) = lim

k→∞
ρ(Tm(k)+1a0, T

n(k)+2a0).(8)

By means of (1), (8), Lemma1.2 and α ∈ Φ3, γ ∈ Φ1,∆ ∈ Φ4, we get that

α

(∫ ϵ

0
γ(s)ds

)

= lim sup
k→∞

α

(∫ ρ(Tm(k)+1a0,Tn(k)+2a0)

0
γ(s)ds

)

≤ lim sup
k→∞

[
∆
(
ρ(Tm(k)a0, T

n(k)+1a0)
)
α

(∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s)ds

)]

≤ lim sup
k→∞

∆
(
ρ(Tm(k)a0, T

n(k)+1a0)
)
. lim sup

k→∞
α

(∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s)ds

)

< α

(∫ ϵ

0
γ(s)ds

)
,
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which is a contradiction. Thus {Tna0} is a O−Cauchy sequence. Since M is O−complete,
then there exists z∗ ∈ M such that an → z∗. Since orthogonal continuity of T implies that
Tan → Tz∗, then

Tz∗ = T ( lim
n→∞

an) = lim
n→∞

Tan = lim
n→∞

an+1 = z∗

so z∗ is a fixed point of T.
Now, we can show the uniqueness of the fixed point. Suppose that there exists two distinct

fixed point z∗ and w∗. Since λ(x, y,f) is nonempty for all x, y ∈ M, there exists a path
{z0, z1, ..., zk} of some finite lenght k in f from z∗ to w∗ such that

z0 = z∗, zk = w∗, zi f zi+1 or zi+1 f zi.

Since (M,f) transitive orthogonal set, we get z∗ f w∗ or w∗ f z∗. Then, from (1),

α

(∫ ρ(z∗,w∗)

0
γ(s)ds

)
= α

(∫ ρ(Tz∗,Tw∗)

0
γ(s)ds

)

≤ ∆(ρ(z∗, w∗))α

(∫ ρ(z∗,w∗)

0
γ(s)ds

)

< α

(∫ ρ(z∗,w∗)

0
γ(s)ds

)
which is a contradiction so z∗ is a unique fixed point of T. �
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[3] Acar, Ö., Erdoğan, E., Some fixed point results for almost contraction on orthogonal metric space, Creat.
Math. Inform., 31 (2022), No. 2,147 - 153.

[4] Altun, I, Türkoglu, D, Rhoades, BE: Fixed points of weakly compatible maps satisfying a general contrac-
tive of integral type. Fixed Point Theory Appl. 2007, Article ID 17301 (2007). doi:10.1155/2007/17301.

[5] Gordji M.E., Rameani M., De La SEN M.,Cho Y.J., On orthogonal sets and Banach fixed point theorem.
Fixed Point Theory 18, (2017),569–578.

[6] Gordji M.E., Habibi, H., Fixed point theory in generalized orthogonal metric space, Journal of Linear
and Topological Algebra (JLTA), 6(3), 251-260.

[7] Jachymski, J: Remarks on contractive conditions of integral type. Nonlinear Anal. 71, 1073-1081 (2009).
doi:10.1016/j.na.2008.11.046

[8] Liu, Z., Li, X., Kang, S. M., Cho, SY: Fixed point theorems for mappings satisfying contractive conditions
of integral type and applications. Fixed Point Theory Appl. 2011, Article ID 64 (2011). doi:10.1186/1687-
1812-2011-64.

[9] Liu,Z., Li, J., Kang, S. M., Fixed point theorems of contractive mappings of integral type, Fixed Point
Theory and Applications 2013, 2013:300.

[10] Sawangsup,K., Sintunavarat, W., Cho,Y. J. , Fixed point theorems for orthogonal F−contraction map-
pings on O−complete metric spaces, J. Fixed Point Theorey Appl.,(2020)22:10.

[11] Sawangsup,K., Sintunavarat, W., Fixed Point Results for Orthogonal Z−Contraction Mappings in
O−Complete Metric Spaces, International Journal of Applied Physics and Mathematics,Volume 10, Num-
ber 1, 2020.

Department of Mathematics, Faculty of Science, Selçuk University, 42003,
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Abstract. In this paper, we present a quantitative Voronovskaya type theorem for ex-
ponential sampling Durrmeyer operators in logarithmic weighted space of functions in terms
of weighted logarithmic modulus of continuity. Such a result allows us to determine a rate
of pointwise convergence of the family of exponential sampling Durrmeyer operators and an
upper bound for the error of this convergence.
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1. Introduction

Very recently, Bardaro et. al [14] introduced a new family of sampling type operators,
called exponetial sampling operators, using the continuous function ϕ satisfying the certain
assumptions of approximate identities instead of lin c function. The generalization of the
exponential sampling series is given as

(1) (Eϕwf) (x) :=
∑
k∈Z

f
(
ek/w

)
ϕ
(
e−kxw

)
, w > 0, x ∈ R+,

where f : R+ → C is any function for which the series is absolutely convergent. For the
generalized exponential sampling series (1), they gave some properties of convergence for
log-uniformly continuous and bounded functions on R+. Also, the operators (1) were studied
in Mellin-Lebesgue spaces (see [17]). The series (1) enable to reconstruct a signal which are

exponentially spaces by using its values at the nodes
(
ek/w

)
but in practice it is difficult to

do. To solve this problem, in [7], Angamuthu and Bajpeyi introduced the Kantorovich form

of (1) by using Steklov mean values w
∫ k+1

w

k/w f (eu) du instead of sample values of the form

f
(
ek/w

)
defined as

(2) (Kχ
wf)(x) :=

∑
k∈Z

χ
(
e−kxw

)
w

∫ k+1
w

k/w
f (eu) du

where χ : R+ → R is a suitable continuous function and f : R+ → R is locally integrable
function for which the series is absolutely convergent. Recently, it has been extensively studied
forms of (1) and its Kantorovich type (2), we refer the readers to [2, 8, 9, 10, 11, 12, 35].

In present paper, we investigate the properties of convergence of the generalization of (2)
known as exponential sampling Durrmeyer series, in logarithmic weighted spaces first consid-
ered in [9]. By replacing Steklov mean (2) with the Mellin convolution operator, exponential
sampling Durrmeyer series is defined by

(Sϕ,χw f) (x) :=
∑
k∈Z

ϕ
(
e−kxw

)
w

∫ ∞
0

χ
(
e−kuw

)
f(u)

du

u
, w > 0, x ∈ R+,

where f : R+ → R is integrable function such that for which the above series is absolutely
convergent (see [16]).

In this paper, we present a quantitative form of Voronovskaja type theorem using the
Mellin-Taylor formula [15, 36] via Mellin derivatives [22].

Here, point out that weighted approximations of generalized sampling series both univariate
and bivariate case and its Kantorovich, Durrmeyer forms was studied in [3, 4, 5, 6].
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Throughout the paper we shall use the following standart notions: Let N,N0,R and R+be
the sets of positive integers, nonnegative integers, all real and postive real numbers, respec-
tively.

Let C (R+) be the space of all continuous functions defined on R+ · CB (R+) is the space
of all bounded functions f ∈ C (R+). We say that a function f ∈ CB (R+) is log-uniformly
continuous on R+, if for any ε > 0, there exists δ = δ(ε) > 0 such that |f(t) − f(x)| < ε
whenever | log t− log x| ≤ δ for any t, x ∈ R+.

For a function f ∈ C (R+) and n ∈ N, we will say that f belongs to C(n) (R+) locally at
a point x ∈ R+ if there is a neighborhood U of x such that f is (n − 1)-times continuously

differentiable function in U and f (n)(x) exists. By Lp (R+) for 1 ≤ p <∞, we shall denote the
space of all Lebesgue measurable and p-integrable complex valued functions on R+ equipped
with the usual norm ‖f‖p. Now for c ∈ R let us consider the space

Xc =
{
f : R+ → C : f(·)(·)c−1 ∈ L1

(
R+
)}

endowed with the norm

‖f‖XC
=
∥∥f(·)(·)c−1

∥∥
1

=

∫ ∞
0
|f(u)|uc−1du.

Let ϕ ∈ R+ → R be a continuous function such that the following assumptions are satisfied:
ϕ1) for every u ∈ R+, ∑

k∈Z
ϕ(e−ku) = 1,

ϕ2) we have that

M0(ϕ) = sup
u∈R+

∑
k∈Z

∣∣ϕ(e−ku)
∣∣ <∞

and
ϕ3) for some v ∈ N,

lim
r→∞

∑∣∣k−logu∣∣>r
∣∣ϕ(e−ku)

∣∣∣∣k − logu∣∣v = 0

uniformly with respect to u ∈ R+.
We denote by Φ the class of all functions ϕ satisfying the above assumptions.
Now, let χ : R+ → R be a function with the following conditions
χ1) ∫ ∞

0
χ(t)

dt

t
= 1,

χ2)

M̃0(χ) =

∫ ∞
0

∣∣χ(t)
∣∣dt
t
<∞

and let us denote by Ψ the class of all functions χ satisfynig the above assumptions.
Let v ∈ N0. For x ∈ R+, we define the algebraic moments of order v of ϕ ∈ Φ and χ ∈ Ψ as

mv(ϕ, x) :=
∑
k∈Z

ϕ(e−kx)(k − logx)v

and

m̃v(χ) :=

∫ ∞
0

χ(t) logv t
dt

t
.

The absolute moments of order v of ϕ ∈ Φ and χ ∈ Ψ are defined as

Mv(ϕ, x) :=
∑
k∈Z

ϕ(e−kx)(k − logx)v

and

M̃v(χ) :=

∫ ∞
0

∣∣χ(t)
∣∣∣∣ log t

∣∣v dt
t
.

Finally we put Mv(ϕ) = supu∈R+ Mv(ϕ, x).

Lemma 1.1. Note that, for ϕ ∈ Φ, if µ, v ∈ N with µ < v, then Mv(ϕ) < ∞ implies
Mµ(ϕ) <∞. The same is for the absolute moments of χ ∈ Ψ (see [16]).
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Finally, we recall the logarithmic weighted spaces considered in [9]. Considering the weight
function f : R+ → R, 1 + log2 x, the logarithmic weighted space of continuous functions and
its natural subspaces are given by

B2

(
R+
)

:=

{
f : R+ → R : ∃M > 0 such that

|f(x)|
1 + log2 x

≤M for every x ∈ R+

}
,

C2

(
R+
)

:= C
(
R+
)
∩B2

(
R+
)

C∗2
(
R+
)

:=

{
f ∈ C2

(
R+
)

: lim
x→∞

|f(x)|
1 + log2 x

∈ R+

}
,

respectively. Here, the linear space B2 (R+)is normed space with the norm

‖f‖L := sup
x∈R+

|f(x)|
1 + log2 x

.

Let ϕ ∈ Φ and χ ∈ Ψ. For any w > 0, and f : R+ → R, the exponential sampling Durrmeyer
series is defined by

(3) (Sϕ,χw f) (x) :=
∑
k∈Z

ϕ
(
e−kxw

)
w

∫ ∞
0

χ
(
e−kuw

)
f(u)

du

u

for x ∈ R+and for any function f ∈ domSϕ,χw , being domSϕw, χ the set of all functions f for
which the series is absolutely convergent at every x (see [16]).

2. Quantitative Voronovskaya theorem

Here, we study a quantitative Voronovskaya theorem via weighted logarithmic modulus of
continuity. For f ∈ C2 (R+) and δ > 0, the weighted logarithmic modulus of continuity is
given by

(4) Ω(f, δ) := sup
| log h|≤δ

|f(hx)− f(x)|(
1 + log2 h

) (
1 + log2 x

)
(see [9]).

The weighted logarithmic modulus of continuity (4) satisfies the following some elementary
properties.

Lemma 2.1. ([9]) Let δ > 0. Then
1.) for f ∈ C2 (R+), the quantity Ω(f, δ) is finite,
2.) for all f ∈ C2 (R+)and each λ ∈ R+,

Ω(f, λδ) ≤ 2(1 + λ)3
(
1 + δ2

)
Ω(f, δ),

3.) for all f ∈ C2 (R+),

|f(u)− f(x)| ≤ 16
(
1 + δ2

)2 (
1 + log2 x

)
Ω(f, δ)

(
1 +
| log u− log x|5

δ5

)
, u, x > 0

and
4.) for f ∈ C∗2 (R+),

lim
δ→0

Ω(f, δ) = 0.

Let us recall the Mellin-Taylor formula given in [15, 36]. For any f ∈ CB (R+) belonging to

C(n) (R+) locally at the point x ∈ R+, the Mellin-Taylor formula with the Mellin derivatives
is defined by

f(a) =
n∑
i=0

1

i!
Θif(x)(log a− log x)i +Rn(a), a > 0, n ∈ N,

where

Rn(a) =
(Θnf(ξ)−Θnf(x))

n!
(log a− log x)n

is the Lagrange remainder in Mellin-Taylor’s formula at the point x ∈ R+and ξ is a suitable
number between a, x. Now, we need the following estimate presented in [1]:

(5) |Rn(a)| ≤ 64

n!

(
1 + log2 x

)
Ω (Θnf, δ)

(
| log a− log x|n +

| log a− log x|n+5

δ5

)
.
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Theorem 2.2. Let ϕ ∈ Φ and χ ∈ Ψ be such that M6(ϕ), M̃6(χ) are finite. Suppose that
m1(ϕ, x) = m1(ϕ) are indepentend of x. If Θf ∈ C∗2 (R+), then we have

|w [(Sϕ,χw f) (x)− f(x)]−Θf(x) {m1(ϕ) + m̃1(χ)}|

≤211

w

(
1 + log2 x

)
Ω

(
Θf,

1

w

){
M0(ϕ)M̃1(χ) +M1(ϕ)M̃0(χ)

+M0(ϕ)M̃6(χ) +M6(ϕ)M̃0(χ)
}

for x ∈ R+.

Proof. Considering the Mellin-Taylor formula and using the definition of the operators (3),
we can write that

(Sϕ,χw f) (x) =
∑
k∈Z

ϕ
(
e−kxw

)
w

∫ ∞
0

(
χe−kuw

)
[f(x) + Θf(x)(log u− log x)]

du

u

+
∑
k∈Z

ϕ
(
e−kxw

)
w

∫ ∞
0

(
χe−kuw

)
R1(u)

du

u

:= S1 + S2

for x ∈ R+ and w > 0. Firstly, we consider S1. Thanks to assumptions ϕ1) , χ1 ) and using
the change of variable e−kuw = t, we have

S1 = f(x) +
Θf(x)

w

∑
k∈Z

ϕ
(
e−kxw

)∫ ∞
0

χ(t)[log t+ (k − w log x)]
dt

t

= f(x) +
Θf(x)

w
{m1(ϕ) + m̃1(χ)}

As to S2, using the inequality (5), we get

|S2| ≤
∑
k∈Z

∣∣∣ϕ(e−kxw)∣∣∣ ∫ ∞
0

∣∣∣χ(e−kuw)∣∣∣ |R1(u)| du
u

=
∑
k∈Z

∣∣∣ϕ(e−kxw)∣∣∣ ∫ ∞
0
|χ(t)|

∣∣∣∣R1

(
tek
)1/w∣∣∣∣ dtt

≤ 64
(
1 + log2 x

)
Ω(Θf, δ)

∑
k∈Z

∣∣∣ϕ(e−kxw)∣∣∣ ∫ ∞
0
|χ(t)|

[∣∣∣∣log
(
tek
)1/w

− log x

∣∣∣∣
+

∣∣∣log
(
tek
)1/w − log x

∣∣∣6
δ5

 dt
t

≤64
(
1 + log2 x

)
Ω(Θf, δ)

{
1

w

∑
k∈Z

∣∣∣ϕ(e−kxw)∣∣∣ ∫ ∞
0
|χ(t)|[| log t|+ |k − w log x|]dt

t

+
25

w6δ5

∑
k∈Z

∣∣∣ϕ(e−kxw)∣∣∣ ∫ ∞
0
|χ(t)|

[
| log t|6 + |k − w log x|6

] dt
t

}

≤64
(
1 + log2 x

)
Ω(Θf, δ)

{
M0(ϕ)M̃1(χ) +M1(ϕ)M̃0(χ)

w

+
25

w6δ5

(
M0(ϕ)M̃6(χ) +M6(ϕ)M̃0(χ)

)}
.

Now we set δ = w−1, then we have

|S2| ≤
211

w

(
1 + log2 x

)
Ω

(
Θf,

1

w

){
M0(ϕ)M̃1(χ) +M1(ϕ)M̃0(χ)

+M0(ϕ)M̃6(χ) +M6(ϕ)M̃0(χ)
}
.

Thus, we obtain which is desired.
�
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Corollary 2.3. From the Theorem 2.2, if we assume that for any 1 ≤ j ≤ n − 1, mj(ϕ) =

m̃j(χ) = 0,mn(ϕ) 6= 0, m̃n(χ) 6= 0 and Mn+5(ϕ), M̃n+5(χ) are finite, we have for that Θnf ∈
C∗2 (R+)that

|w [(Sϕ,χw f) (x)− f(x)]−Θnf(x) {mn(ϕ) + m̃n(χ)}|

≤2n+10

wnn!

(
1 + log2 x

)
Ω

(
Θf,

1

wn

){
M0(ϕ)M̃n(χ) +Mn(ϕ)M̃0(χ)

+M0(ϕ)M̃n+5(χ) +Mn+5(ϕ)M̃0(χ)
}
.
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1. Introduction

Farmer and Johnson in (cf. [7]) have introduced the notion of Lipschitz p-summing oper-
ators and proved basic fundamental properties and leave to interested readers a list of open
problems (what results about summing operators have analogues for Lipschitz summing oper-
ators? ). Since then, many works have appeared related to this class of Lipschitz mappings
and some of the problems have been solved. The theory of ideals of Lipschitz mappings
between metric spaces and Banach spaces (Lipschitz-ideals) was initiated by myself et al (cf.
[1]) as a first step to take to the nonlinear setting the successful theory of ideals of linear
operators introduced by Pietsch (cf. [12]) (operator ideals). Since then much research has
been done in this subject, we mention just a few recent developments: (cf. [2, 16, 11]). In
2020 an axiomatic theory of two Lipschitz operator ideals for Banach spaces-valued Lipschitz
mappings was given by Hamidi et al. in (cf. [11])

Our purpose is to develop a basic theory of the Lipschitz and two Lipschitz operator ideals,
also we introduce the concept of p-nuclear two Lipschitz operator (1 ≤ p ≤ ∞) with respect
to a Banach ideal of two Lipschitz functions.

1.1. Preliminaries. Let us fix some notation and notions used in this paper. Our notation
is standard. X and Y will be pointed metric spaces with a base point denoted by 0 and the
metric will be denoted by d. We denote by BX = {x ∈ X : d(x, 0) ≤ 1}. Also, E and F will
stand for Banach spaces over the same field K (either R or C) with dual spaces E∗ and F ∗.
A Banach space E will be considered as pointed metric spaces with distinguished point 0 and
distance d(x, x′) = ‖x − x′‖. With Lip0(X,Y ) we denote the set of all Lipschitz mappings
from X to Y such that maps 0 to 0 and we put

Lip(T ) = inf{C > 0: d(T (x), T (x′)) ≤ Cd(x, x′); ∀x, x′ ∈ X}.
In particular, Lip0(X,E) is the Banach space of all Lipschitz mappings T from X to E
that vanish at 0, under the Lipschitz norm Lip(·). When E = K, Lip0(X,K) is denoted by
X# and it is called the Lipschitz dual of X. We consider BX# endowed with the pointwise
topology. Is well known that, with this topology, BX# is a compact Hausdorff space. The
space of all linear operators from E to F is denoted by L(E,F ) and it is a Banach space
with the usual supremum norm. It is clear that L(E,F ) is a subspace of Lip0(E,F ) and,
in particular, E∗ is a subspace of E#. Let p ≥ 1, we write p′ the conjugate index of p,
that is 1/p + 1/p′ = 1. As usual, when p = 1, p′ = ∞. For a Banach space E, `p(E)
denotes the Banach space of all absolutely p-summable sequences (xn)n in E with the norm

‖(xn)n‖p = (
∑∞

n=1 ‖xn‖p)
1
p and by `p,ω(E) the space of all sequences (xn)n in E with the

norm ‖(xn)n‖p,ω = supx∗∈BE∗
‖(x∗(xn))n‖p.

All the other relevant terminology and preliminaries that we will use are given in corre-
sponding sections. For the theory of Lipschitz mappings to the book of Weaver (cf. [15]).
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2. Definitions and basic properties

The aim of this section is to introduce the concepts of Lipschitz and two Lipschitz operator
ideals. We will follow the spirit of the definition of linear operator ideal explained in the
excellent monographs (cf. [6, 12]) and the definition of bilinear functional ideal in (cf. [13]),
for vector-valued bilinear operators it can be found, e.g., in (cf. [8, 9]).

We center our study in the case when the Lipschitz operators are consider from a pointed
metric spaces to Banach spaces because the theory of Lipschitz operator ideals between a
pointed metric space and a Banach space is richer.

2.1. Lipschitz ideals. A mapping T ∈ Lip0(X,E) has Lipschitz finite dimensional rank if

the linear hull of the set
{
T (x)−T (x′)
d(x,x′) , x, x′ ∈ X,x 6= x′

}
is a finite dimensional subspace of E.

We denote by Lip0F (X,E) the set of all Lipschitz finite rank mappings from X to E. Clearly,
Lip0F (X,E) is a linear subspace of Lip0(X,E). It is proved in(cf. [10, Proposition 2.4]) that
having finite dimensional rank is equivalent to having Lipschitz finite dimensional rank. This
is also equivalent to saying that the linearization TL of T has finite rank (see ((cf. [1])). Such

a mapping admits a finite representation T =
n∑
k=1

ykfk, with (yk)k≤n ∈ E, (fk)k≤n ∈ X#.

We recall the definition of Lipschitz operator ideal between pointed metric space and
Banach space as this notion was introduced by myself et al. in (cf. [1]).

Definition 2.1. A Lipschitz operator ideal ILip is a subclass of Lip0 such that for every
pointed metric space X and every Banach space E the components

ILip(X,E) := Lip0(X,E) ∩ ILip
satisfy:
(i) ILip(X,E) is a linear subspace of Lip0(X,E) containing the Lipschitz finite rank operators
mappings.
(ii) The ideal property: if S ∈ Lip0(Y,X), T ∈ ILip(X,E) and w ∈ L(E,F ), then the
composition wTS is in ILip(Y, F ).

A Lipschitz operator ideal ILip is a normed (Banach) Lipschitz operator ideal if there is
‖.‖ILip

: ILip −→ [0,+∞[ that satisfies

(i’) For every pointed metric space X and every Banach space E, the pair (ILip(X,E), ‖.‖ILip
)

is a normed (Banach) space and Lip(T ) ≤ ‖T‖ILip
for all T ∈ ILip(X,E).

(ii’) ‖IdK : K −→ K, IdK(λ) = λ‖ILip
= 1.

(iii’) If S ∈ Lip0(Y,X), T ∈ ILip(X,E) and w ∈ L(E,F ), then

‖wTS‖ILip
≤ Lip(S) ‖T‖ILip

‖w‖ .

Remark 1. a) From conditions (i’), (ii’) and (iii’) we get for any v ∈ E and any g ∈ X#,

‖vg‖ILip
= ‖(v IdK) ◦ IdK ◦ g‖ILip

≤ ‖v IdK‖‖IdK‖ILip
Lip(g)

= ‖v‖Lip(g) = Lip(vg) ≤ ‖vg‖ILip
,

that is, ‖vg‖ILip
= ‖v‖Lip(g) = Lip(vg).

b) If g ∈ X#, we have g ∈ ILip(X,K) and ‖g‖ILip
= Lip(g).

Example 2.2. Lipschitz p-summing operators. Farmer and Johnson introduced the concept
of Lipschitz p-summing and Lipschitz p-integral operators ( cf. [7] ), extending the p-summing
and p-integral linear operators to the Lipschitz case. For pointed metric spaces X and Y , a
mapping T ∈ Lip0(X,Y ) is called Lipschitz p-summing, 1 ≤ p <∞, if there exists a constant
C > 0 such that regardless of the choice of points x1, . . . , xn, x

′
1, . . . , x

′
n in X

(1)
n∑
i=1

(d(Txi, Tx
′
i))

p ≤ Cp sup
f∈B

X#

n∑
i=1

|f(xi)− f(x′i)|p.

In this case we put πLp (T ) = inf {C : (1)}. The set of all Lipschitz p-summing operators from

X to Y is denoted by ΠL
p (X,Y ).

· (ΠL
p , π

L
p ) is a Banach Lipschitz operator ideal.

Example 2.3. Strongly Lipschitz p-nuclear operators. Following ( cf. [5] ), a map T ∈
Lip0(X,E) is strongly Lipschitz p-nuclear, 1 ≤ p ≤ ∞ if T =

∞∑
n=1

fn⊗yn, where (Lip(fn))n ∈
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`p and (yn)n ∈ `p∗,ω(E). The set of all such T is denoted by SNL
p (X,E) and νLp (T ) denote

the infimum of ‖(Lip(fn))n‖p ‖(yn)n‖p,ω where the infimum is taken over all the strongly
Lipschitz p-nuclear representations of T .
· (SNL

p , ν
L
p ) is a Banach Lipschitz operator ideal.

2.2. Two-Lipschitz operator ideals. Let (X, dX) and (Y, dY ) be pointed metric spaces
and let E be a Banach space, we say that a map T : X×Y −→ E is a two-Lipschitz operator
if there is a constant C > 0 such that for each x, x′ ∈ X and y, y′ ∈ Y ,

(2)
∥∥T (x, y)− T

(
x, y′

)
− T

(
x′, y

)
+ T

(
x′, y′

)∥∥ ≤ C.dX (x, x′) dY (y, y′) .
By BLip0 (X,Y ;E) we denote the set of all two-Lipschitz operators from X × Y to E such
that

(3) T (x, 0) = T (0, y) = 0,

for all x ∈ X and y ∈ Y . For T ∈ BLip0 (X,Y ;E) we set

(4) BLip (T ) = inf C = sup
x 6=x′,y 6=y′

‖T (x, y)− T (x, y′)− T (x′, y) + T (x′, y′)‖
dX (x, x′) dY (y, y′)

.

Example 2.4. If X and Y be Banach spaces. Then every bilinear operator T : X×Y −→ E
is two-Lipschitz. Moreover, we have BLip (T ) = ‖T‖ . In order to see this, for each x, x′ ∈ X
and y, y′ ∈ Y , ∥∥T (x, y)− T

(
x, y′

)
− T

(
x′, y

)
+ T

(
x′, y′

)∥∥
=
∥∥T (x− x′, y − y′)∥∥ ≤ ‖T‖ ∥∥x− x′∥∥∥∥y − y′∥∥ .

Therefore, BLip (T ) ≤ ‖T‖ . For the reverse inequality, we will write (4) for x′ = y′ = 0,

BLip (T ) ≥ sup
x 6=0,y 6=0

‖T (x, y)‖
dX (x, 0) dY (y, 0)

= ‖T‖ .

The next theorem and its proof are similar to the Lipschitz case.

Theorem 2.5. (cf. [11]) 1) Let X,Y, Z,W be pointed metric spaces and let E,F be Banach
spaces. If f ∈ Lip0(Z,X), g ∈ Lip0(W,Y ), T ∈ BLip0(X,Y ;E) and u ∈ L(E,F ) then
u ◦ T ◦ (f, g) ∈ BLip0(Z,W ;F ), where (f, g)(z, w) := (f(z), g(w)), z ∈ Z,w ∈W. Moreover,

(5) BLip(u ◦ T ◦ (f, g)) ≤ ‖u‖BLip(T )Lip(f)Lip(g).

2) BLip0 (X,Y ;E) is a Banach space under the norm BLip (·) defined by (4).

Next we give a simple but crucial example of a two-Lipschitz operator. Let X,Y be pointed
metric spaces and let E be Banach space.

Consider non-zero Lipschitz functions f ∈ X#, g ∈ Y # and e ∈ E. Define the mapping
f · g · e : X × Y −→ E by

(6) f · g · e(x, y) = f(x)g(y)e.

Then, an easy computation shows that this mapping is two-Lipschitz and

(7) BLip(f · g · e) = Lip(f)Lip(g) ‖e‖ .
Definition 2.6. We denote by BLip0F (X,Y ;E), the vector subspace of all two-Lipschitz
operators generated by the mappings of the special form (6). All elements T of this space are
called of finite type. So, any T ∈ BLip0F (X,Y ;E) admits a finite representation of the form

T =

n∑
i=1

fi · gi · ei

where (fi)
n
i=1 ⊂ X#, (gi)

n
i=1 ⊂ Y # and (ei)

n
i=1 ⊂ E.

We recall the definition of Banach ideal of two Lipschitz mappings as this notion was
introduced by Hamidi et al in (cf. [11]).

Definition 2.7. A two-Lipschitz operator ideal between pointed metric spaces and Banach
spaces, IBLip, is a subclass of BLip0 such that for every pointed metric spaces X,Y and every
Banach space E the components

IBLip(X,Y ;E) := BLip0(X,Y ;E) ∩ IBLip
satisfy:
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(i) IBLip(X,Y ;E) is a vector subspace of BLip0(X,Y ;E) containing the two-Lipschitz
mappings of finite type.

(ii) The ideal property: if f ∈ Lip0(Z,X), g ∈ Lip0(W,Y ) , T ∈ IBLip(X,Y ;E) and
u ∈ L(E,F ), then the composition u ◦ T ◦ (f, g) is in IBLip(Z,W ;F ).

A two-Lipschitz operator ideal IBLip is a normed (Banach) two-Lipschitz operator ideal if
there is ‖ · ‖IBLip

: IBLip −→ [0,+∞[ that satisfies

(i’) For every pointed metric spaces X,Y and every Banach space E , the pair (IBLip(X,Y ;E), ‖·
‖IBLip

) is a normed (Banach) space and BLip(T ) ≤ ‖T‖IBLip
for all T ∈ IBLip(X,Y ;E).

(ii’) ‖IdK2 : K×K −→ K : IdK2 (α, β) = αβ‖IBLip
= 1.

(iii’) If f ∈ Lip0(Z,X), g ∈ Lip0(W,Y ), T ∈ IBLip(X,Y ;E) and u ∈ L(E,F ), the in-
equality ‖u ◦ T ◦ (f, g)‖IBLip

≤ ‖u‖ ‖T‖IBLip
Lip(f)Lip(g) holds.

The two-Lipschitz operator ideal IBLip is said to be closed if each IBLip(X,Y ;E) is a
closed subspace of BLip(X,Y ;E) with the norm BLip(·).

Remark 2. Let IBLip be a normed two-Lipschitz operator ideal, X,Y be pointed metric spaces
and E be Banach space. Then

‖f · g · e‖IBLip
= ‖e‖Lip(f)Lip(g),

for any f ∈ X#, g ∈ Y # and e ∈ E.

Proof. Let f ∈ X#, g ∈ Y # and e ∈ E. We can write f · g · e in the following way

f · g · e = idKe ◦ IdK2 ◦ (f, g).

By (i’),(ii’), (iii’) and (7), we obtain directly

‖f · g · e‖IBLip
≤ ‖idKe‖ ‖IdK2‖IBLip

Lip(f)Lip(g)

= ‖e‖Lip(f)Lip(g) = BLip(f · g · e)
≤ ‖f · g · e‖IBLip

,

this gives, ‖f · g · e‖IBLip
= ‖e‖Lip(f)Lip(g). �

The series criterion for operator ideals (cf. [6, 9.4], [12, 6.2.3]) and for multi-ideals (cf. [4,
Satz 2.2.4]) works for Banach two-Lipschitz ideals.

Theorem 2.8. (Series criterion). Let IBLip be a subclass of the class of all two-Lipschitz
operators between metric spaces and Banach spaces endowed with a map ‖ ·‖IBLip

: IBLip −→
[0,+∞[. Then (IBLip(X,Y ;E),‖ · ‖IBLip

) is a Banach ideal if and only if the following
conditions are satisfied:

(1) IdK2 ∈ IBLip(K,K;K) and ‖IdK2‖IBLip
= 1.

(2) If f ∈ Lip0(Z,X), g ∈ Lip0(W,Y ), T ∈ IBLip(X,Y ;E) and u ∈ L(E,F ), then
u ◦ T ◦ (f, g) ∈ IBLip(Z,W ;F ) and ‖u ◦ T ◦ (f, g)‖IBLip

≤ ‖u‖ ‖T‖IBLip
Lip(f)Lip(g).

(3) If (Tn)n ⊂ IBLip(X,Y ;E) such that

∞∑
n=1

‖Tn‖IBLip
<∞, then T :=

∞∑
n=1

Tn ∈ IBLip(X,Y ;E)

and ‖T‖IBLip
≤
∞∑
n=1

‖Tn‖IBLip
.

Proof. First suppose that (IBLip, ‖ · ‖IBLip
) is a Banach two-Lipschitz operator ideal. The

map IdK2 is of finite rank so according to the Definition 2.7 we have

IdK2 ∈ IBLip(K,K;K) and ‖IdK2‖IBLip
= 1. For condition (3), the series

∞∑
n=1

‖Tn‖IBLip

is absolutely convergent in the Banach space IBLip(X,Y ;E) then it is convergent and T ∈
IBLip(X,Y ;E). The continuity of the norm in a normed space gives

‖T‖IBLip
=

∥∥∥∥∥
∞∑
n=1

Tn

∥∥∥∥∥
IBLip

=

∥∥∥∥∥∥lim
n

n∑
j=1

Tj

∥∥∥∥∥∥
IBLip

= lim
n

∥∥∥∥∥∥
n∑
j=1

Tj

∥∥∥∥∥∥
IBLip

≤ lim
n

n∑
j=1

‖Tj‖IBLip
=
∞∑
n=1

‖Tn‖IBLip
.
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Conversely, we assume that conditions (1), (2) and (3) are satisfied. Let (X, dX) and (Y, dY )
be pointed metric spaces and let E be a Banach space. It is clear that if T = 0 from X × Y
to E and υ = 0 from K to E, f ∈ X# and , g ∈ Y # we have

T = υ ◦ IdK2 ◦ (f, g)

and hypothesis (2) gives T = 0 ∈ IBLip(X,Y ;E) and ‖0‖IBLip
= 0. Assumption (3) states

that if T1, T2 ∈ IBLip(X,Y ;E) then

T1 + T2 ∈ IBLip(X,Y ;E) and ‖T1 + T2‖IBLip
≤ ‖T1‖IBLip

+ ‖T2‖IBLip

Now let T ∈ IBLip(X,Y ;E) and λ ∈ K. It is clear that the linear operator

Rλ : E −→ E,Rλ(e) = λe,

is continuous with ‖Rλ‖ = |λ| .
Theorem and Condition (2) gives

λT = Rλ ◦ T ∈ BLip(X,Y ;E), λT ∈ IBLip(X,Y ;E) and ‖λT‖I ≤ |λ| . ‖T‖IBLip

On the other hand for λ 6= 0 we hav

‖T‖IBLip
=

∥∥∥∥ 1

λ
λT

∥∥∥∥
IBLip

≤ 1

|λ|
‖λT‖IBLip

,

Which give ‖λT‖IBLip
≥ |λ| ‖T‖IBLip

. So

‖λT‖IBLip
= |λ| . ‖T‖IBLip

For λ = 0 the equality is obvious. Let T ∈ IBLip(X,Y ;E) such that ‖T‖IBLip
= 0. Suppos

that T 6= 0, then there is (x, y) ∈ X × Y, (x, y) 6= (0, 0) such that T (x, y) 6= 0. By Hahn-
Banach theorem there exists a functional ξ ∈ E∗ such that ξ(T (x, y)) = 1. The Lipschitz
maps defined by

Sx : K −→ X, Sx(α) = x and Ry : K −→ Y, Ry(β) = y

On the other hand for all non-zero (α, β) ∈ K×K we have

ξ ◦ T ◦ (Sx, Ry)(α, β) = ξ(T (Sx(α), Ry(β))) = ξ(T (x, y)) = 1 =
1

αβ
IdK2(α, β).

So, condition (2) implies that. ξ◦T◦(Sx, Ry) = 1
αβ IdK2 ∈ IBLip(K×K;K) and 1

|αβ| ‖IdK2‖IBLip
≤

‖ϕ‖ . ‖T‖I . ‖S‖ = 0. Then ‖IdK2‖IBLip
= 0, which contradicts condition (1), so T = 0.

Then we have shown that IBLip(X,Y ;E) is a vector subspace of BLip(X,Y ;E) and that
‖·‖IBLip

is a norm on vector space IBLip(X,Y ;E).

Now we show that IBLip(X,Y ;E) contains two-Lipschitz mappings of finite rank. Let

f ∈ X#, g ∈ Y # and e ∈ E. The linear operator Se : K → E, Se(λ) = λe,is clearly
continuous. On the other hand for all x ∈ X and y ∈ Y we have

Se ◦ IdK2 ◦ (f, g)(x, y) = Se ◦ IdK2(f(x), g(y)) = Se(f(x)g(y))

= f(x)g(y)e

= f · g · e(x, y),

then we concluded that f · g · e = Se ◦ IdK2 ◦ (f, g). By conditions (1) and (2) we have
f · g · e ∈ IBLip(X,Y ;E). Let T ∈ BLip0F (X,Y ;E), as IBLip(X,Y ;E) is a vector space, we
have

T =

n∑
i=1

fi · gi · ei ∈ IBLip(X,Y ;E)

where (fi)
n
i=1 ⊂ X#, (gi)

n
i=1 ⊂ Y # and (ei)

n
i=1 ⊂ E.

Finally, the condition (3)) ensures that (IBLip, ‖ · ‖IBLip
) is a Banach space. �
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3. Main results

3.1. Nuclear two-Lipschitz operators with respect to a Banach ideal of two-Lipschitz
functions. Let m be a natural number, (A, ‖·‖A) be a Banach ideal of bounded m-linear
functionals, 1 ≤ p ≤ ∞ and E1, ..., Em, F Banach spaces. Popa in (cf. [14] ) introduced,
(NAp , ‖·‖NAp ), the concept of p-nuclear multilinear operator with respect to a Banach ideal of

multilinear functionals (see also (cf. [3] ) for hyper p-nuclear).
For 1 ≤ p ≤ ∞, recall that a bilinear operator u : E1 × E2 −→ F is (p,A)-nuclear if there

are (ψn)n ⊂ A(E1, E2;K), (zn)n ∈ `p∗,ω(F ) such that (‖ψn‖A)n ∈ `p, (zn)n ∈ `p∗,ω(F ) and

(8) u(x, y) =
∞∑
n=1

ψn(x, y)zn, for (x, y) ∈ E1 × E2

In this case,

‖u‖NAp = inf
{
‖(‖ψn‖A)n‖p ‖(zn)n‖p∗,ω

}
,

where the infimum is taken over all socalled (p,A)-nuclear representations described above.
We write NAp (E1, E2;F ) to denote the space of the all (p,A)-nuclear operators from E1×E2

into F . For p = 1 we write simply NA instead of NA1 .
Now we are going to construct a new two-Lipschitz (p,A)-nuclear operator ideal.
Consider non-zero two Lipschitz function ψ ∈ BLip0(X,Y ;K) and z ∈ F. Define the

mapping ψ⊗z : X × Y −→ F by

(9) (ψ⊗z)(x, y) = ψ(x, y)z

Then, an easy computation shows that this mapping is two-Lipschitz and

(10) BLip(ψ⊗z) = BLip(ψ) ‖z‖ .

Indeed, for any x, x′ ∈ X and y, y′ ∈ Y we have

‖(ψ⊗z)(x, y)− (ψ⊗z) (x, y′)− (ψ⊗z) (x′, y) + (ψ⊗z) (x′, y′)‖
= ‖ψ(x, y)z − ψ(x, y′)z − ψ(x′, y)z + ψ(x′, y′)z‖
= ‖(ψ(x, y)− ψ(x, y′)− ψ(x′, y) + ψ(x′, y′))z‖
= ‖z‖ ‖ψ(x, y)− ψ(x, y′)− ψ(x′, y) + ψ(x′, y′)‖
≤ ‖z‖BLip(ψ)dX (x, x′) dY (y, y′) ,

and (ψ⊗z)(x, 0) = ψ(x, 0)z = ψ(0, y)z = (ψ⊗z)(0, y).
Then ψ⊗z ∈ BLip0(X,Y ;E) and

BLip (ψ⊗z) ≤ BLip(ψ) ‖z‖ .

For the reverse inequality, let ε > 0 and choose x0, x
′
0 ∈ X and y0, y

′
0 ∈ Y such that

BLip(ψ)− ε ≤ |ψ (x0, y0)− ψ (x0, y
′
0)− ψ (x′0, y0) + ψ (x′0, y

′
0)|

dX (x0, x′0) dY (y0, y′0)
.

Then, we have

BLip (ψ⊗z) ≥ ‖ψ⊗z (x0, y0)− ψ⊗z (x0, y
′
0)− ψ⊗z (x′0, y0) + ψ⊗z (x′0, y

′
0)‖

d (x0, x′0) d (y0, y′0)

=
|ψ (x0, y0)− ψ (x0, y

′
0)− ψ (x′0, y0) + ψ (x′0, y

′
0)|

d (x0, x′0) d (y0, y′0)
‖z‖

≥ (BLip(ψ)− ε) ‖z‖ .

Since this holds for every ε > 0 we obtain

BLip(ψ) ‖z‖ ≤ BLip (ψ⊗z) .

Definition 3.1. Let (IBLip, ‖·‖IBLip
) be a Banach ideal of two Lipschitz functions, 1 ≤ p ≤

∞, X,Y metric spaces and F Banach space. For a two Lipschitz operator T : X×Y −→ F is
(p, IBLip)-nuclear if there are (ψn)n ⊂ IBLip(X,Y ;K), (zn)n ⊂ F such that (‖ψn‖ILip

)n ∈ `p,
(zn)n ∈ `p∗,ω(F ) and
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(11) T (x, y) =
∞∑
n=1

ψn(x, y)zn, for (x, y) ∈ X × Y

In this case,

‖T‖
N
IBLip
p

= inf

{∥∥∥(‖ψn‖IBLip
)n

∥∥∥
p
‖(zn)n‖p∗,ω

}
,

where the infimum is taken over all socalled (p, IBLip)-nuclear representations described

above. We write N IBLip
p (X,Y ;F ) to denote the space of the all (p, IBLip)-nuclear opera-

tors from X × Y into F . For p = 1 we write simply N IBLip instead of N IBLip

1 . It is obvious
that in the Lipschitz case (T ∈ Lip0(X;F ) and (ψn)n ⊂ ILip(X;K) = Lip0(X;K)) we get
the well-known concept of strongly Lipschitz p-nuclear operator (see cf. [5] ).

Proposition 3.2. Let T ∈ BLip(X,Y ;F ). Then, T ∈ N IBLip
p (X,Y ;F ) if and only if there

are (λn)n ∈ `p, (ψn)n ⊂ IBLip(X,Y ;K) with supn ‖ψn‖IBLip
< ∞, (zn)n ∈ `p∗,ω(F ) (respec-

tively ‖ψn‖IBLip
→ 0, (zn)n ∈ `1,ω(F ) for p =∞) and

(12) T (x, y) =
∞∑
n=1

λnψn(x, y)zn, for (x, y) ∈ X × Y

Moreover,

‖T‖
N
IBLip
p

= inf

{
‖(λn)n‖p (sup

n
‖ψn‖IBLip

) ‖(zn)n‖p∗,ω
}
,

where the infimum is taken over all sequences (λn)n, (ψn)n, (zn)n as above.
Now we state and prove our main result.

Theorem 3.3. Let (IBLip, ‖·‖IBLip
) be a Banach ideal of two Lipschitz functions, 1 ≤ p ≤ ∞,

X,Y metric spaces and F Banach space. Then

(N IBLip
p (X,Y ;F ), ‖·‖

N
IBLip
p

) is a Banach ideal of two-Lipschitz operators. Moreover,

if ψ ∈ BLip(X,Y ;K), z ∈ F , z 6= 0, then ψ⊗z ∈ N IBLip
p (X,Y ;F ) if and only if ψ ∈

IBLip(X,Y ;K). In this case, ‖ψ⊗z‖
N
IBLip
p

= BLip(ψ) ‖z‖.

Proof. Let us prove that the conditions in Theorem 2.8 are satisfied. (1) It’s clear that IdK2 ∈
N IBLip
p (K,K;K). Regarding IdK2 as a representation of itself it follows that ‖IdK2‖

N
IBLip
p

≤

‖IdK2‖ = 1. Assuming that ‖IdK2‖
N
IBLip
p

< 1, there would exist a representation
∞∑
n=1

ψn⊗zn
of IdK2 with ∥∥∥(‖ψn‖IBLip

)n

∥∥∥
p
‖(zn)n‖p∗,ω < 1.

By Hölder’s inequality,

1 = IdK2(1, 1) =

∣∣∣∣∣
∞∑
n=1

ψn(1, 1)zn

∣∣∣∣∣ ≤
∞∑
n=1

|ψn(1, 1)zn|

≤
∞∑
n=1

‖ψn‖ |zn| ≤
∞∑
n=1

‖ψn‖IBLip
|zn|

≤
∥∥∥(‖ψn‖IBLip

)n

∥∥∥
p
‖(zn)n‖p∗,ω < 1,

a contradiction that gives ‖IdK2‖
N
IBLip
p

= 1.

(2) Let (Sj)j ⊂ N
IBLip
p (X,Y ;F ) be such that

∞∑
j=1
‖Sj‖NIBLip

p

<∞. Given ε > 0, for every

j ∈ N there are sequences(ψj,n)n ⊂ IBLip(X,Y ;K), (zj,n)n ⊂ F such that (‖ψj,n‖ILip
)n ∈ `p,

(zj,n)n ∈ `p∗,ω(F ),

Sj(x, y) =
∞∑
n=1

ψj,n(x, y)zj,n, for (x, y) ∈ X × Y
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and
∥∥∥(‖ψj,n‖IBLip

)n

∥∥∥
p
‖(zj,n)n‖p∗,ω ≤ (1 + ε) ‖Sj‖NIBLip

p

. We can assume, for each j, that∥∥∥(‖ψj,n‖IBLip
)n

∥∥∥
p
<

[
(1 + ε) ‖Sj‖NIBLip

p

] 1
p

and ‖(zj,n)n‖p∗,ω <
[
(1 + ε) ‖Sj‖NIBLip

p

] 1
p∗

.

From

(13)
∞∑

j,n=1

‖ψj,n‖pIBLip
=
∞∑
j=1

∞∑
n=1

‖ψj,n‖pIBLip
<

(1 + ε)
∞∑
j=1

‖Sj‖NIBLip
p

 <∞,
we conclude that (‖ψj,n‖IBLip

)j,n ∈ `p. For each ξ ∈ F ∗ with ‖ξ‖ ≤ 1 we have

(14)
∞∑

j,n=1

|ξ(zj,n)|p
∗

=
∞∑
j=1

(
∞∑
n=1

|ξ(zj,n)|p
∗
) ≤

∞∑
j=1

‖(zj,n)n‖p
∗

p∗,ω <

(1 + ε)
∞∑
j=1

‖Sj‖NIBLip
p

 <∞,
Therefore (zj,n)j,n ∈ `p∗,ω(F ). so, for all (x, y) ∈ X × Y , the series

(15)
∞∑

j,n=1

ψj,n⊗zj,n(x, y)

is absolutely convergent in the Banach space F . Then,
∞∑

j,n=1

ψj,n⊗zj,n(x, y) =

∞∑
j=1

∞∑
n=1

ψj,n(x, y)zj,n =

∞∑
j=1

Sj(x, y)

defines S : X × Y → F and shows that (11) it is a representation of S as in (15), proving
that S is two-Lipschitz (p, IBLip)-nuclear. From (13) and (14) we get

‖S‖
N
IBLip
p

≤
∥∥∥(‖ψj,n‖IBLip

)j,n

∥∥∥
p
‖(zj,n)j,n‖p∗,ω(1 + ε)

∞∑
j=1

‖Sj‖NIBLip
p

 1
p
(1 + ε)

∞∑
j=1

‖Sj‖NIBLip
p

 1
p∗

≤ (1 + ε)

∞∑
j=1

‖Sj‖NIBLip
p

.

Letting ε→ 0 we obtain the desired inequality.

(3) Let f ∈ Lip0(X1, X), g ∈ Lip0(Y1, Y ), T ∈ N IBLip
p (X,Y ;E) and u ∈ L(F,G), then we

can write T =
∞∑
n=1

ψn⊗zn,with (‖ψn‖ILip
)n ∈ `p, (zn)n ∈ `p∗,ω(F ). For all (x1, y1) ∈ X1 × Y1,

we have

u ◦ T ◦ (f, g)(x1, y1) = u ◦ T ◦ (f(x1), g(y1))

= u

[ ∞∑
n=1

ψn(f(x1), g(y1))zn

]

=
∞∑
n=1

ψn(f(x1), g(y1))u(zn).

Defining Sn = ψn ◦ (f, g) and hn = u(zn), for every n ∈ N. It is clear that (hn)n ∈
`p∗,ω(G) and ‖(hn)n‖p∗,ω ≤ ‖u‖ ‖(zn)n‖p∗,ω . As ψn ∈ IBLip(X,Y ;K), then Sn = ψn ◦
(f, g) ∈ IBLip(X1, Y1;K) and ‖Sn‖NIBLip

p

≤ ‖ψn‖IBLip
Lip(f)Lip(g) < ∞. This shows that

(‖Sn‖IBLip
)n ∈ `p; hence

∞∑
n=1

Sn⊗hn is a representation of u ◦ T ◦ (f, g) an is (11).

So u ◦ T ◦ (f, g) is (p, IBLip)-nuclear two-Lipschitz mapping and

‖u ◦ T ◦ (f, g)‖
N
IBLip
p

≤
∥∥∥(‖Sn‖IBLip

)n

∥∥∥
p
‖(hn)n‖p∗,ω

≤ ‖u‖Lip(f)Lip(g)
∥∥∥(‖ψn‖IBLip

)n

∥∥∥
p
‖(zn)n‖p∗,ω .
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Taking the infimum over all (p, IBLip)-nuclear representations of T we have

‖u ◦ T ◦ (f, g)‖
N
IBLip
p

≤ ‖u‖ ‖T‖
N
IBLip
p

Lip(f)Lip(g).

u ◦ T ◦ (f, g) ∈ IBLip(Z,W ;F ) and ‖u ◦ T ◦ (f, g)‖IBLip
≤ ‖u‖ ‖T‖IBLip

Lip(f)Lip(g).
For the second part we use the same technique in (cf. [14, Proposition 1]). �
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1. Introduction

In 1914, Fraenkels paper which under title On zero divisors and the decomposition of ring,
posted the modern definition of abstract ring. One of the significant natural questions of
Ring Theory, it specifies the conditions which yield commutativity of the ring.
Historically, the study of derivation was initiated during the 1950s and 1960s. Derivations of
rings got a tremendous development in 1957, when Posner [9] established two very striking
results in the case of prime rings.
Several authors have studied the relationship between the commutativity of a ring and the
behavior of a special mapping on that ring. In particular, there has been considerable interest
in centralizing automorphisms and derivations defined on rings (see, e.g., [1],[3], [4], and [9],
where further references can be found).
In 2002, Lu and Li proved the following result [8, Theorem 6]: Let B be a standard operator
algebra in a Banach space X containing the identity operator I and let δ : B → B be a
linear map such that δ(AB) = δ(A)B + Aδ(B) for any pair A,B ∈ I with AB = 0. Then
δ(AB) = δ(A)B + Aδ(B) − Aδ(I)B for all A,B ∈ I. If in addition δ(I) = 0, then δ is a
derivation. In other words, the result says that an additive map on a standard operator
algebra is almost a derivation if it satisfies the expansion formula of derivations on pairs of
elements with zero product. Since standard operator algebras involve many idempotents,
From this point of view Chebotar, Ke and P.-H.Lee studied maps acting on zero products
in the context of prime rings [5]. Tsiu-Kwen Lee [7] posted, let A be a prime ring whose
symmetric Martindale quotient ring contains a nontrivial idempotent. Generalized skew
derivations of A are characterized by acting on zero products.
Precisely, if g, δ : A → A are additive maps such that σ(x)g(y) + δ(x)y = 0 for all x, y ∈ A
with xy = 0, where σ is an automorphism of A, then both g and δ are characterized as specific
generalized σ-derivations on a nonzero ideal of A.
Another contribute via Daniel Eremita, Ilja Gogić, and Dijana Ilǐsević [10]. They suppose R is
a semiprime ring with the maximal right ring of quotients Qmr. An additive map d : R→ Qmr
is called a generalized skew derivation if there exists a ring endomorphism σ : R → R and
a map δ : R → Qmr such that d(xy) = δ(x)y + σ(x)d(y) for all x, y ∈ R. If σ is surjective,
they determined the structure of generalized skew derivations for which there exists a finite
number of elements ai, bi ∈ Qmr such that d(x) = a1xb1 + + anxbn for all x ∈ R.
Recently, Ilja Gogić [11] states that if A is a ring and σ : A → A a ring endomorphism. A
generalized skew (or σ-)derivation of A is an additive map d : A → A for which there exists
a map δ : A → A such that d(xy) = δ(x)y + σ(x)d(y) for all x, y ∈ A. Also, if A is a prime
C∗-algebra and σ is surjective, he determined the structure of generalized σ-derivations of A
that belong to the cb-norm closure of elementary operators E(A) on A, all such maps are of
the form d(x) = bx + axc for suitable elements a, b, c of the multiplier algebra M(A). As a
consequence, if an epimorphism σ : A→ A lies in the cb-norm closure of E(A), then σ must
be an inner automorphism. Additionally, he observed that these results cannot be extended
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even to relatively well-behaved non-prime C∗-algebras like C(X,M2).
The purpose of this paper is to obtain some result for Tsiu.-K wen Lee [7] from a different
point of view. More precisely, we shall study via using zero commutative ring.

1.1. Preliminaries. Throughout this presentation, an additive map d : A → A is called a
derivation if the Leibniz’s rule d(xy) = d(x)y + xd(y) holds for all x, y ∈ A. Also, let σ be
an automorphism of a prime ring A. An additive map δ : A→ Qml is called a σ-derivation if
δ(xy) = σ(x)δ(y) + δ(x)y for all x, y ∈ A.
Furthermore, a ring A is called zero commutative if for a, b ∈ A, ab = 0 implies ba = 0 (used
the term reversible for what is called zero commutative).
Recall that a ring R said to be prime if aRb = 0 implies a = 0 or b = 0, and R is semiprime
if aRa = 0 implies a = 0. Let n > 1 be an integer. A ring R is said to be n-torsion free,
if nx = 0 implies x = 0 for all x ∈ R. The symbols x ◦ y and [x, y], where x, y ∈ R, stand
for the anti-commutator xy + yx and commutator xy − yx, respectively. An additive map
g : A→ Qml is called a generalized σ-derivation, where σ be an automorphism of A, if there
exists an additive map δ : A→ Qml such that g(xy) = σ(x)g(y) + δ(x)y for all x, y ∈ A. It is
clear that δ is uniquely determined by g, which is called the associated additive map of g. It
is easy to check that δ is always a σ-derivation (see (cf. [8]))
Here we give some well-known results which will be used throughout the next section of the
paper.

Lemma 1.1. [12, Theorem 1] Let a, b ∈ S such that axb = bxa for all x ∈ R (hence for all
s ∈ S). Then a and b are C-dependent, where S = RC, a subring of Q containing R. We
shall call C the extended centroid of R and S the central closure of R.

Lemma 1.2. [7, Lemma 2. 1] Let U be a nonzero ideal of R and let f : U → Qml be a left
U -module map. Then there exists q ∈ Qml such that f(x) = xq for all x ∈ U , where R is a
prime ring whose symmetric Martindale quotient ring Q contains a nontrivial idempotent.

2. Main results

We now state the main result of this paper:

Theorem 2.1. Let R be a zero commutative prime ring with extended Z and z ∈ R. Suppose
that R possesses a nontrivial idempotent and κ : R→ R is an additive map such that xκ(y)+
κ(x)y + xzy = 0 for all x, y ∈ R and κ acts as a left centralizer of R, then there exist a
derivation d : R→ RZ and m ∈ Z such that κ(x) = d(x) + (m− z)x for all x ∈ R.

Proof. We are given that xκ(y)+κ(x)y+xzy = 0 for all x, y ∈ R and R is a zero commutative
prime ring with extended Z, then
x(κ(y) + zy) + κ(x)y = 0. In view of [7, Theorem 1.1] there exist a derivation d : R→ Q, a ∈
Qml and m ∈ Qml such that κ(x) = d(x) + ax and κ(x) + cx = d(x) + xm for all x ∈ R.
If we select a dense ideals which are a right ideal α and a left ideal λ of R.
It now follows from the above expression that,
aα ∈ R and λ ∈ R. Suppose that x ∈ α,w ∈ R and y ∈ λ. we obviously see that xwy ∈ α∩λ
which yield (a + zx), ym ∈ R with ((a + z)x)wy = xw(ym). Arguing as Lemma 1.1, we are
forced to conclude that
y and ym are Z−dependent for y ∈ λ. We have only to prove assertion m ∈ Z which is easy.
Thus, we conclude that a = m−z. One can see from the lest expression κ(x) = d(x)+(m−z)x
for all x ∈ R. Consequently, it follows that d(R) ⊂ RZ which completes the proof of our
theorem. �

Corollary 2.2. Let R be a 2-torsion free prime ring with extended Z and z ∈ R. Suppose
that R possesses a nontrivial idempotent and κ : R→ R is an additive map such that xκ(y)+
κ(x)y + xzy = 0 for all x, y ∈ R and κ acts as a left centralizer of R, then there exist a
derivation d : R→ RZ and m ∈ Z such that κ(x) = d(x) + (m− z)x for all x ∈ R.

Proof. By given assumption, we have the additive map κ : R → R acts as a left centralizer
and satisfying the following relation

(1) xκ(y) + κ(x)y + xzy = 0
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We obviously get
xκ(y) + κ(xy) + xzy = x(2κ(y) + zy) = 0. In light of the primeness of P , we find that

(2) 2κ(y) = −zy

Using (2) in (1), we arrive to
2κ(x)y = 0 for all x, y ∈ R. Indicate to R is 2-torsion free with employing the primeness of
R, we conclude that

(3) κ(x) = 0.

In view of [7, Theorem 1.1], there exist a derivation d : R→ RZ and mZ, such that

(4) κ(x) = d(x) + (m− z)x

Using (3) together with (4), we arrive at d(x) = (z −m)x for all x ∈ R which completes the
proof of our corollary. �

Theorem 2.3. Let R be a zero commutative prime ring with extended Z and z ∈ R. Suppose
that its symmetric Martindale quotient ring Q contains a nontrivial idempotent. If d and g are
two operators of R satisfying xd(y) + g(x)y = 0 for all x, y ∈ R then there exist a, b, q ∈ RZ
such that d(x) = [q, y] + yb and g(x) = [q, x] + ax for all x, y ∈ R.

Proof. We are given that d and g are elementary operators, there exist finitely many ai, bi, ci, di ∈
RZ such that
d(x) =

∑
i aixbi and g(x) =

∑
j cjxdj for all x ∈ R.

By view of [7, Theorem 1.1], there exist a nonzero ideal U of R, a derivation d : R→ Q and
elements a ∈ Qmr, b ∈ Qml such that∑

i aiybi = d(y) + yb and
∑

j cjxdj = d(x) + ax for all x, y ∈ U.
We know that d can be uniquely extended to derivation d : Qml → Qml and for all y ∈ Qml,
we can verify that

(5)
∑
i

aiybi = d(y) + yb

Writing y = 1 in this relation, we deduce that b =
∑

i aibi ∈ RZ.
An analogous argument proves a ∈ RZ, so d(RZ) ⊆ RZ. In view of [13, Lemma 1], we
find that d is X−inner, that is, there exists q ∈ Q such that d(y) = [q, y] for all y ∈ R.
Consequently, we arrive to
qy − yq =

∑
i aiybi − yb. Applying Lemma 1.1, we see that

q lies in the Z−linear span of the elements bi’s, b and 1. Then it is easy to show that
q ∈ RZ + Z. If we choose β ∈ Z, then we find that
[q + β, y] = [q, y] for all y ∈ R. Take q ∈ RZ, we get the required result. �

Corollary 2.4. Let R be a zero commutative prime ring with extended Z and z ∈ R. Suppose
that its symmetric Martindale quotient ring Q contains a nontrivial idempotent. If d and g are
two operators of R satisfying xd(y) + g(x)y = 0 for all x, y ∈ R then there exist a, b, q ∈ RZ
such that ax = xb, where g (resp. d) acts as a centralizer map of R.

Proof. From the hypothesis, we have d and g are two elementary operators of R satisfying
the relation xd(y) + g(x)y = 0 for all x, y ∈ R. By reason of g acts as a centralizer of R this
relation modifies to
x(d(y)− g(y)) = 0 for all x, y ∈ R. By using the primeness of R, we conclude that

(6) d(y) = −g(y).

According to Theorem 2.1, we find that d(y) = [q, y] + yb and g(x) = [q, x] + a. Now,
we replace x by y and employing relation (6), we deduce ay = yb. Also, using the same
techniques as used above with d we get the required result. �

Proposition 2.5. Let R be a prime ring, U be a non-zero ideal of R and d, g : U → Qml be
an additive maps such that d(x)y+σ(x)g(y) = 0 for all x, y ∈ U , where σ is an automorphism
of R then d is a right centralizer of R.
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Proof. In the main relation d(x)y + σ(x)g(y) = 0, replacing x by zx we find that
d(zx)y + σ(zx)g(y) = 0 for all x, y, z ∈ U. Expanding this expression with using σ is auto-
morphism, we are forced to get

(7) d(zx)y + σ(z)σ(x)g(y) = 0.

Left-multiplying the main relation by σ(z), we conclude that

(8) σ(z)d(x)y + σ(z)σ(x)g(y) = 0.

Combining Equations (7) and (8), we arrive to
(d(zx)− σ(z)d(x))y = 0 for all x, y, z ∈ U. Replacing y by ry where r ∈ R, we find that
(d(zx)− σ(z)d(x))ry = 0 for all x, y, z ∈ U, r ∈ R. In light of the primeness of R with using
the fact that U 6= 0, we obviously see that
d(zx)− σ(z)d(x) = 0. In view of the hypothesis we find that σ is an automorphism of R, we
observe that
d(zx) = td(x) for all x, z, t ∈ U. Writing z = t, we are forced to conclude that d is a right
centralizer mapping. By this result, we complete the proof of our proposition. �

Corollary 2.6. Let R be a prime ring, U be a non-zero ideal of R and d, g : U → Qml be an
additive maps such that d(x)y + σ(x)g(y) = 0 for all x, y ∈ U , where σ is an automorphism
of Qml then d(x) = xc, c ∈ Qml.

Proof. Applying the same strategy which used to prove Proposition 2.5, we arrive to
d(zx)−σ(z)d(x) = 0 for all x, z ∈ U. We observe σ can be uniquely extended to an automor-
phism of Qml. Hence, we consider the map µ : U → Qml which defined as
µ(x) = σ−1(d(x)) for all x ∈ U. Obviously, µ is a left U−module map.
In view of Lemma 1.2, we can write b ∈ Qml such that µ(x) = xb. Consequently, d(x) = σ(x)a
where a = σ(b) ∈ Qml.
Hence, we conclude that d(x) = σ(x)σ(b). Again, by reason of σ is an automorphism of Qml.
This relation reduces to d(x) = σ(x)c, such that c ∈ Qml which completes the proof of our
corollary.

�

3. Conclusion

In this paper, we present a characterization of derivation of a zero commutative prime ring
with extended Z. Also, the prime ring has a non-zero ideal and acts as a symmetric Martindale
quotient ring Q contains a nontrivial idempotent. According to this characterization, we
propose a prime ring possesses a nontrivial idempotent and allowed to satisfy some identities.
The results of this article are variable according to the identities.

Acknowledgments

The author is grateful to Al-Mustansiriyah University, the Republic of Iraq and beholden
to the reviewer(s) for his/ their accuracy with professionally reading the article.

References

[1] M. J. Atteya, Generalized derivations of semiprime rings, LAP Lambert Academic Publishing, Saar-
brucken, Germany, 2012.

[2] M. J. Atteya, (2014), Some results on the identity d(x) = λx + ζ(x), Journal of Mathematical Sciences
and Applications, Serie VII, 2(3), 2832.

[3] G. A. Baker, (1959),A new derivation of Newtons identities and their application to the calculation of
the eigenvalues of a matrix, Journal of the Society for Industrial and Applied Mathematics, 7, 143148.

[4] H. E. Bell and M. N. Daif, (1995), On derivations and commutativity in prime rings, Acta Math. Hungar.,
66, 3

[5] M.A. Chebotar, W.-F. Ke and P.-H. Lee, (2004), Maps characterized by actions on zero products, Pacific
J. Math., 216, 217–228.

[6] W. Jing, S. Lu and P. Li, (2002),Characterisations of derivations on some operator algebras, Bull. Austral.
Math. Soc., 66, 227-232, MR 1932346 (2003f:47059), Zbl 1035.47019.

[7] Tsiu-Kwen Lee, (2004), Generalized skew derivations characterized by acting on zero products, Pacific J.
Math., 216, 293-301.

[8] Tsiu-Kwen Lee and K.-S. Liu, Generalized skew derivations with algebraic values of bounded degree,
Houston Journal of Mathematics, University of Houston, Volume 39, No. 3, (2013), 733-740.

[9] E.C. Posner, Derivations in prime rings,(1957), Proc. Amer. Math. Soc., 8, 1093- 1100.
34



σ-Derivations on Operators Algebras
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[11] Ilja Gogić, (2021), The cb-norm approximation of generalized skew derivations by elementary opera-
tors,Linear and Multilinear Algebra, 69:8, 1543-1556, DOI: 10.1080/03081087.2019.1632784

[12] W.S. Martindale III, (1969), Prime rings satisfying a generalized polynomial identity, J. Al-gebra, 12,
576584, MR 0238897 (39, 257), Zbl 0175.03102.

[13] V.K. Kharchenko, (1978), Differential identities of prime rings, Algebra i Logika, 17, 220238; Engl. Transl.,
Algebra and Logic, 17 (1978), 154168, MR 0541758(81f:16025), Zbl 0423.16011.

Department of Mathematics, College of Education,
Al-Mustansiriyah University, Baghdad, Iraq

Email(s): mehsinatteya88@uomustansiriyah.edu.iq

35



International E-Conference on Mathematical and Statistical

Science: A Selcuk Meeting

Median-Based Robust Calibration Estimation of
Population Mean in Stratified Sampling in the Presence

of Outlier
Oluwagbenga Tobi Babatunde 1∗ and Abimibola Victoria Oladugba 2

2020 Mathematics Subject Classifications: 62D05

Keywords: Calibration Estimation, Stratified sampling, Outlier, Media, Robust

1. Introduction

Calibration estimation is a method that utilizes auxiliary information to improve estimate
of population parameters and it has received so much attention in literature since the work
of ((cf. [3]). Calibration estimation involves the minimization of a function subject to one
or more constraints ((cf. [4]) and was introduced in ((cf. [3]). The work of ((cf. [3]) has
motivated other works in several sampling schemes (see (cf. [5, 6, 15, 7, 17, 8])
Under the stratified sampling scheme, several calibration estimators have been proposed
using different parameters of the auxiliary variable starting from the work of (cf. [18]). The
mean and variance were used in (cf. [18]), the mean was used in (cf. [12, 16]), the mean and
coefficient of variation were used in (cf. [13, 11]) while coefficient of variation was used in
(cf. [4]). These parameters of the auxiliary variable are sensitive to outliers (cf. [9]).
According to (cf. [2]), an observation which is either low or high and differs significantly
from other observations is known as an outlier. (cf. [10]) observed that the presence of
outlying observation may significantly lead to erroneous result. (cf. [19]) also noted that the
presence of either low or high extreme values decreases the efficiency of an estimator.
Several ratio estimators under stratified sampling scheme have been proposed in literature
to deal with the effect of outliers using different parameters of the auxiliary variables. This
study proposes a robust calibration estimator that deals with the effect of either low or high
outlying observation using median of the auxiliary variable. The proposed estimator was
evaluated and compared with five existing classical estimators of (cf. [18, 12, 13, 16, 11, 4])
using the absolute bias (ABS) and relative root mean square error (RRMSE)

2. Definition of Notations

Given a finite population L which is divided into h non-overlapping homogeneous strata.
Let Y and X be the study and auxiliary variables respectively. To estimate the mean of Y, a
random sample of size n is drawn from Y and X. The sample and population mean of Y are
ȳh = 1

nh

∑nh
i=1 yhi and Ȳh = 1

Nh

∑Nh
i=1 yhi respectively. The sample mean, variance, coefficient of

variation and median of X are x̄h = 1
nh

∑nh
i=1 xhi , s

2
hx =

∑nh
i=1(xhi−x̄h)2

nh−1 , chx = shx
x̄h

and mh respectively.

The population mean, variance, coefficient of variation and median of X are X̄h = 1
Nh

∑Nh
i=1 xhi ,

S2
hx =

∑Nh
i=1(xhi−X̄h)

2

Nh−1 , Chx = Shx
X̄h

and Mh respectively.
The population mean of stratified sampling is given by:

(1) ȳst =
J∑
h=1

Whȳh

The calibration estimator is obtained by minimizing (2) subject to different calibration con-
straints.

(2)
J∑
h=1

(Ωh −Wh)2

WhQh
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where, Ωh are the calibrated weights and Qh are weights for obtaining different types of the
calibration estimator (cf. [1]).

3. Existing Calibration Estimators

Different calibration estimators have been proposed in literature for estimating the pop-
ulation mean of a stratified sampling using one auxiliary variable. Some of the existing
calibration estimators are reviewed below.

3.1. Tracey et al. (2003). The estimator proposed in (cf. [18]) is defined by (3)

(3) ȳT =
J∑
h=1

Whȳh+
_
δ 1(T )

 J∑
h=1

Wh

(
X̄h − x̄h

)+
_
δ 2(T )

 J∑
h=1

Wh

(
S2
hx − s

2
hx

)
where,

_
δ 1(T )=


(∑J

h=1WhQhs
4
hx

)(∑J
h=1WhQhx̄hȳh

)
−
(∑J

h=1WhQhx̄hs
2
hx

)(∑J
h=1WhQhȳhs

2
hx

)
(∑J

h=1WhQhs
4
hx

)(∑J
h=1WhQhx̄

2
hx

)
−
(∑J

h=1WhQhx̄hs
2
hx

)2


_
δ 2(T )=


(∑J

h=1WhQhx̄
2
hx

)(∑J
h=1WhQhȳhs

2
hx

)
−
(∑J

h=1WhQhs
2
hx

)(∑J
h=1WhQhx̄hȳh

)
(∑J

h=1WhQhs
4
hx

)(∑J
h=1WhQhx̄

2
hx

)
−
(∑J

h=1WhQhx̄hs
2
hx

)2


3.2. Nidhi et al. (2007). The estimator introduced in (cf. [12]) is defined by (4)

(4) ȳN =
J∑
h=1

Whȳh+
_
δN

 J∑
h=1

Wh

(
X̄h − x̄h

)
where,

_
δN=


(∑J

h=1WhQh
)(∑J

h=1WhQhx̄hȳh
)
−
(∑J

h=1WhQhx̄h
)(∑J

h=1WhQhȳh
)

(∑J
h=1WhQhx̄

2
hx

)(∑J
h=1WhQh

)
−
(∑J

h=1WhQhx̄h
)2


3.3. Rao et al. (2016). Two different estimators were proposed in (cf. [13]) and defined by
(5) and (6) respectively.

(5) ȳR1 =
J∑
h=1

Whȳh+
_
δR1

 J∑
h=1

Wh

(
X̄h +Chx

)
−

J∑
h=1

Wh (x̄h + chx)


(6) ȳR2 =

J∑
h=1

Whȳh+
_
δR2

 J∑
h=1

Wh

(
1 + X̄h +Chx

)
−

J∑
h=1

Wh (1 + x̄h + chx)


where

_
δR1=

∑J
h=1WhQhȳh (x̄h + chx)∑J
h=1WhQh (x̄h + chx)

2


_
δR2=

∑J
h=1WhQhȳh (1 + x̄h + chx)∑J
h=1WhQh (1 + x̄h + chx)

2


3.4. Sisodia et al. (2017). The estimator proposed in (cf. [16]) is defined by (7)

(7) ȳS =
J∑
h=1

Wh

[
ȳh+

_
δ S

(
X̄h − x̄h

)]
where,

_
δ S=


(∑J

h=1WhQhx̄hȳh
)(∑J

h=1WhQh
)
−
(∑J

h=1WhQhȳh
)(∑J

h=1WhQhx̄h
)

(∑J
h=1WhQhx̄

2
h

)(∑J
h=1WhQh

)
−
(∑J

h=1WhQhx̄h
)2
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3.5. Ozqul (2018). The estimator proposed in (cf. [11]) is given by (8)

(8) ȳO =
J∑
h=1

Wh

[
ȳh+

_
δO1

(
X̄h − x̄h

)
+
_
δO2 (Chx − chx)

]
where, δO1 = γ1

η and δO2 = γ2
η

γ1 =
(∑J

h=1WhQhȳh
) [(∑J

h=1WhQhchx
)(∑J

h=1WhQhx̄hchx
)
−
(∑J

h=1WhQhx̄h
)(∑J

h=1WhQhc
2
hx

)]
+
(∑J

h=1WhQhx̄hȳh
)[(∑J

h=1WhQh
)(∑J

h=1WhQhc
2
hx

)
−
(∑J

h=1WhQhchx
)2

]
+
(∑J

h=1WhQhchxȳh
) [(∑J

h=1WhQhx̄h
)(∑J

h=1WhQhchx
)
−
(∑J

h=1WhQh
)(∑J

h=1WhQhx̄hchx
)]

γ2 =
(∑J

h=1WhQhȳh
) [(∑J

h=1WhQhx̄h
)(∑J

h=1WhQhx̄hchx
)
−
(∑J

h=1WhQhchx
)(∑J

h=1WhQhx̄
2
hx

)]
+
(∑J

h=1WhQhx̄hȳh
) [(∑J

h=1WhQhx̄h
)(∑J

h=1WhQhchx
)
−
(∑J

h=1WhQhx̄hchx
)(∑J

h=1WhQh
)]

+
(∑J

h=1WhQhchxȳh
)[(∑J

h=1WhQh
)(∑J

h=1WhQhx̄
2
hx

)
−
(∑J

h=1WhQhx̄h
)2

]
η =

(∑J
h=1WhQh

)(∑J
h=1WhQhx̄

2
h

)(∑J
h=1WhQhc

2
hx

)
−
(∑J

h=1WhQh
)(∑J

h=1WhQhx̄hchx
)

−
(∑J

h=1WhQhx̄
2
h

)(∑J
h=1WhQhchx

)2
−
(∑J

h=1WhQhc
2
hx

)(∑J
h=1WhQhx̄h

)2

+2
(∑J

h=1WhQhx̄h
)(∑J

h=1WhQhchx
)(∑J

h=1WhQhx̄hchx
)

3.6. Garg and Pachori (2019). The estimator introduced by (cf. [4]) is defined by (9)

(9) ȳG =
J∑
h=1

Whȳh+
_
δG

 J∑
h=1

Wh (Chx − chx)


where,

_
δG=


(∑J

h=1WhQh
)(∑J

h=1WhQhchxȳh
)
−
(∑J

h=1WhQhchx
)(∑J

h=1WhQhȳh
)

(∑J
h=1WhQhc

2
hx

)(∑J
h=1WhQh

)
−
(∑J

h=1WhQhchx
)2


4. Proposed Calibration Estimator

A robust calibration estimator for dealing with the effect of outlier using the median of the
auxiliary variable was proposed and defined by (10)

(10) ȳM =
J∑
h=1

Wh

[
ȳh+

_
δM (Mh −mh)

]
where,

_
δM=


(∑J

h=1WhQhmhȳ
)(∑J

h=1WhQh
)
−
(∑J

h=1WhQhȳh
)(∑J

h=1WhQhmh
)

(∑J
h=1WhQhm

2
h

)(∑J
h=1WhQh

)
−
(∑J

h=1WhQhmh
)2


Different values of Qh were suggested in (cf. [4]) as 1, 1

x̄ and 1
chx

. These values were adopted
to obtained three different types of the proposed estimator.
Type 1: Qh = 1

(11) ȳM1 =
J∑
h=1

Wh

[
ȳh+

_
δM1 (Mh −mh)

]
where,

_
δM1=


(∑J

h=1Whmhȳ
)(∑J

h=1Wh

)
−
(∑J

h=1Whȳh
)(∑J

h=1Whmh
)

(∑J
h=1Whm

2
h

)(∑J
h=1Wh

)
−
(∑J

h=1Whmh
)2


Type 2: Qh = 1

x̄

(12) ȳM2 =
J∑
h=1

Wh

[
ȳh+

_
δM2 (Mh −mh)

]
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where,

_
δM2=


(∑J

h=1
Whmhȳ
x̄

)(∑J
h=1

Wh
x̄

)
−
(∑J

h=1
Whȳh
x̄

)(∑J
h=1

Whmh
x̄

)(∑J
h=1

Whm
2
h

x̄

)(∑J
h=1

Wh
x̄

)
−
(∑J

h=1
Whmh
x̄

)2


Type 3: Qh = 1

chx

(13) ȳM3 =
J∑
h=1

Wh

[
ȳh+

_
δM3 (Mh −mh)

]
where,

_
δM3=


(∑J

h=1
Whmhȳ
chx

)(∑J
h=1

Wh
chx

)
−
(∑J

h=1
Whȳh
chx

)(∑J
h=1

Whmh
chx

)(∑J
h=1

Whm
2
h

chx

)(∑J
h=1

Wh
chx

)
−
(∑J

h=1
Whmh
chx

)2


5. Performance Measures

The performance of the proposed estimator over selected existing estimators was assessed
using the absolute bias (ABS) and relative root mean square error (RRMSE) which are de-
fined in (14) and (15) respectively. An estimator with the least ABS and RRMSE is judged
to have higher efficiency over other estimators. The ABS and RRMSE of the existing and
proposed calibration estimators (ȳT , ȳN , ȳR1, ȳR2, ȳS , ȳO, ȳG, ȳM ) were obtained and presented
in Tables 1 and 2 and Table 3 and 4 respectively.

(14) ABS
(
ȳj

)
=

∣∣∣∣∣∣∣ 1
50000

50000∑
r=1

((
ȳj

)
r
− Ȳ

)∣∣∣∣∣∣∣
(15) RRMSE

(
ȳj

)
=

√√√
1

50000

50000∑
r=1

(((
ȳj

)
r
− Ȳ

)
/Ȳ

)2

6. Empirical Study

The performance and efficiency of the proposed estimator were assessed using the CO124
population obtained from (cf. [14]). The study and auxiliary variables are the 1983 and
1980 populations (in millions) of 95 countries from 3 continents (Africa, Asia, and Europe)
respectively. Two different extreme observations classified as low and high were introduced
separately to the samples selected from the auxiliary variable using a random number gen-
erated from R software. The low extreme values range from 0.01 to 0.1 while the high
extreme values range from 1500 to 2000. The results of the ABS of the calibration estima-
tors obtained under the different values of Qhfor low and high outlying observations are
presented in Tables 1 and 2 respectively while the results of the RRMSE of the calibration
estimators obtained under the different values of Qhfor low and high outlying observations
are presented in Tables 3 and 4 respectively. From Table 1, we observed that in the presence
of low outlying observation, the ABS of the proposed estimator were the least under Qh = 1
andQh = 1

x̄ compared to the estimators proposed in (cf. [18, 12, 13, 16, 11, 4]) while the ABS
of the estimator proposed in (cf. [4]) was the least for Qh = 1

chx
. This indicates that when

there is low outlying observation in the auxiliary variable, the proposed calibration estima-
tor will produce an estimate of the population mean which is closest to the true population
mean for Qh = 1 and Qh = 1

x̄ . For the case of high outlying observation, the results in Table
2 show that the ABS of the proposed estimator were the least under the three values of Qh
considered compared to the estimators proposed in (cf. [18, 12, 13, 16, 11, 4]). This indi-
cates that when there is high outlying observation in the auxiliary variable, the proposed
calibration estimator will produce an estimate of the population mean which is closest to
the true population mean for all the values of Qh.
The results in Table 3 showed that the RRMSE of the proposed estimator in the presence of
low outlying observation underQh = 1 andQh = 1

x̄ were the least compared to the estimators
proposed in (cf. [18, 12, 13, 16, 11, 4]) while the RRMSE of the estimator proposed in (cf.
[4]) was the least for Qh = 1

chx
. These results indicate that when there is a low outlying
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observation in the auxiliary variable, the proposed calibration estimator is more efficient for
Qh = 1 andQh = 1

x̄ . For the case of high outlying observation, the results in Table 4 show that
the RRMSE of the proposed estimator were the least under the three values ofQh considered
compared to the estimators proposed in (cf. [18, 12, 13, 16, 11, 4]). This indicates that
when there is high outlying observation in the auxiliary variable, the proposed calibration
estimator is more efficient for all the values of Qh.
Table 1: Absolute Bias of the Calibration Estimators (Low Outlying Observation)

Qh = 1 Qh = 1
x̄ Qh = 1

chx
ABS(ȳT ) 2.1460 x 102 1.4300 x 102 1.7200 x 102

ABS(ȳN ) 5.2980 x 10−1 5.1990 x 10−1 5.3950 x 10−1

ABS(ȳR1) 5.4870 x 10−1 5.4740 x 10−1 5.4620 x 10−1

ABS(ȳR2) 5.4280 x 10−1 5.4030 x 10−1 5.4060 x 10−1

ABS(ȳS ) 8.6200 x 10−2 4.0360 x 10−1 4.0700 x 10−1

ABS(ȳO) 3.1460 x 10−1 3.1470 x 10−1 3.1450 x 10−1

ABS(ȳG) 7.5700 x 10−2 6.4400 x 10−2 6.1300 x 10−2

ABS(ȳAS ) 8.5766 x 10−1 9.9310 x 10−1 6.8980 x 10−1

ABS(ȳM ) 4.8900 x 10−2 4.7000 x 10−2 7.7700 x 10−2

Table 2: Absolute Bias of the Calibration Estimators (High Outlying Observation)
Qh = 1 Qh = 1

x̄ Qh = 1
chx

ABS(ȳT ) 6.6927 x 100 4.7614 x 100 5.6101 x 100

ABS(ȳN ) 1.9160 x 10−1 1.8050 x 10−1 2.6000 x 10−1

ABS(ȳR1) 4.9400 x 10−1 7.6500 x 10−1 5.4590 x 10−1

ABS(ȳR2) 4.9320 x 10−1 7.6360 x 10−1 5.4540 x 10−1

ABS(ȳS ) 8.6200 x 10−2 4.0360 x 10−1 4.0700 x 10−1

ABS(ȳO) 7.5800 x 10−2 8.1300 x 10−2 7.8900 x 10−2

ABS(ȳG) 1.3300 x 10−1 2.3460 x 10−1 1.6850 x 10−1

ABS(ȳAS ) 6.3554 x 100 3.9660 x 100 4.4710 x 100

ABS(ȳM ) 4.5000 x 10−3 6.5000 x 10−3 9.7000 x 10−3

Table 3: Relative Root Mean Square Error of the Calibrated Estimators (Low Outlying Ob-
servation)

Qh = 1 Qh = 1
x̄ Qh = 1

chx
RRMSE(ȳT ) 1.9197 x 107 8.5239 x 106 1.2441 x 107

RRMSE(ȳN ) 1.1702 x 102 1.1268 x 102 1.2134 x 102

RRMSE(ȳR1) 1.2551 x 102 1.2492 x 102 1.2438 x 102

RRMSE(ȳR2) 1.2285 x 102 1.2169 x 102 1.2182 x 102

RRMSE(ȳS ) 6.4136 x 100 1.4043 x 102 1.4282 x 102

RRMSE(ȳO) 4.1249 x 101 4.1293 x 101 4.1224 x 101

RRMSE(ȳG) 2.3895 x 100 1.7284 x 100 1.5645 x 100

RRMSE(ȳAS ) 3.0662 x 102 4.1115 x 102 1.9835 x 102

RRMSE(ȳM ) 9.9820 x 10−1 9.4000 x 10−3 2.5163 x 100

Table 4: Relative Root Mean Square Error of the Calibrated Estimators (High Outlying Ob-
servation)

Qh = 1 Qh = 1
x̄ Qh = 1

chx
RRMSE(ȳT ) 1.8671 x 104 9.4503 x 103 1.3119 x 104

RRMSE(ȳN ) 1.5305 x 101 1.3574 x 101 2.1290 x 10−1

RRMSE(ȳR1) 1.0170 x 102 2.4393 x 102 1.2421 x 102

RRMSE(ȳR2) 1.0139 x 102 2.4303 x 102 1.2398 x 102

RRMSE(ȳS ) 6.4136 x 100 1.4043 x 102 1.4282 x 102

RRMSE(ȳO) 2.3940 x 100 2.7552 x 100 2.5975 x 100

RRMSE(ȳG) 7.3782 x 100 2.2937 x 101 1.1830 x 101

RRMSE(ȳAS ) 1.8671 x 104 9.4503 x 103 1.3119 x 104

RRMSE(ȳM ) 8.3000 x 10−3 1.7500 x 10−2 3.9000 x 10−2
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7. Conclusion

In this paper, a new improved median-based calibration estimator for the population mean
of a stratified sampling in the presence of outlier in the auxiliary variable is introduced.
The median is robust to the presence of outliers (cf. [9]) and this informed the choice of
the median in defining the calibration constraints. The results of the empirical study show
that the ABS and RRMSE of the proposed estimator in the presence of a low outlying ob-
servation were the least for Qh = 1 and Qh = 1

x̄ compared to the estimators proposed in
(cf. [18, 12, 13, 16, 11, 4]). This suggests that the proposed estimator is robust and more
efficient in the presence of a low outlying observation compared to existing calibration esti-
mators considered in this work. Also, the ABS and RRMSE of the proposed estimator in the
presence of a high outlying observation were the least for all the values of Qh compared to
the estimators proposed in (cf. [18, 12, 13, 16, 11, 4]). This suggests that the proposed esti-
mator is robust and more efficient in the presence of a high outlying observation compared
to existing calibration estimators considered in this work and it is therefore recommended
for estimating the population mean of stratified sampling when there is presence of either
low or high outlying observation in the auxiliary variable.
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1. Introduction

The recent literature is full of papers devoted to the study of systems governed by fractional
order derivatives. The main reason is that the models taking into account fractional deriva-
tives are more realistic than the models realized with classical derivatives (see [3, 8, 12, 13, 14]
etc.).

A generalization of both Riemann-Liouville and Caputo fractional derivatives was intro-
duced by Hilfer in [10]. In fact, this derivative interpolates between Riemann-Liouville and
Caputo derivatives. Several properties and applications of Hilfer fractional derivative may be
found in [11]. The modification of Hilfer fractional derivative resulted in the concept of Hilfer-
Hadamard fractional derivative. Similarly, the Hilfer-Hadamard fractional derivative covers
the cases of Riemann-Liouville-Hadamard and Caputo-Hadamard fractional derivatives.

In this note we consider the following problem

(1) Dα,β
HHx(t) ∈ F (t, x(t), V (x)(t)) a.e. ([1, T ])

with boundary conditions of the form

(2) x(1) = 0, x(T ) =
m∑
j=1

ηjx(ξj) +
n∑
i=1

ζiI
ϕi
H x(θi) +

r∑
k=1

λkD
ωk
H x(µk),

where Dα,β
HH is the Hilfer-Hadamard fractional derivative of order α ∈ (1, 2] and type β ∈ [0, 1],

ξj , θi, µk ∈ (1, T ), ηi, ζj , λk ∈ R, j = 1,m, i = 1, n, k = 1, r, IϕH is the Hadamard fractional
integral of order ϕ > 0, Dω

H is the Hadamard fractional derivative of order ω > 0, F : [1, T ]×
R×R→ P(R) is a set-valued map and V : C([1, T ],R)→ C([1, T ],R) is a nonlinear Volterra

integral operator defined by V (x)(t) =
∫ t

0 k(t, s, x(s))ds with k(., ., .) : [1, T ]×R×R→ R a
given function.

Our study is motivated by a recent paper [1]. Namely, in [1] three existence results for
problem (1)-(2) may be found in the case when F does not depends on the last variable. All
the results in [1] are proved by using several suitable theorems from fixed point theory.

The goal of this note is to obtain the existence of solutions for problem (1)-(2) in the case
when the set-valued map F has nonconvex values but it is assumed to be Lipschitz in the
second and third variable. Our result use Filippov’s techniques ([9]); namely, the existence
of solutions is obtained by starting from a given ”quasi” solution. In addition, the result
provides an estimate between the ”quasi” solution and the solution obtained.

Our result improve an existence theorem in [1] in the case when the right-hand side is
Lipschitz in the second variable. Moreover, our result may be viewed as a generalization to
the case when the right-hand side contains a nonlinear Volterra integral operator. Even if the
method we use here is known in the theory of differential inclusions (e.g., [4, 5, 6, 7] etc.) it
is largely ignored by the authors that are dealing with such problems in favor of fixed point
approaches, most probably, because it is much easier to handle the applications of classical
fixed point theorems.

The paper is organized as follows: in Section 2 we recall some preliminary results that we
need in the sequel and in Section 3 we prove our main results.
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2. Preliminaries

Let (X, d) be a metric space. Recall that the Pompeiu-Hausdorff distance of the closed
subsets A,B ⊂ X is defined by

dH(A,B) = max{d∗(A,B), d∗(B,A)}, d∗(A,B) = sup{d(a,B); a ∈ A},
where d(x,B) = infy∈B d(x, y).

Let I = [1, T ], we denote by C(I,R) the Banach space of all continuous functions from I
to R with the norm ||x(.)||C = supt∈I |x(t)| and L1(I,R) is the Banach space of integrable

functions u(.) : I → R endowed with the norm ||u(.)||1 =
∫ T

0 |u(t)|dt.

Definition 2.1 (cf. [1]). The Hadamard fractional integral of order q > 0 of a Lebesgue
integrable function f : [1,∞)→ R is defined by

IqHf(t) =
1

Γ(q)

∫ t

1

(
ln
t

s

)q−1 f(s)

s
ds

provided the integral exists and Γ(.) is the (Euler’s) Gamma function defined by Γ(q) =∫∞
0 tq−1e−tdt.

The Hadamard fractional derivative of order q > 0 of a function f : [1,∞)→ R is defined
by

Dq
Hf(t) = t

dn

dtn
(In−qH f)(t),

provided the integral exists and n = [q] + 1, [q] is the integer part of q.
The Hilfer-Hadamard fractional derivative of order α ∈ (n−1, n), n ≥ 2 and type β ∈ [0, 1]

of a function f ∈ L1(I,R) is defined by

Dα,β
HHf(t) = (I

β(n−α)
H Dγ

Hf)(t), γ = α+ nβ − αβ.

When β = 0 the Hilfer-Hadamard fractional derivative gives Hadamard fractional deriv-
ative and when β = 1 the Hilfer-Hadamard fractional derivative gives Caputo-Hadamard
fractional derivative.

Lemma 2.2 (cf. [1]). Let h(.) ∈ C(I,R) and

Λ = (lnT )γ−1 −
∑m

j=1 ηj(ln ξj)
γ−1 −

∑n
i=1 ζi

Γ(γ)
Γ(γ+ϕi)

(ln θi)
γ+ϕi−1−∑r

k=1 λk
Γ(γ)

Γ(γ−ωk)(lnµk)
γ−ωk−1 6= 0.

Then, the solution of problem Dα,β
HHx(t) = h(t) with boundary conditions (2) is given by

(3)
x(t) = IαHh(t) + (lnT )γ−1

Λ [
∑m

j=1 ηjI
α
Hh(ξj) +

∑n
i=1 ζiI

α+ϕi
H h(θi)+∑r

k=1 λkI
α−ωk
H h(µk)− IαHh(T )], t ∈ [1, T ].

Definition 2.3. A function x(.) ∈ C(I,R) is called a solution of a problem (1)-(2) if there
exists h(.) ∈ L1(I,R) such that h(t) ∈ F (t, x(t), V (x)(t)) a.e. (I) and x(.) is given by (3).

Remark 1. If we denote

G(t, s) = 1
Γ(α)

(
ln t

s

)α−1
χ[1,t](s)

s +
∑m

j=1
(ln t)γ−1

Λ
1

Γ(α)

(
ln

ξj
s

)α−1
χ[1,ξj ]

(s)

s

+
∑n

i=1
(ln t)γ−1

Λ
ζi

Γ(α+ϕi)

(
ln θi

s

)α+ϕi−1
χ[1,θi]

(s)

s +
∑r

k=1
(ln t)γ−1

Λ
λk

Γ(α−ωk) ·

·
(

ln µk
s

)α−ωk−1
χ[1,µk]

(s)

s − (ln t)γ−1

Λ
1

Γ(α)

(
ln T

s

)α−1
1
s

where χA(.) denotes the characteristic function of the set A, then the solution x(.) in (3) may

be put as x(t) =
∫ T

1 G(t, s)h(s)ds.

Moreover, if 0 < ωk ≤ α− 1, k = 1, r, then for any t, s ∈ I

|G(t, s)| ≤ (lnT )α−1

Γ(α) +
∑m

j=1
(lnT )γ−1(ln ξj)

α−1

|Λ|Γ(α) +
∑n

i=1
(lnT )γ−1|ζi|(ln θi)α+ϕi−1

|Λ|Γ(α+ϕi)

+
∑r

k=1
(lnT )γ−1|λk|(lnµk)α−ωk−1

|Λ|Γ(α−ωk) + (lnT )α+γ−2

|Λ|Γ(α) =: M

Also, we need a variant of Kuratowski and Ryll-Nardzewski selection theorem concerning
measurable set-valued maps.
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Lemma 2.4 (cf. [2]). Consider X a separable Banach space, B is the closed unit ball in X,
H : I → P(X) is a set-valued map with nonempty closed values and g : I → X,L : I → R+

are measurable functions. If

H(t) ∩ (g(t) + L(t)B) 6= ∅ a.e.(I),

then the set-valued map t→ H(t) ∩ (g(t) + L(t)B) has a measurable selection.

3. Main results

In order to prove our results we need the following hypotheses.

Hypothesis H1. i) F (., .) : I ×R ×R → P(R) has nonempty closed values and is L(I) ⊗
B(R×R) measurable.

ii) There exists L(.) ∈ L1(I, (0,∞)) such that, for almost all t ∈ I, F (t, ., .) is L(t)-Lipschitz
in the sense that

dH(F (t, x1, y1), F (t, x2, y2)) ≤ L(t)(|x1 − x2|+ |y1 − y2|) ∀ x1, x2, y1, y2 ∈ R.

iii) k(., ., .) : I×R×R→ R is a function such that ∀x ∈ R, (t, s)→ k(t, s, x) is measurable.
iv) |k(t, s, x)− k(t, s, y)| ≤ L(t)|x− y| a.e. (t, s) ∈ I × I, ∀x, y ∈ R.

We use next the following notations

M(t) := L(t)(1 +

∫ t

1
L(u)du), t ∈ I, K0 =

∫ T

1
M(t)dt.

Theorem 3.1. Let α ∈ (1, 2], β ∈ [0, 1] and 0 < ωk ≤ α − 1, k = 1, r. Assume that
Hypothesis H1 is satisfied and MK0 < 1. Let y(.) ∈ C(I,R) be such that y(1) = 0, y(T ) =∑m

j=1 ηjy(ξj) +
∑n

i=1 ζiI
ϕi
H y(θi) +

∑r
k=1 λkD

ωk
H y(µk) and there exists p(.) ∈ L1(I,R+) with

d(Dα,β
HHy(t), F (t, y(t), V (y)(t))) ≤ p(t) a.e. (I).

Then there exists x(.) : I → R a solution of problem (1)-(2) satisfying for all t ∈ I

|x(t)− y(t)| ≤ M

1−MK0
||p(.)||1.

Proof. The set-valued map t→ F (t, y(t), V (y)(t)) is measurable with closed values and

F (t, y(t), V (y)(t)) ∩ {Dα,β
HHy(t) + p(t)[−1, 1]} 6= ∅ a.e. (I).

It follows from Lemma 2.4 that there exists a measurable selection h1(t) ∈ F (t, y(t), V (y)(t))
a.e. (I) such that

(4) |h1(t)−Dα,β
HHy(t)| ≤ p(t) a.e. (I)

Define x1(t) =
∫ T

1 G(t, s)h1(s)ds and one has

|x1(t)− y(t)| ≤M
∫ T

1
p(t)dt.

We construct two sequences xn(.) ∈ C(I,R), hn(.) ∈ L1(I,R), n ≥ 1 with the following
properties

(5) xn(t) =

∫ T

1
G(t, s)hn(s)ds, t ∈ I,

(6) hn(t) ∈ F (t, xn−1(t), V (xn−1)(t)) a.e. (I),

(7) |hn+1(t)− hn(t)| ≤ L(t)(|xn(t)− xn−1(t)|+
∫ t

1
L(s)|xn(s)− xn−1(s)|ds) a.e. (I)

If this is done, then from (4)-(7) we have for almost all t ∈ I

|xn+1(t)− xn(t)| ≤M(MK0)n
∫ T

1
p(t)dt ∀n ∈ N.

Indeed, assume that the last inequality is true for n− 1 and we prove it for n. One has

|xn+1(t)− xn(t)| ≤
∫ T

1
|G(t, t1)|.|hn+1(t1)− hn(t1)|dt1 ≤
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M

∫ T

1
L(t1)[|xn(t1)− xn−1(t1)|+

∫ t1

1
L(s)|xn(s)− xn−1(s)|ds]dt1 ≤M∫ T

1
L(t1)(1 +

∫ t1

1
L(s)ds)dt1.M

nKn−1
0

∫ T

1
p(t)dt = M(MK0)n

∫ T

1
p(t)dt.

Therefore {xn(.)} is a Cauchy sequence in the Banach space C(I,R), hence converging
uniformly to some x(.) ∈ C(I,R). Hence, by (7), for almost all t ∈ I, the sequence {hn(t)}
is Cauchy in R. Let h(.) be the pointwise limit of hn(.).

At the same time, one has

(8)
|xn(t)− y(t)| ≤ |x1(t)− y(t)|+

∑n−1
i=1 |xi+1(t)− xi(t)| ≤

M
∫ T

1 p(t)dt+
∑n−1

i=1 (M
∫ T

1 p(t)dt)(MK0)i ≤ M
∫ T
1 p(t)dt

1−MK0
.

On the other hand, from (4), (7) and (8) we obtain for almost all t ∈ I

|hn(t)−Dα,β
HHy(t)| ≤

∑n−1
i=1 |hi+1(t)− hi(t)|+ |h1(t)−Dα,β

HHy(t)| ≤
L(t)

M
∫ T
1 p(t)dt

1−MK0
+ p(t).

Hence the sequence hn(.) is integrably bounded and therefore h(.) ∈ L1(I,R).
Using Lebesgue’s dominated convergence theorem and taking the limit in (5), (6) we deduce

that x(.) is a solution of (1)-(2) . Finally, passing to the limit in (8) we obtained the desired
estimate on x(.).

It remains to construct the sequences xn(.), hn(.) with the properties in (5)-(7). The
construction will be done by induction.

Since the first step is already realized, assume that for some N ≥ 1 we already constructed
xn(.) ∈ C(I,R) and hn(.) ∈ L1(I,R), n = 1, 2, ...N satisfying (5), (7) for n = 1, 2, ...N
and (6) for n = 1, 2, ...N − 1. The set-valued map t → F (t, xN (t), V (xN )(t)) is measurable.

Moreover, the map t→ L(t)(|xN (t)− xN−1(t)|+
∫ t

1 L(s)|xN (s)− xN−1(s)|ds) is measurable.
By the lipschitzianity of F (t, .) we have that for almost all t ∈ I

F (t, xN (t), V (xN )(t)) ∩ {hN (t) + L(t)(|xN (t)− xN−1(t)|+∫ t
1 L(s)|xN (s)− xN−1(s)|ds)[−1, 1]} 6= ∅.

Lemma 2.4 yields that there exist a measurable selection hN+1(.) of F (., xN (.), V (xN )(.))
such that for almost all t ∈ I

|hN+1(t)− hN (t)| ≤ L(t)(|xN (t)− xN−1(t)|+
∫ t

1
L(s)|xN (s)− xN−1(s)|ds).

We define xN+1(.) as in (5) with n = N + 1. Thus fN+1(.) satisfies (6) and (7) and the proof
is complete. �

Corollary 3.2. Let α ∈ (1, 2], β ∈ [0, 1] and 0 < ωk ≤ α − 1, k = 1, r. Assume that
Hypothesis H1 is satisfied, d(0, F (t, 0, 0) ≤ L(t) a.e. (I) and MK0 < 1. Then there exists
x(.) a solution of problem (1)-(2) satisfying for all t ∈ I |x(t)| ≤ M

1−MK0
||L(.)||1.

Proof. It is enough to take y(.) = 0 and p(.) = L(.) in Theorem 3.1. �

If F does not depend on the last variable, Hypothesis H1 becames

Hypothesis H2. i) F (., .) : I ×R→ P(R) has nonempty closed values and is L(I)⊗B(R)
measurable.

ii) There exists L(.) ∈ L1(I, (0,∞)) such that, for almost all t ∈ I, F (t, .) is L(t)-Lipschitz
in the sense that

dH(F (t, x1), F (t, x2)) ≤ L(t)|x1 − x2| ∀ x1, x2 ∈ R.

Denote L0 =
∫ T

1 L(t)dt.

Corollary 3.3. Let α ∈ (1, 2], β ∈ [0, 1] and 0 < ωk ≤ α − 1, k = 1, r. Assume that
Hypothesis H2 is satisfied, d(0, F (t, 0) ≤ L(t) a.e. (I) and ML0 < 1. Then there exists x(.)
a solution of the fractional differential inclusion

(9) Dα,β
HHx(t) ∈ F (t, x(t)) a.e. (I),
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with boundary conditions (2) satisfying for all t ∈ I

(10) |x(t)| ≤ ML0

1−ML0
.

Remark 2. A similar result to the one in Corollary 3.3 may be found in [1]; namely, Theorem
7. The proof of Theorem 7 in [1] is done by using the set-valued contraction principle. Our
approach improves the hypothesis concerning the set-valued map in [1]. More exactly, we do
not require for the values of F to be compact as in [1] and we do not require that the Lipschitz
constant of F to be a mapping from C(I,R) as in [1]. Moreover, Theorem 7 in [1] does not
contains a priori bounds for solutions as in (10).

Example 3.4. Let us consider the problem

(11)
D

5
3
, 3
4

HHx(t) ∈ [−( 1
4
√

15
− 1

16) |x(t)|
1+|x(t)| , 0] ∪ [0,

( 1
4
√

15
− 1

16)
|
∫ t
1 x(s)ds|

1+( 1
4
√
15
− 1

16
)|
∫ t
1 x(s)ds|

], a.e. ([1, 5])

with nonlocal integral boundary conditions as in [1]; namely,

(12)
x(1) = 0, x(5) = 1

15x(5
4) + 1

10x(3
2) + 2

15x(7
4) + 1

6x(2) + 1
18I

1
2
Hx(5

2)+
1
9I

1
Hx(3) + 1

6I
3
2
Hx(7

2) + 1
28D

1
4
Hx(4) + 1

14D
2
3
Hx(9

2).

In this case, α = 5
3 , β = 3

4 , T = 5, m = 4, n = 3, r = 2, η1 = 1
15 , η2 = 1

10 , η3 = 2
15 ,

η4 = 1
6 , ξ1 = 5

4 , ξ2 = 3
2 , ξ3 = 7

4 , ξ4 = 2, ζ1 = 1
18 , ζ2 = 1

9 , ζ3 = 1
6 , ϕ1 = 1

2 , ϕ2 = 1, ϕ3 = 3
2 ,

θ1 = 5
2 , θ2 = 3, θ3 = 7

2 , λ1 = 1
28 , λ2 = 1

14 , ω1 = 1
4 , ω2 = 2

3 , µ1 = 4, and µ2 = 9
2 .

Define F (., .) : I ×R×R→ P(R) by

F (t, x, y) = [−(
1

4
√

15
− 1

16
)
|x|

1 + |x|
, 0] ∪ [0, (

1

4
√

15
− 1

16
)
|y|

1 + |y|
]

and k(., ., .) : I ×R×R→ R by k(t, s, x) = ( 1
4
√

15
− 1

16)x.

Since

sup{|u|; u ∈ F (t, x, y)} ≤ (
1

4
√

15
− 1

16
) ∀ t ∈ [0, 1], x, y ∈ R,

dH(F (t, x1, y1), F (t, x2, y2)) ≤ (
1

4
√

15
− 1

16
)|x1 − x2|+ (

1

4
√

15
− 1

16
)|y1 − y2|

∀ x1, x2, y1, y2 ∈ R, in this situation L(t) ≡ ( 1
4
√

15
− 1

16) and K0 = ( 1√
15
− 1

4)( 1√
15

+ 3
4)) < 1

60 .

By standard computations (e.g., [1]) M ≈ 39, 4; therefore, MK0 < 1. So, we may apply
Corollary 3.3 in order to obtain the existence of a solution for problem (11)-(12).

4. Conclusion

In the present paper, we studied a boundary value problem associated to a Hilfer-Hadamard
fractional integro-differential inclusion and we established an existence result for this prob-
lem when the set-valued map is Lipschitz in the state variables without any assumptions
concerning the convexity of the values of the set-valued map. Our approach uses a technique
due to Filippov ([9]) instead of an usual application of set-valued fixed point theorems. An
illustration of our result is provided by a numerical example. In this way we extended and
improved the research in [1]. We underline that this type of result is a basic tool in the study
of optimal control problems defined by such kinds of fractional differential inclusions.
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1. Introduction and Preliminaries

The subject of Korovkin-type theory was initiated by Korovkin in 1960 in his pioneering
paper [15] then, this theory has been widely studied and it is worthwhile to point out that,
it is about approximation to continuous functions by means of positive linear operators (see
[1, 15]). Many researchers were considered several extensions in which a more general notion
of convergence is used. In particular, the use of statistical convergence has increased more in
recent years (also see, [2, 7, 11, 14, 18, 21]). Also, Dirik and Demirci ([9]) have studied the
Korovkin-type approximation thorem using the notion of equi-ideal convergence for analytic
P -ideals. Then, Bardaro et al. ([3, 4]) have introduced a more general notion of statistical
convergence for double sequences of positive linear operators named ”triangular A−statistical
convergence” and they have obtained a Korovkin type approximation theorem in C (U) ,
which is the space of all continuous real functions defined in a compact subset U ⊂ R2 and
they have introduced a general definition of triangular A−statistical convergence using a
suitable function Ψ : N × N → R. After these remarkable works, authors have studied some
generalizations of them ([5, 6, 10]).

Our primary interest is to prove Korovkin type approximation theorem by using an ex-
tension of Ψ−statistical convergence to the class of all analytic P -ideals for sequences called
Ψ−ideal convergence. We also study the rates of Ψ−ideal convergence of positive linear
operators.

We begin with some definitions and notations which we will use in the sequel.
Let Ψ : N × N → R be a fixed function, K ⊂ N2 be a nonempty set, and for every i ∈ N,

let Ki = {j ∈ N : (i, j) ∈ K,Ψ (i, j) ≥ 0} . Let |Ki| be the cardinality of Ki then we define
Ψ−density of K by

δΨ(K) := lim
i

1

i
|Ki| ,

provided that the limit on the right-hand side exists (see for details, [4]).

Definition 1.1. [4] The number sequence x = (xi,j) is Ψ−statistically convergent to L pro-
vided that for every ε > 0

lim
i

1

i
|Ki (ε)| = 0,

where Ki (ε) = { j ∈ N : Ψ (i, j) ≥ 0, |xi,j − L| ≥ ε} and this is denoted by stΨ−lim
i
xi,j = L.

If we take Ψ (i, j) = i − j ≥ 0, we obtain the notion of triangular statistical convergence.
As indicated earlier, triangular statistical convergence and statistical convergence overlap,
neither contains the other. Also, if a double sequence, Pringsheim convergent ([19]), then
it is Ψ − A−statistical convergent. Note that the converse, in general, is not true (see also
[3, 4]).
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Ψ−Ideal Convergence

We denote the set of all Ψ−statistically convergent sequences by stΨ.
The concept of convergence of a sequence of real numbers has been extended to statistical

convergence by Fast [13]. Then, various kinds of ideal convergence which are extensions of
statistical convergence to the class of all analytic P -ideals for sequences of functions have
been introduced by Mrożek [17]. We first recall these convergence methods.

By an ideal on N, the set of natural numbers, we mean a family of subsets of N closed
under taking finite unions and subsets of it. If not explicitly said we assume that the ideals
are proper (6= P (N)) and contain all finite sets. By Fin we denote the ideals of all finite sets
of N. An ideal I is a P -ideal if for every sequence (Ai)i∈N of sets from I there is an A ∈ I
such that AirA is finite for all i. By identifying subsets of naturals with their characteristic
functions, we equip P (N) with the Contor-space topology and therefore we can assign the
topological complexity to the ideals of sets naturals. In particular, an ideal I is analytic if it
is a continuous image of Gδ subsets of the Cantor-space.

A map φ : P (N)→ [0,∞] is a submeasure on N if for all A,B ⊂ N,
φ (∅) = 0,

φ (A) ≤ φ (A ∪B) ≤ φ (A) + φ (B) .

It is lower semicontinuous if for all A ⊂ N, we have

φ (A) = lim
k→∞

φ (A ∩ {0, 1, 2, ..., k − 1}) .

For any lower semicontinuous submeasure on N, let ‖A‖φ : P (N)→ [0,∞] be the submeasure
defined by

‖A‖φ = lim sup
k→∞

φ (Ar {0, 1, 2, ..., k − 1})

= lim
k→∞

φ (Ar {0, 1, 2, ..., k − 1})

where the second equality follows by the monotonicity of φ. Let

Exh (φ) =
{
A ⊆ N : ‖A‖φ = 0

}
.

It is clear that Exh (φ) is an ideal (not necessarily proper) for an arbitrary submeasure φ.
Let us introduce the following examples of analytic P -ideals [20], (see [12] for more exam-

ples).

◦ A nontrivial analytic P -ideal is the ideal of sets of statistical density zero, i.e.,

Id =

{
A ⊆ N : lim sup

k→∞
dk (A) = 0

}
,

where dk (A) = |A∩{0,1,2,...,k−1}|
k is the kth partial density of A, where the symbol |B|

denotes the cardinality of the set B. If we denote φd (A) = sup
k

|A∩{0,1,2,...,k−1}|
k , then

Id = Exh (φd) .

◦ Let I 1
k

=

{
A ⊆ N :

∑
k∈A

1
k+1 <∞

}
. If φ is a submeasure defined by φ (A) =

∑
k∈A

1
k+1 ,

then I 1
k

= Fin (φ) where is the ideal which consists of all finite sets of N.
Throughout this paper, let I be an ideal on N. I is an analytic P -ideal iff I = Exh (φ) for

some lower semicontinouos submeasure φ on N and we use the following notations.
Let C(X) be the space of all continuous real valued functions on X, a compact subset of

R2 and let f and fi,j belong to C(X). Let Ψ : N× N→ R be a fixed function,

Γi((x, y) , ε) : = {j ∈ N : Ψ (i, j) ≥ 0, |fi,j(x)− f(x)| ≥ ε} , (x, y) ∈ X,

Φi(ε) : =
{
j ∈ N : Ψ (i, j) ≥ 0, ||fi,j − f ||C(X) ≥ ε

}
,(1)

where ε > 0 and ||f ||C(X) denotes the usual supremum norm of f in C(X).

Definition 1.2. (fi,j) is said to be pointwise Ψ− ideal convergent to f on X if for every
ε > 0 and for each (x, y) ∈ X, lim

k→∞
φ (Γi((x, y) , ε) r {0, 1, 2, ..., k − 1}) = 0 and write fi,j →

f(Ψ− ideal) on X.

Definition 1.3. (fi,j) is said to be uniform Ψ−ideal convergent to f on X if , lim
k→∞

φ (Φi(ε) r {0, 1, 2, ..., k − 1}) =

0, for every ε > 0 and write fi,j ⇒ f (Ψ− ideal) on X.
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Remark 1. If we take Ψ (i, j) = i− j and Id = Exh (φ) where

φ (A) = sup
n∈N

dn (A) ,

then Ψ−ideal convergence is equal to triangular statistical uniform convergence which is given
by Çınar in [5].

Using these definitions, the next result is immediately obtained.

Lemma 1.4. fi,j ⇒ f on X implies fi,j ⇒ f (Ψ − ideal) on X. Furthermore, fi,j → f on
X implies fi,j → f (Ψ− ideal) on X.

Example 1.5. Let Ψ (i, j) = i − j and Id = Exh (φ) where φ (A) = sup
n∈N

dn (A) , X =

[−1, 1] × [−1, 1] and h is a function by h (x, y) = x2y2 for x, y ∈ [−1, 1] . For each i, j ∈ N,
define hi,j ∈ C(X) by

hi,j (x, y) =


0, i = j = k2,(

xy − 1
ij

)2
, i = 2k + 1, j = 2k − 1,

x2y2

2 , i = 2k, j = 2(k + 1),
x2y2, otherwise.

Then it is easy show that (hi,j) is triangular statistical uniform convergent to h on X with
respect to the ideal Id. But (hi,j) is not uniform convergent and statistical uniform convergent
to the function h on X.

2. Korovkin-type approximation theorem

In this section, we give a Korovkin-type approximation theorem using the concept of
Ψ−ideal convergence.

Now we have the following main result.

Theorem 2.1. Let (Li,j) be a double sequence of positive linear operators moving from C(X)
into C(X). Then for all g ∈ C(X),

(2) Li,j (g) ⇒ g (Ψ− ideal) on X,

if and only if

(3) Li,j(hr) ⇒ hr(Ψ− ideal) on X, (r = 0, 1, 2, 3),

where h0 (x, y) = 1, h1 (x, y) = x, h2 (x, y) = y and h3 (x, y) = x2 + y2.

Proof. Since each hr ∈ C (X) , (r = 0, 1, 2, 3) , the implication (2)⇒(3) is obvious. Suppose
now that (3) hold. By the continuity of f on X and using the monotonicity and the linearity
of the operators Li,j , for every ε > 0, we get

|Li,j (g;x, y)− g (x, y)| ≤ Li,j (|g (u, v)− g (x, y)| ;x, y) +M |Li,j (h0;x, y)− h0 (x, y)|

≤
∣∣∣∣Li,j (ε+

2M

δ2

{
(u− x)2 + (v − y)2

}
;x, y

)∣∣∣∣
+M |Li,j (h0;x, y)− h0 (x, y)|

≤
(
ε+M +

2M

δ2

(
K2

1 +K2
2

))
|Li,j (h0;x, y)− h0 (x, y)|

+
4M

δ2
K1 |Li,j (h1;x, y)− h1 (x, y)|+ 4M

δ2
K2 |Li,j (h2;x, y)− h2 (x, y)|

+
2M

δ2
|Li,j (h3;x, y)− h3 (x, y)|+ ε

where M := ‖g‖C(X) , K1 := max |x| , K2 := max |y| . Taking supremum over (x, y) ∈ X, we
get

(4) ‖Li,j (g)− g‖C(X) ≤ K

{
3∑
r=0

‖Li,j (hr)− hr‖C(X)

}
+ ε.
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where K := max
{
ε+M + 2M

δ2

(
K2

1 +K2
2

)
, 4M
δ2
K1,

4M
δ2
K2,

2M
δ2

}
. Now, for a given ε

′
> 0,

choose ε > 0 such that ε < ε
′
. Then, define

Φi(ε
′
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ‖Li,j (g)− g‖C(X) ≥ ε

′
}
,

Φr
i (
ε
′ − ε
4K

) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ‖Li,j (hr)− hr‖C(X) ≥

ε
′ − ε
4K

}
, r = 0, 1, 2, 3.

Then it is easy to see that Φi(ε
′
) ⊆

3⋃
r=0

Φr
i (
ε
′−ε
4K ). Thus, from the monotonicity of φ, it follows

from (4) that

φ
(

Φi(ε
′
) r k

)
≤ φ

([
3
∪
r=0

Φr
i (
ε
′ − ε
4K

)

]
r {0, 1, 2, ..., k − 1}

)

≤
3∑
i=0

φ

(
Φr
i (
ε
′ − ε
4K

) r {0, 1, 2, ..., k − 1}

)
.(5)

Letting k → ∞, using (3) and considering Definition 1.3, we obtain (2). The proof is
complete. �

If we take Ψ (i, j) = i − j and Id = Exh (φ) where φ (A) = sup
k∈N

dk (A) , then we get the

following triangular statistical Korovkin-type approximation theorem which was introduced
by Bardaro et al. [4].

Corollary 2.2. [4] Let (Li,j) be a double sequence of positive linear operators moving from
C (X) into itself. Then, for all g ∈ C (X) ,

stΨ − lim
i
‖Li,j(g)− g ‖C(X) = 0 on X

if and only if

stΨ − lim
i
‖Li,j(hr)− hr ‖C(X) = 0 on X,

where h0 (x, y) = 1, h1 (x, y) = x, h2 (x, y) = y and h3 (x, y) = x2 + y2.

3. An Application

We now present an example that works in our new approximation result, but in which the
classical case ([22]) and statistical case ([8]) do not. Let Ψ (i, j) = i − j and Id = Exh (φ)
where φ (A) = sup

k∈N
dk (A) and X = [0, 1]×[0, 1] . To see this first consider the Bernstein-Stancu

operators (see [1])

Ki,j,α,β,γ,δ (g;x, y) =

i∑
s=0

j∑
t=0

g

(
α+ s

β + i
,
γ + t

δ + j

)(
i

s

)(
j

t

)
xsyt (1− x)i−s (1− y)j−t ,

where X = [0, 1] × [0, 1] , (x, y) ∈ X, f ∈ C (X) , α, β, γ, δ are fixed real numbers. Also,
observe that

Ki,j,α,β,γ,δ (1;x, y) = 1,

Ki,j,α,β,γ,δ (u;x, y) =
i

i+ β
x+

α

i+ β
,

Ki,j,α,β,γ,δ (v;x, y) =
j

j + δ
y +

α

j + δ
,

Ki,j,α,β,γ,δ

(
u2 + v2;x, y

)
=

i (i− 1)

(i+ β)2x
2 +

(2α+ 1)i

(i+ β)2 x+
α2

(i+ β)2

+
j (j − 1)

(j + δ)2 y
2 +

(2γ + 1)j

(j + δ)2 y +
γ2

(j + δ)2 .

Using this polynomial, we introduce the following positive linear operators on C (X) :

(6) Li,j(g;x, y) = (1 + xi,j)Ki,j,α,β,γ,δ (g;x, y)
51



Ψ−Ideal Convergence

where x = (xi,j) be defined

xi,j :=


1, i = j = k2,
3k

7(k+1) , i = 2k + 1, j = 2k − 1,
2k

5(k+1) , i = 2k, j = 2(k + 1),

0, otherwise.

Since xi,j → 0 (Ψ− ideal), we conclude that

Li,j(hr) ⇒ hr(Ψ− ideal) on X, (r = 0, 1, 2, 3).

From Theorem 2.1, we see that

Li,j(f) ⇒ f(Ψ− ideal) on X.

Since x is not ordinary and statistically convergent to zero, the sequence (Li,j) given by (6)
does not satisfy the conditions of classical ([22]) and statistical ([8]) cases, respectively.

4. Rate of Convergence

In this section, we compute the rates of Ψ−ideal convergence of a double sequence of
positive linear operators defined on C (X) by means of the modulus of continuity.

Now we give the following definition.

Definition 4.1. Let (αk) be a positive non-increasing sequence. The sequence (fi,j) is uni-
form Ψ−ideal convergent to f with the rate of o (αk) if, for each ε > 0,

lim
k→∞

1

αk
φ (Φi(ε) r {0, 1, 2, ..., k − 1}) = 0,

where Φi(ε) is defined by (1). In this case we write fi,j − f = o (αk) (Ψ− ideal) on X.

One of the important element in approximation theory is modulus of continuity ω (g; γ)
defined as follows:

ω (g; γ) := sup

{
|g (u, v)− g (x, y)| : (u, v) , (x, y) ∈ X,

√
(u− x)2 + (v − y)2 ≤ γ

}
.

where g ∈ C (X) and γ > 0. Show that ω (g; γ) is an increasing function of γ,

(7) ω (g;αγ) ≤ (1 + [α])ω (g; γ)

for every γ, δ > 0 (see also [1]).
Using these definitions we obtain the following lemma.

Lemma 4.2. Let (αk) and (βk) be positive non-increasing sequences and (fi,j) and (gi,j) be
sequences of function belonging to C (X) . Suppose that fi,j−f = o (αk) (Ψ−ideal) on X and
gi,j − g = o(βk) (Ψ − ideal) on X. Let ck = max {αk, βk} . Then, the following expressions
are provided:

(i) (fi,j − f)∓ (gi,j − g) = o(ck) (Ψ− ideal) on X,
(ii) λ(fi,j − f) = o(αk) (Ψ− ideal) on X, for any real number λ,

(iii)
√
|fi,j − f | =o(αk) (Ψ− ideal) on X.

Proof. (i) Suppose that fi,j−f = o(αk) (Ψ−ideal) on X and that gi,j−g = o(βk) (Ψ−ideal)
on X. Also, for ε > 0 and (x, y) ∈ X define

Φi(ε) : =
{
j ∈ N : Ψ (i, j) ≥ 0, ||(fi,j − f)∓ (gi,j − g)||C(X) ≥ ε

}
,

Φ1
i (
ε

2
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ||fi,j − f ||C(X) ≥

ε

2

}
,

Φ2
i (
ε

2
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ||gi,j − g||C(X) ≥

ε

2

}
.

Then, observe that

Φi(ε) ⊂ Φ1
i (
ε

2
) ∪ Φ2

i (
ε

2
)

which gives

1

ck
φ (Φi(ε) r {0, 1, 2, ..., k − 1})

≤ 1

ck

(
φ
(

Φ1
i (
ε

2
) r {0, 1, 2, ..., k − 1}

)
+ φ

(
Φ2
i (
ε

2
) r {0, 1, 2, ..., k − 1}

))
.
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Since γk = max {αk, βk} , we get

φ (Φi(ε) r {0, 1, 2, ..., k − 1})
ck

(8)

≤
φ
(
Φ1
i (
ε
2) r {0, 1, 2, ..., k − 1}

)
αk

+
φ
(
Φ2
i (
ε
2) r {0, 1, 2, ..., k − 1}

)
βk

.

Presently, by taking limit as k →∞ in (8) and by means of the hypothesis, we obtain that

lim
k→∞

φ (Φi(ε) r {0, 1, 2, ..., k − 1})
ck

= 0.

This completes the proof of (i). Since the proofs of (ii) and (iii) can be made similarly to
the proof of (i), we omit them. �

Then we have the following result.

Theorem 4.3. Let (αk) and (βk) be positive non-increasing sequences and (Li,j) be a se-
quence of positive linear operators moving from C(X) into C(X). Suppose that the following
conditions hold:

(i) Li,j(h0)− h0 = o(αk) (Ψ− ideal) on X,

(ii) w(g, αi,j) = o(βk) (Ψ − ideal) on X, where αi,j =
√
‖Li,j(ϕ)‖C(X) with ϕ(u, v) =

(u− x)2 + (v − y)2 .
Then we have, for all g ∈ C(X),

Li,j(g)− g = o(δk)(Ψ− ideal) on X,

where δk = max {αk, βk} .

Proof. Let g ∈ C (X) and (x, y) ∈ X be fixed. As in the proof of the Theorem 4 of [3], it
follows from the monotonicity and the linearity of the operators Li,j , for any (i, j) ∈ N2 and
δ > 0,

|Li,j (g;x, y)− g (x, y)|

≤ ω (g; δ) |Li,j (h0;x, y)− h0 (x, y)|+ ω (g; δ)

δ2
Li,j(ϕ;x, y) + ω (g; δ)

+M |Li,j (h0;x, y)− h0 (x, y)| ,(9)

where M := ‖g‖C(X) . Taking the supremum over (x, y) ∈ X in (9), for any δ > 0, we have,

‖Li,j (g)− g‖C(X) ≤ ω (g; δ) ‖Li,j (h0)− h0‖C(X) +
ω (g; δ)

δ2
‖Li,j (ϕ)‖C(X)

+ ω (g; δ) +M ‖Li,j (h0)− h0‖C(X) .

If we get α := αi,j :=
√
‖Li,j(ϕ)‖, then we calculate

‖Li,j (g)− g‖C(X) ≤ ω (g; δ) ‖Li,j (h0)− h0‖C(X) + 2ω (g; δ) +M ‖Li,j (h0)− h0‖C(X)

and hence
(10)

‖Li,j (g)− g‖C(X) ≤ D
{
ω (g; δ) ‖Li,j (h0)− h0‖C(X) + ω (g; δ) + ‖Li,j (h0)− h0‖C(X)

}
,

where D = max {2,M} . For a given r > 0, define the following sets:

Φi(r) : =
{
j ∈ N : Ψ (i, j) ≥ 0, ‖ Li,j (g)− g ‖C(X) ≥ r

}
,

Φ1
i (

r

3D
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ω (g; δi,j) ‖ Li,j (h0)− h0‖C(X) ≥

r

3D

}
,

Φ2
i (

r

3D
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ω (g; δi,j) ≥

r

3D

}
,

Φ3
i (

r

3D
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ‖ Li,j (h0)− h0‖C(X) ≥

r

3D

}
.

It follows from (10) that

Φi(r) ⊂ Φ1
i (

r

3D
) ∪ Φ2

i (
r

3D
) ∪ Φ3

i (
r

3D
).
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Also define the sets:

Φ4
i (

√
r

3D
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ω (g; δi,j) ≥

√
r

3D

}
,

Φ5
i (

√
r

3D
) : =

{
j ∈ N : Ψ (i, j) ≥ 0, ‖Li,j (h0)− h0‖C(X) ≥

√
r

3D

}
.

Then, observe that Φ1
i (

r
3D ) ⊂ Φ4

i (
√

r
3D ) ∪ Φ5

i (
√

r
3D ). So, we have

Φi(r) ⊂ Φ2
i (

r

3D
) ∪ Φ3

i (
r

3D
) ∪ Φ4

i (

√
r

3D
) ∪ Φ5

i (

√
r

3D
).

Then, from the monotonicity of φ, we get

φ (Φi(r) r {0, 1, 2, ..., k − 1})

≤ φ

([
Φ2
i (

r

3D
) ∪ Φ3

i (
r

3D
) ∪ Φ4

i (

√
r

3D
) ∪ Φ5

i (

√
r

3D
)

]
r {0, 1, 2, ..., k − 1}

)
≤ φ

(
Φ2
i (

r

3D
) r {0, 1, 2, ..., k − 1}

)
+ φ

(
Φ3
i (

r

3D
) r {0, 1, 2, ..., k − 1}

)
+φ

(
Φ4
i (

√
r

3D
) r {0, 1, 2, ..., k − 1}

)
+ φ

(
Φ5
i (

√
r

3D
) r {0, 1, 2, ..., k − 1}

)
.

Then, using the hypotheses (i) and (ii) and considering Lemma 4.2, the proof is complete. �
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1. Kantorovich Operators

Convergence is important aspect for problems dealing with linear positive operators in
past several years, Gupta and Agarwal in [7] collected and presented many results on this
topic. On several other operators, we refer to the recent book [8]. For τ > 0 a parameter and
x ∈ [0, 1] the generalization of the well-known Bernstein polynomial was given by Stancu [13]
as follows

(P (τ)
n f)(x) =

n∑
i=0

(
n

i

)
x[i,−τ ](1− x)[n−i,−τ ]

1[n,−τ ]
f

(
i

n

)
,(1)

where u[j,−τ ] =
∏j−1
r=0(u+ rτ), j ≥ 1; u[0,−τ ] = 1. These operators are connected with Pólya

distribution and for τ = 0 we get the Bernstein polynomials. Miclǎuş [11] studied deeply
such operators other special case τ = n−1 was discussed by Lupaş and Lupaş [10].

Very recently Agrawal et al. [2], Baumann [3], Acar et al. [1], Gupta [5] and [9] etc studied
some normal and higher order Kantorovich operators. The higher order Pólya-Kantorovich
operators for x ∈ [0, 1], was recently proposed in [6] and defined as

(2) (K̃(j,τ)
n f)(x) =

n!(n+ j)j−1

(n+ j − 1)!

∏j−1
l=0 (1 + τ l)

τ j
(∇j ◦ P (τ)

n+j ◦ Fτ,jf)(x),

where

(Fτ,jf)(x) =

 f(x), j = 0

1
(j−1)!

∫ x

0
(x− v)j−1f(v)dv, j ≥ 1.

As P
(τ)
n+j are convex of order j the operators K̃

(j,τ)
n f are linear and positive. For the special

case when j = 1, these operators reduce to the operators discussed in [6].

2. Moments

Lemma 2.1. For j ∈ N0, x ∈ [0,∞) the following equalities hold

(K̃(j,τ)
n e0)(x) = 1;

(K̃(j,τ)
n e1)(x) =

nx

(n+ j)(1 + τj)
+

j

2(n+ j)
;

(K̃(j,τ)
n e2)(x) =

n(n− 1)x(x+ τ)

(n+ j)2(1 + τ(j + 1))(1 + τj)
+

(j + 1)nx

(n+ j)2(1 + τj)
+

j(3j + 1)

12(n+ j)2
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(K̃(j,τ)
n e3)(x) =

n(n− 1)(n− 2)x(x+ τ)(x+ 2τ)

(n+ j)3(1 + τ(j + 2))(1 + τ(j + 1))(1 + τj)

+
3n(n− 1)(j + 2)x(x+ τ)

2(n+ j)3(1 + τ(j + 1))(1 + τj)

+
n(j + 1)(3j + 4)x

4(n+ j)3(1 + τj)
+
j2(j + 1)

8(n+ j)3

(K̃(j,τ)
n e4)(x) =

n(n− 1)(n− 2)(n− 3)x(x+ τ)(x+ 2τ)(x+ 3τ)

(n+ j)4(1 + τ(j + 3))(1 + τ(j + 2))(1 + τ(j + 1))(1 + τj)

+
2n(n− 1)(n− 2)(j + 3)x(x+ τ)(x+ 2τ)

(n+ j)4(1 + τ(j + 2))(1 + τ(j + 1))(1 + τj)

+
n(n− 1)(j + 2)(3j + 7)x(x+ τ)

2(n+ j)4(1 + τ(j + 1))(1 + τj)

+
n(j + 1)2(j + 2)x

2(n+ j)3(1 + τj)
+
j(15j3 + 30j2 + 5j − 2)

240(n+ j)4
.

Proof. By definition of operators, we have

(3) (K̃(j,τ)
n em) =

m!

(m+ j)!

n!(n+ j)j−1

(n+ j − 1)!

∏j−1
l=0 (1 + τ l)

τ j
∇jP (τ)

n+jem+j .

Using (3) and application of the following identity

j−1∏
m=0

(x+ τm) = xj +
j(j − 1)

2
τxj−1 +

j(j − 1)(j − 2)(3j − 1)

24
τ2xj−2

+
j2(j − 1)2(j − 2)(j − 3)

48
τ3xj−3

+
j(j − 1)(j − 2)(j − 3)(j − 4)(15j3 − 30j2 + 5j + 2)

5760
τ4xj−4

+
j2(j − 1)2(j − 2)(j − 3)(j − 4)(j − 5)(3j2 − 7j − 2)

11520
τ5xj−5

+...+ (j − 1)!τ j−1x.

and applying [6, Lemma 1] and using properties of backward differences we obtain the mo-
ments. �

Remark 1. By using Lemma 2.1, we have

(K̃(j,n−1)
n e0)(x) = 1,

(K̃(j,n−1)
n e1)(x) =

n2x

(n+ j)2
+

j

2(n+ j)
,

(K̃(j,n−1)
n e2)(x) =

n2(n− 1)x(nx+ 1)

(n+ j)3(n+ j + 1)
+

(j + 1)n2x

(n+ j)3
+

j(3j + 1)

12(n+ j)2

(K̃(j,n−1)
n e3)(x) =

n2(n− 1)(n− 2)x(nx+ 1)(nx+ 2)

(n+ j)4(n+ j + 2)(n+ j + 1)
+

3n2(n− 1)(j + 2)x(nx+ 1)

2(n+ j)4(n+ j + 1)

+
n2(j + 1)(3j + 4)x

4(n+ j)4
+
j2(j + 1)

8(n+ j)3

(K̃(j,n−1)
n e4)(x) =

n2(n− 1)(n− 2)(n− 3)x(nx+ 1)(nx+ 2)(nx+ 3)

(n+ j)5(n+ j + 3)(n+ j + 2)(n+ j + 1)

+
2n2(n− 1)(n− 2)(j + 3)x(nx+ 1)(nx+ 2)

(n+ j)5(n+ j + 2)(n+ j + 1)

+
n2(n− 1)(j + 2)(3j + 7)x(nx+ 1)

2(n+ j)5(n+ j + 1)

+
n2(j + 1)2(j + 2)x

2(n+ j)4
+
j(15j3 + 30j2 + 5j − 2)

240(n+ j)4
.
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Lemma 2.2. If we denote µ
(j,n−1)
n,m (x) = (K̃

(j,n−1)
n (e1 − xe0)m), then we have

µ
(j,n−1)
n,0 (x) = 1;

µ
(j,n−1)
n,1 (x) =

j(n+ j)− 2jx(2n+ j)

2(n+ j)2
;

µ
(j,n−1)
n,2 (x) =

1

12(n+ j)3(n+ j + 1)

[
(3j2 + j)(n+ j)(n+ j + 1)

+x[24n3 + 12n2j − 36nj3 − 12j4 − 12j3 − 24n2j2 − 24nj2]

+x2[48nj3 + 48n2j2 + 12n2j + 36nj2 − 24n3 + 12j4 + 12j3]

]
≤ 2

n+ j

[
x(1− x) +

cj
n+ j

]
,

where cj is certain constant dependent on j.

The proof of Lemma follows by Remark 1.

3. Convergence

Theorem 3.1. Let f ∈ C[0, 1], then we have

lim
n→∞

(K̃(j,n−1)
n f)(x) = f(x),

uniformly on [0, 1].

Proof. Using the well-known Korovkin’s theorem and Remark 1, the uniform convergence of

(K̃
(j,n−1)
n f)(x) takes place easily. �

Theorem 3.2. If f be a function continuous on [0, 1] and f ′′ exists at a fixed point x ∈ [0, 1],
then

lim
n→∞

n[(K̃(j,n−1)
n f)(x)− f(x)] =

(
j

2
− 2jx

)
f ′(x) + x(1− x)f ′′(x).

Proof. Operating the operators (K̃
(j,n−1)
n f) to the Taylor’s formula, we get

(K̃(j,n−1)
n f)(x)− f(x) = µ

(j,n−1)
n,1 (x)f ′(x) +

1

2
µ
(j,n−1)
n,2 (x)f ′′(x)

+(K̃(j,n−1)
n θ(t, x)(t− x)2)(x),

where θ ∈ C[0, 1] and lim
t→x

θ(t, x) = 0.

Applying Cauchy-Schwarz inequality, we obtain

(K̃(j,n−1)
n θ(t, x)(t− x)2)(x) ≤ [(K̃(j,n−1)

n θ2(t, x))(x)]1/2[µ
(j,n−1)
n,4 (x)]1/2.

Since θ2(x, x) = 0 and θ2(·, x) ∈ C[0, 1], by Theorem 3.1, we obtain

lim
n→∞

(K̃(j,n−1)
n

(
θ2(t, x)

)
(x) = 0

uniformly with respect to x ∈ [0, 1]. Therefore, from Lemma 2.2, we obtain

lim
n→∞

n(K̃(j,n−1)
n

(
θ(t, x)(t− x)2

)
(x) = 0.

The proof of the theorem is immediate by using Lemma 2.2. �

Theorem 3.3. Let f, h ∈ C2[0, 1], then, for all x ∈ [0, 1], we have

lim
n→∞

n
[
(K̃(j,n−1)

n fh)(x)− (K̃(j,n−1)
n f)(x)(K̃(j,n−1)

n h)(x)
]

= 2x(1− x)f ′(x)h′(x).
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Proof. Obviously, we have

(K̃(j,n−1)
n fh)(x)− (K̃(j,n−1)

n f)(x)(K̃(j,n−1)
n h)(x)

= (K̃(j,n−1)
n fh)(x)−f(x)h(x)−(fh)′(x)µ

(j,n−1)
n,1 (x)− 1

2
(fh)′′(x)µ

(j,n−1)
n,2 (x)

−h(x)

(
(K̃(j,n−1)

n f)(x)− f(x)− f ′(x)µ
(j,n−1)
n,1 (x)− 1

2
f ′′(x)µ

(j,n−1)
n,2 (x)

)
−(K̃(j,n−1)

n f)(x)

(
(K̃(j,n−1)

n h)(x)− h(x)− h′(x)µ
(j,n−1)
n,1 (x)− 1

2
h′′(x)µ

(j,n−1)
n,2 (x)

)
+

1

2
µ
(j,n−1)
n,2 (x)

(
f(x)h′′(x) + 2f ′(x)h′(x)− h′′(x)(K̃(j,n−1)

n f)(x)
)

+µ
(j,n−1)
n,1 (x)

(
f(x)h′(x)− h′(x)(K̃(j,n−1)

n f)(x)
)
.

Finally applying Theorem 3.2 and using Lemma 2.2, we get

lim
n→∞

n
[
(K̃(j,n−1)

n fh)(x)− (K̃(j,n−1)
n f)(x)(K̃(j,n−1)

n h)(x)
]

= lim
n→∞

nf ′(x)h′(x)µ
(j,n−1)
n,2 (x)

+ lim
n→∞

1

2
n h′′(x)

(
f(x)− (K̃(j,n−1)

n f)(x)
)
µ
(j,n−1)
n,2 (x)

+ lim
n→∞

n h′(x)
(
f(x)− (K̃(j,n−1)

n f)(x)
)
µ
(j,n−1)
n,1 (x) = 2x(1− x)f ′(x)h′(x).

�

Theorem 3.4. If the function f is bounded on x ∈ [0, 1], then

‖(K̃(j,n−1)
n f)− f‖ ≤

[
1 + (j4 + j3 + 5j2 + 4j + 2)1/2

]
ω
(
f, n−1/2

)
, n ≥ 1,

where ‖ · ‖ represent the uniform norm on [0, 1] and ω(f, δ) is the usual first order moduli of
continuity.

Proof. By definition, we have∣∣∣(K̃(j,n−1)
n f)(x)− f(x)

∣∣∣ ≤ (K̃(j,n−1)
n |f(v)− f(x)|)(x)

≤ (K̃(j,n−1)
n ω(f, |v − x|))(x).

Using the following well-known inequality:

ω(f, |v − x|) ≤
(
1 +
√
n|v − x|

)
ω
(
f, n−1/2

)
,

we get ∣∣∣(K̃(j,n−1)
n f)(x)− f(x)

∣∣∣ ≤ ω
(
f, n−1/2

) [
1 +
√
n(K̃(j,n−1)

n |v − x|)(x)
]

≤ ω
(
f, n−1/2

) [
1 +
√
n(µ

(j,n−1)
n,2 (x))1/2

]
≤ ω

(
f, n−1/2

) [
1 + (j4 + j3 + 5j2 + 4j + 2)1/2

]
.

The proof of Theorem 3.4 is completed. �

The Ditzian Totik moduli of order two and corresponding K-functional (see [4]) are given
respectively by

ωφ2 (h, δ) = sup
0<s≤

√
δ

sup
x±sφ(x)∈[0,1]

|h(x+ sφ(x))− 2h(x) + h(x− sφ(x))|,

and

K2,φ(x)(h, δ) = inf{||h− g||+ δ||φ2g′′||+ δ2||g′′|| : g ∈W 2(φ)}(δ > 0)

where W2(φ) = {g ∈ C[0, 1] : g ∈ ACloc[0, 1], φ2g′′ ∈ C[0, 1]} and φ(x) =
√
x(1− x). Also,

we have

K2,φ(x)(h, δ) ≤ Cω
φ
2 (h,
√
δ).(4)
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The Ditzian Totik moduli of order one is defined as

−→ω ψ(h, δ) = sup
0<s≤δ

∣∣∣∣h(x+
sψ(x)

2

)
− h

(
x− sψ(x)

2

)∣∣∣∣ .
Theorem 3.5. Let f be continuous on [0, 1], then for x ∈ [0, 1], we have∣∣∣∣∣∣(K̃(j,n−1)

n f)(x)− f(x)
∣∣∣∣∣∣ ≤ cjω

ϕ
2 (f, (n+ j)−1)

+−→ω ψ(f, j(n+ j)−1) + ω(f, j(n+ j)−1),

where C > 0 is a constant, ϕ(x) =
√
x(1− x) and ψ(x) =

{
1− 4x, for x ∈ [0, 1/4]
4x− 1, for x ∈ [1/4, 1]

.

Proof. We introduce

(K̃
∗(n−1)
j,n f)(x) = (K̃(j,n−1)

n f)(x) + f(x)− f
(

n2x

(n+ j)2
+

1

2(n+ j)

)
,

these modified form preserve linear functions, applying Taylor’s formula, we have

|(K̃∗(n
−1)

j,n g)(x)− g(x)| ≤
(
K̃(j,n−1)
n

∣∣∣∣∫ t

x
|t− w|.|g′′(w)|dw

∣∣∣∣) (x)

+

∫ n2x
(n+j)2

+ 1
2(n+j)

x

∣∣∣∣ n2x

(n+ j)2
+

1

2(n+ j)
− w

∣∣∣∣ |g′′(w)|dw.

Take the function δ2n(x) := 2
n+j

[
x(1− x) +

cj
n+j

]
concave on x ∈ [0, 1], for u = τx + (1 −

τ)t, τ ∈ [0, 1], we get

|t− w|
δ2n(w)

≤ |t− x|
δ2n(x)

.

Thus

|(K̃∗(j,n−1)
n g)(x)− g(x)| ≤

(
K̃(j,n−1)
n

∣∣∣∣∫ t

x

|t− w|
δ2n(w)

dw

∣∣∣∣) (x)||δ2ng′′||

+

∫ n2x
(n+j)2

+ 1
2(n+j)

x

∣∣∣ n2x
(n+j)2

+ 1
2(n+j) − w

∣∣∣
δ2n(w)

dw

 ||δ2ng′′||
≤ 1

δ2n(x)
||δ2ng′′||

[
µ
(j,n−1)
n,2 (x) +

(
j(n+ j)− 2jx(2n+ j)

2(n+ j)2

)2
]
.

By Lemma 2.2, we have

µ
(j,n−1)
n,2 (x) +

(
j(n+ j)− 2jx(2n+ j)

2(n+ j)2

)2

≤ 2

n+ j

[
x(1− x) +

c1,j
n+ j

]
+

j2

(n+ j)2
≤ 2 + j2

n+ j
δ2n(x).

Thus

|(K̃∗(j,n−1)
n g)(x)− g(x)| ≤ 2 + j2

n+ j
||δ2ng′′||

≤ 2 + j2

n+ j

[
||φ2g′′||+ c1,j

n+ j
||g′′||

]
.

Therefore

|(K̃(j,n−1)
n f)(x)− f(x)| ≤ |(K̃∗(n−1)

n f − f)(x)− (f − g)(x)|+ |(K̃∗(n−1)
n g)(x)− g(x)|

+|g(x)− f(x)|+
∣∣∣∣f ( n2x

(n+ j)2
+

1

2(n+ j)

)
− f(x)

∣∣∣∣
≤ 4||f − g||+ 2 + j2

n+ j

[
||φ2g′′||+ c1,j

n+ 1
||g′′||

]
+

∣∣∣∣f ( n2x

(n+ j)2
+

1

2(n+ j)

)
− f(x)

∣∣∣∣ .
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Taking the infimum on the right hand side over all g ∈W2(ϕ), we obtain

|(K̃(j,n−1)
n f)(x)− f(x)| ≤ c2,jK2,φ

(
f, (n+ j)−1

)
+

∣∣∣∣f ( n2x

(n+ j)2
+

1

2(n+ j)

)
− f(x)

∣∣∣∣ .(5)

Also, ∣∣∣∣f ( n2x

(n+ j)2
+

1

2(n+ j)

)
− f(x)

∣∣∣∣
≤

∣∣∣∣f (x+
j(n+ j)− 2jx(2n+ j)

2(n+ j)2

)
− f

(
x− j(n+ j)− 2jx(2n+ j)

2(n+ j)2

)∣∣∣∣
+

∣∣∣∣f (x− j(n+ j)− 2jx(2n+ j)

2(n+ j)2

)
− f(x)

∣∣∣∣
≤ −→ω ψ(f, j(n+ j)−1) + ω(f, j(n+ j)−1).(6)

Combining (5) and (6) and using (4) we get the desired result. �
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[5] Gupta V., (2021), Higher order Lupaş-Kantorovich operators and finite differences, Rev. R. Acad. Cienc.

Exactas F́ıs. Nat. Ser. A Mat., RACSAM 115, 100. https://doi.org/10.1007/s13398-021-01034-2
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Abstract: The Tweedie exponential dispersion family constitutes a fairly rich sub-class
of the exponential family. In particular, a member, compound Poisson-gamma (CP-g) model
has seen extensive use over the past decade for modeling mixed response featuring exact zeros
coupled with a continuous gamma tail. This paper proposes a framework to perform resid-
ual analysis on CP-g double generalized linear models for spatial uncertainty quantification.
Approximations are introduced to the proposed framework to make the procedure scalable,
without compromise in accuracy of estimation and model complexity. Proposed framework
is applied to quantifying spatial uncertainty in insurance loss costs arising from automobile
collision coverage. Scalability is demonstrated by choosing sizable spatial reference domains
comprised of groups of states within the United States of America.
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1. Introduction

Advanced geographic information systems (GIS) are increasingly being used to improve
predictive accuracy in a variety of statistical systems. The idea is to incorporate previ-
ously untapped spatial information present inherently in recorded data to improve predictive
performance of a statistical model. Spatial information can be recorded at many levels, ge-
ographical co-ordinates i.e., a longitude-latitude pair (point-referenced), a county/district at
observation level, census tract information, a three/five-digit zip code at observation level
(areal-referenced). Such information is used to analyze variation in response across a granu-
larity level of interest, for instance, at county/district level, or at zip code level. Along with
variation in the response across granularity levels, commonly recorded population covariates,
like median age, number of teenage drivers etc. can be potential predictors. Apart from
improving predictive accuracy, one may also be interested in identifying areas that behave
similarly. This encompasses the idea that neighboring regions show similarity in terms of re-
sponse; it also includes the possibility of similar response surface characteristics manifesting
in non-neighboring locations, due to re-occurring dependence on covariate information. In
such a scenario an ordinal ranking can be established to identify boundaries derived from
variation in response that are different from existing geographic borders. This is referred to
as boundary analysis in literature [2], [3], [4]. Another related concept which is relevant to
context, is the idea of identifying areas that feature rapid changes with respect to a variable
of interest. Identifying these zones can also be a part of boundary analysis, and is referred
to as wombling [4]. This is also known as “barrier analysis” or “edge detection” in studies of
landscape topography, systematic biology, sociology, ecology, and public health.

Spatial information can be incorporated to an existing model in multiple ways. It is both
desirable and advantageous to include such information without major changes to an existing
modeling structure, by devising a methodology that utilizes already present implementation
and builds on it. Consequently, the same unaccounted for spatial information brings in extra
variation, that was previously not quantified by the existing model; this excess variation can
now be interpreted as risk faced by the response. Depending on the nature of response,
qualitative characterizations of this risk may vary, for instance when considering the number
of road accidents on interstate highways, adverse characterizations of risk would follow. Nat-
urally, the ordinal nature of rankings can then be of considerable interest to an investigator
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looking to put in place categorically different measures for spatial clusters identified based
solely on their “riskiness”. Considering the bigger picture, this results in a nested model, that
consists of structurally dependent and independent components, where proper specification
of the structured component aids in explaining excess variation in response.

In practice existing modeling implementation encountered most commonly are generalized
linear models (GLMs) [39], [41], which provide a very flexible structure for modeling different
types of response. While constructing GLMs the response is modeled to follow a probability
distribution, in that regard exponential families of distributions provide a very general class
of choices. The idea of GLMs could be extended to a more general class of models, namely
dispersion models [38], [40]. The primary reason behind having these elaborate families is to
relax unnecessary, restrictive assumptions of normality on the response, in case significant
signs of non-normality are evident. GLMs employ a technique called analysis of deviance,
which is a generalization of analysis of variance. If deviance is interpreted as a measure of
distance between realizations and a location parameter, then based on general functional
forms and properties of deviance, dispersion models are divided into broad sub-classes. In
this paper we are interested in exploring spatial risk estimation in GLMs for particularly one
of those classes, called the Tweedie exponential dispersion models (EDMs) [40], [37], [35].

Tweedie EDMs feature an additional index parameter which classifies different sub-classes
of distributions within the family. Commonly known distributions like Poisson, gamma and
inverse Gaussian are special cases of Tweedie EDMs (see table 1, [34]). Poisson distributions
are obtained if the index parameter, p = 1, the Gamma distribution is obtained if p = 2,
whereas the inverse Gaussian distribution is obtained when p = 3. The Poisson distribution
is commonly used to model count data, whereas gamma and inverse Gaussian distributions
find their use in modeling positive continuous data. However, when p ∈ (1, 2), we obtain the
compound Poisson-gamma (CP-g) distribution which is ideal for modeling positive continuous
data with exact zeros. Applications include modeling weights of fish species in a single sample
or trawl, appearance of exact zeros occurring if a particular species is not caught, otherwise
a positive (continuous) weight is recorded [29]. The concept of catch per-unit effort (CPUE)
in connection to relative fish stock and abundance is plagued by the zero-catch problem,
which is dealt with using these distributions [31]. Other examples include modeling rainfall
amount with exact zeros occurring in the case where there is no rainfall, otherwise a positive
amount is recorded [33]. Simultaneous modeling of occurrence and size/amount of insurance
claims also use CP-g distributions; here exact zeros occur in case of records that show no
accidents during a chosen policy-period, whereas a positive claim size is recorded in case of
an accident [24], [23]. While modeling insurance claims along with modeling the mean [24],
dispersion modeling was also considered [23] to result in simultaneous GLMs for mean and
dispersion, which are termed as double generalized linear models (DGLMs). Exact zeros in
political contributions or donations (in US dollars) are also modeled similarly [28]. Forest
degradation which involves sampling of biomass loss produces continuous data with a large
number of exact zeros (no disturbance, implying no loss) which are again analyzed using such
distributions [27]. In all of the above examples existing alternatives include removing exact
zeros, or adding a small constant to zeros such that “log(0)” problems are avoided when
fitting GLMs using a logarithm link function. Apart from applications in varied fields of
study, notable developments in methodology include variable selection procedures involving
grouped elastic net being developed for Tweedie CP-g models [21], likelihood based Bayesian
approaches, that are well-suited alternatives to quasi-likelihood methods in terms of inference
for Tweedie compound Poisson mixed models have been explored [22]. Machine learning
algorithms, like gradient boosting have been used in conjunction with CP-g models to achieve
better performance while predicting insurance premiums [25].

Another integral fact that is apparent from examples mentioned above, is the existence of
spatial information through location, which may be not have been taken into account and
hence associated variation being unaccounted for by implemented models. Presence of such
information could help explorations into effects that adjacent regions have on the response.
Throughout this paper we use a first-order adjacency to account for spatial correlation among
locations or regions. The concept of first-order adjacency simply states, if two regions share
boundaries then we put an edge between their centroids, and call them neighbors. Naturally,
adjacency information has dual representations, a graph as shown in figs. 1 (b) and (c), or
a matrix, the order being number of locations, L. We can also see from figures (b) and (c)
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Table 1. The Tweedie family of distributions for varying values of the index
parameter, p, with respective supports S and parameter spaces, Ω .

Tweedie EDMs p S Ω Examples
Extreme stable p < 0 R R+

Normal p = 0 R R –
No EDMs exist 0 < p < 1 – – –
Discrete p = 1 N ∪ {0} R+ Poisson
Poisson-gamma 1 < p < 2 R+ ∪ {0} R+ –
Gamma p = 2 R+ R+ –
Positive stable p > 2 R+ R+ inverse Gaussian

(a) (b) (c)

Figure 1. Figure showing the (a) 8 counties with zip codes, (b) construction
of adjacency based on 8 counties, (c) construction of adjacency based on 282
zip-codes for state of Connecticut.

that depending on a chosen level of granularity, an adjacency graph can have small (county
level) to sufficiently large number (zip code level) of edges. Figure 1a shows the 8 counties
and zipcodes in the state of Connecticut. Adjacency matrices have been used in multiple
situations to capture spatial correlation, some of the earliest and celebrated applications
being simultaneous and conditional autoregressive areal models (SAR and CAR respectively)
[19], [20]. They are also employed extensively in developing hierarchical Bayesian spatial
areal models [18]. Formally stating, if we denote an adjacency matrix by A = (Ai1i2) of the
order L× L then,

Ai1i2 =

{
1 if i2 ∈ N (i1)

0 otherwise
,(1)

where N (i1) denotes the set containing neighbors (i.e., locations that share a boundary) of
location i1. In the ensuing discussion we shall only look at adjacency matrices generated
by locations that share boundaries, or are first-order neighbors and not locations that are
“neighbors” of neighbors (i.e second/higher order).

In section 2 we consider revisiting the formulation, development and necessary details
regarding double GLMs (DGLMs) for Tweedie CP-g distributions. Reviewing the choice
of an appropriate likelihood function and further characteristics of the Tweedie family of
distributions are also discussed in this section. We consider incorporating spatial information
as an un-observable fixed effect into the formulated DGLM, where penalized estimation of
the same fixed effect leads to solving an optimization problem. Section 3 states and discusses
necessary conditions for obtaining a solution to this problem. Consequently, the approach
we describe essentially fits a DGLM having a penalized spatial fixed effect, where nature of
the penalty chosen promotes structural shrinkage. Simulations that demonstrate the efficacy
of our approach over existing alternatives are shown in section 4. The penalty we propose
can be interpreted as an extension of the ridge penalty [17], naturally making it a baseline
for comparing performance. Section 5 describes the nature and results of our real data
application, showcasing performance of our approach for characteristically different response
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surfaces in selective states or, groups of states in USA. Finally, sections 6, 7 and Appendix
include conclusions comments about further developments and required proofs, tables and
additional figures respectively.

2. Characterizations and DGLMs for compound Poisson distributions

We start this section with some notation that will be used throughout the ensuing dis-
cussion. Let yij , µij ∈ R, φij ∈ R+ denote the response, mean, dispersion respectively and,

x>ij ∈ Rm1 , z>ij ∈ Rm2 denote the observed covariate vectors which can be adjusted to include
an intercept for the j-th observation at the i-th location, where i = 1, . . . , L and j = 1, . . . , ni;
with

∑L
i=1 ni = N being total number of observations. Notations without subscripts are used

to describe model formulations, to avoid cumbersome expressions.

2.1. Probability density characterizations. Probability distributions for EDMs, where
the response, y can be discrete or continuous depending on the nature of application,

f(y; θ, φ) = a(y, φ) exp

{
yθ − κ(θ)

φ

}
.(2)

In eq. (2) θ is called the canonical parameter, κ(θ) is a known function called the cumulant
function, φ is the dispersion parameter and a(y, φ) is a normalizing constant that ensures
(2) is a probability function. Eq. (2) is called the canonical form for EDM densities, with
other parametrizations being possible. As we can see from table (2) that a(y, φ) may not
always have a closed form (in case of CP-g). For EDMs we have some well-known relations,
E(y) = µ = κ′(θ) and Var(y) = φκ′′(θ) [39], [41], [34]. Due to the relationship between θ
and µ, κ′′(θ) can also be expressed as a function of µ, which is denoted by variance function
V (µ); which uniquely corresponds to an exponential dispersion model [38], [34] pgs. 217,
[16]. We focus on EDMs with a power variance function φµp, where p ∈ (1, 2), table 2 shows
necessary the details for probability density, or probability mass functions for other members
of the Tweedie family. In particular, the probability density function for a CP-g distribution
can be expressed in its unit-deviance form as,

f(y;µ, φ, p) = b(y, φ, p) exp

{
− 1

φ

∫ µ

y

y − u
V (u)

du

}
= b(y, φ, p) exp

{
− 1

φ

∫ µ

y

y − u
up

du

}
,(3)

where d(y, µ) = −2
∫ µ
y

y−u
V (u)du is defined as the deviance, i.e. a measure of discrepancy

between observation, y and its expected value, µ. An alternative characterization for a
known p ∈ (1, 2), random variable Y follows a CP-g distribution [38] if,

Y =

0 M = 0
M∑
i=1

Ci M > 0
, M ∼ Poisson(ξ), Ci

iid∼ Gamma(η, ζ),(4)

Table 2. Commonly used members of the Tweedie family of distributions
with their index parameter (p), variance function (V (µ)), cumulant function
(κ(θ)), canonical parameter (θ), dispersion (φ), deviance (d(y, µ)), normalizing
constant (b(y, φ)), support (S), and respective parameter spaces for mean (Ω)
and the natural parameter (Θ).

Tweedie EDMs p V (µ) κ(θ) θ φ d(y, µ) b(y, φ, p) S Ω Θ

Normal 0 1
θ2

2
µ σ2 (y − µ)2 exp{−(y2/φ+ log 2πφ)/2} R R R

Poisson 1 µ exp(θ) log(µ) 1 2
{
y log

y

µ
− (y − µ)

}
y−y exp(−y)

y!
N ∪ {0} R+ R

Poisson-gamma (1, 2) µp
{(1− p)θ}(2−p)/(1−p)

2− p
µ1−p

1− p φ 2
{

max(y, 0)2−p

(1− p)(2− p) −
yµ1−p

1− p +
µ2−p

2− p

}
– R+ ∪ {0} R+ R−

Gamma 2 µ2 − log(−θ) − 1

µ
φ 2

{
− log

y

µ
+

y − µ
µ

}
exp{−(1 + log φ)/φ}

yΓ(1/φ)
R+ R+ R

Inverse Gaussian 3 µ3 −
√
−2θ − 1

2µ2 φ
(y − µ)2

µ2y
exp

(
− {(φy)−1 + log(2πy3φ)}/2

)
R+ R+ R

where, M is independent of Ci. Above definition also demonstrates the fact that at M = 0,
Y = 0 with some non-zero probability, followed by M > 0 resulting in a sum of gamma
random variables producing a skewed continuous distribution on R+. It can be shown that the
two characterization are equivalent by deriving and equating cumulant generating functions
for densities in eqs. (3) and (4) [23], [22]. From table 2 and eq. (4) it is evident that b(y, φ, p)
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needs to be approximated for obtaining a closed form of the density while characterizing
CP-g densities as EDMs. Analogously, evaluating the marginal density of Y in alternative
characterization shown in eq. (4) results in an infinite sum representation of b(y, φ, p) which
can be approximated in multiple ways [13], [14].

2.2. Double generalized linear models. DGLMs were considered as a further generaliza-
tion to GLMs for exponential families [15], where the dispersion parameter φ was no longer
required to be a constant across observations. This resulted in simultaneous GLMs where
mean µ and dispersion φ both varied across observations as described through the double
generalized quasi-likelihood model,

g1(µ) = x>β, var(y) = φV (µ), g2(φ) = z>γ.(5)

Here g1(·), g2(·) are monotonic link functions, β ∈ Rm1 , γ ∈ Rm2 are model coefficients and
x> ∈ Rm1 and z> ∈ Rm2 are predictor vectors for mean and dispersion GLMs respectively.
Based on how we want to explain the response using predictors or covariates, the type of
characterization along with choice of likelihood approximation adopted varies. For instance,
in likelihood-based variable selection approaches [21], where φ is assumed to be constant
resulting in a GLM for mean, any desired approximation of b(y, φ, p), 1 < p < 2 can be
accommodated into the estimation procedure. Whereas in likelihood based methods like [22],
the type of approximation used affects the parameter estimation significantly. Alternatively,
an approach that allows for a variable dispersion φ, similar to the model in eq. (5), would
require a particular approximation of b(y, φ, p), producing extended quasi-likelihoods (EQLs)
for CP-g models [23], [11], [12]. We will be working with DGLMs, using marginal likeli-
hood approximations involving Fourier inversion of the characteristic function [14] and joint
likelihood for (Y,M) as defined in eq. (4). The joint likelihood for (y,m) is,

α =
2− p
p− 1

, b(y, φ, p) =
1

m!Γ(mα)y

{
yαφ−(α+1)

(p− 1)α(2− p)

}m
,(6a)

where Γ(x) = (x− 1)! is the Gamma function,

f(y,m;µ, φ, p) = b(y, φ, p) exp

{
1

φ
t(y, µ, p)

}
, t(y, µ, p) = y

µ1−p

1− p
− µ2−p

2− p
.(6b)

However, if m = y = 0, f(0, 0;µ, φ, p) = exp{− 1
φ t(0, µ, p)} = exp

{
− 1
φ
µ2−p

2−p
}

, which completes

the specification [24], [23]. In this paper we extend DGLM in eq. (5) to include an additional
fixed effect,

g1(µ) = x>β + r>α, var(y) = φV (µ), g2(φ) = z>γ,(7)

where α ∈ RL×1 is the un-observable fixed effect. Particularly we interpret αi as a spatial
effect corresponding to location i, hence r is a L× 1 vector of 0’s with 1 in exactly one entry
indicating the corresponding index for a location.

In the case of an existing implementation of a DGLM, the quantities o(1) = x>β̂ and
o(2) = z>γ̂ and p are known. Hence the negative log-likelihood is given by,

`(α) = −
L∑
i=1

ni∑
j=1

1

g−12

(
o
(2)
ij

) t(yij , g−11

(
o
(1)
ij + r>ijα

)
, p
)

+ c
(
mij , yij , g

−1
2

(
o
(2)
ij

)
, p
)
I(yij > 0),(8)

where c(·) is a known function ([13] pg. 6) and I(·) stands for the indicator function. We shall
assume that p is known from the existing implementation of DGLM. For most implementa-
tions link functions, g1(·) and g2(·) are both assumed to be logarithmic, and the covariate
vectors/matrices x> and z> need not necessarily be the same [23]. For a GLM, the canonical
link function is defined as g(·) = (κ′)−1(·) such that E(y) = κ′(θ) = g−1(θ), where ′ denotes
the first derivative of a function. It can be readily seen from eqs. (3), (6b) and table (2) that
a logarithmic function is not the canonical link for CP-g GLMs.

On further inspection, it can be seen that cross-derivatives of the negative log-likelihood
in eq. (6b) have zero expectations,

E

(
− ∂2

∂φ∂µ
log f

)
= E

(
1

φ2
y − µ
µp

)
= 0, E

(
− ∂2

∂p∂µ
log f

)
= E

(
− log(µ)

φ

y − µ
µp

)
= 0.(9)

66



Double Generalized Tweedie Spatial Models

As a result, off-diagonal elements for µ in the Fisher’s information matrix of (µ, φ, p) are 0,
implying µ is statistically orthogonal to φ and p, resulting in γ, p being independent of β,
α. This property insulates the estimation of α from inaccuracies that are associated with
using likelihood approximations (EQLs or penalized EQLs) in the existing implementation
of a DGLM, for details see [23], pgs. 148 or, [22] pgs. 747, this will also be demonstrated
through a sensitivity analysis to p in section 4.

3. Algorithm and computation

3.1. Graph Laplacian. Before getting into the optimization problem, we digress briefly to
illustrate relevant and related concepts in graph theory. A graph is represented by (V,E),
where V is a set of vertices and E is a set of edges, or pairs (i1, i2) ∈ V . A graph is
said to be un-directed if (i1, i2) ∈ E ⇔ (i2, i1) ∈ E, for example, see figure below in eq.
(10); in the notation of eq. (1) i2 ∈ N (i1) ⇔ i1 ∈ N (i2). A diagonal matrix defined as,
D = (Di1i1) =

∑
i2
Ai1i2 is defined as a degree matrix, where A is an adjacency matrix as

defined in eq. (1). An example is shown below in figure and equation (10).

A =



0 0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0 0
0 0 0 1 1 1 1 0 0
1 0 1 0 0 0 1 0 0
1 1 1 0 0 0 1 0 1
0 1 1 0 0 0 1 0 1
0 0 1 1 1 1 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 1 1 0 1 0


, D =



2 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0
0 0 4 0 0 0 0 0 0
0 0 0 3 0 0 0 0 0
0 0 0 0 5 0 0 0 0
0 0 0 0 0 4 0 0 0
0 0 0 0 0 0 4 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 3



(10)

The Laplacian for a graph is defined as W = D − A, which is an element-wise difference
between degree and adjacency matrices. If we interpret spatial effect as functions, α : V → R
then the graph Laplacian, W can be equivalently defined as a linear operator,

α>Wα =
1

2

L∑
i1=1

∑
i2 ∈ N (i1)

(αi1 − αi2)2, ∀ α ∈ RL.(11)

As a result, regularization based on graph Laplacian matrices penalize change between ad-
jacent vertices thereby introducing local smoothness [10]. In this paper we work with un-
directed graphs describing neighborhood structures corresponding to locations, for example,
latitude-longitude pairs for counties or zip codes, as shown in fig. 1 on a map, associated
adjacency, degree and Laplacian matrices.
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(a) (b) (c)

Figure 2. Plots showing (a) 896 zip codes for three states Connecticut (CT),
Massachusetts (MA) and Rhode Island (RI), locations marked by + (b) the zip
code level adjacency matrix, with edges between zip codes within any state col-
ored darkgreen, and edges between zip codes across states colored yellow (c)
zip code level adjacency graphs colored w.r.t states, after the boundary edges
have been removed (adjacency graphs for CT, MA and RI are in darkgreen,
darkblue and violet respectively).

Sparse matrices consist larger number of zero entries; the adjacency matrix, A in eq. (10)
is an example of a sparse matrix. Working with a single state, adjacency matrices for asso-
ciated neighborhood structures between zip codes are comparatively less sparse as opposed
to adjacency matrices generated when considering multiple states together. If we consider
proportion of zero entries as a measure of sparsity for adjacency matrices, then considering
states of Connecticut (CT), Massachusetts (MA) ad Rhode Island (RI) in conjunction the
adjacency matrix generated contains 99.4% zeros; individually however, adjacency matrices
for CT, MA and RI contain 98.1%, 99.02% and 94.1% of zero entries. We use this sparsity to
our advantage by introducing an approximation to adjacency for matrices when considering
multiple states in our analysis. Let us consider S states in conjunction, if A denotes the
associated adjacency matrix, we approximate it by, Aa defined as

A = Aa +Aε, Aa =


A1 O · · · O
O A2 · · · O
...

...
. . .

...
O O · · · AS

, Aε =


O ε1,2 · · · ε1,S
ε1,2 O · · · ε2,S

...
...

. . .
...

ε1,S ε2,S · · · O

 ,

where A1, . . . , AS are the adjacency matrices for S states respectively, and εk1,k2 , with
k1, k2 = 1, 2, . . . , S, can be interpreted as the cross-state adjacency for pair (k1, k2). Fig-
ure (2) illustrates this concept for S = 3 states viz., CT, MA and RI. This approximation is
carried forward to associated degree and Laplacian matrices. Consequently, resulting Lapla-
cian matrices are block diagonal. The computational advantage of having block diagonal
Laplacian matrices is immediately evident from nature of solution to the optimization prob-
lem described in the following.

3.2. Optimization problem. Consider the spatial effect, α = (α1, α2, . . . , αL)>, in this
section we primarily focus on solving the minimization problem,

α̂ = arg min
α

F (α), F (α) = `(α) + P (α;λ1, λ2), P (α;λ1, λ2) =
1

2

[
λ1α

>α + λ2α
>Wα

]
,(12)

where W is the graph Laplacian as defined in eq. (11), λ1, λ2 > 0 are tuning parameters
for the ridge and Laplacian regularization respectively. The penalty function used is similar
to the network cohesion penalty proposed by [1]. Under a logarithmic link the negative
log-likelihood is,

`(α) =
∑
i

∑
j

φ̂−1ij

[
yij
e−(p−1)(µ̂ij+r

>
ij
α)

p− 1
+
e(2−p)(µ̂ij+r

>
ij
α)

2− p

]
− c
(
yij , φ̂ij , p

)
I(yij > 0),
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where µ̂ij and φ̂ij are fitted mean and dispersion respectively. Flexibility in structure and
advantages of having P (α, λ1, λ2) as a penalty is immediately evident for instances where
spatial clustering needs to be introduced. The ridge part penalizes magnitude of estimated
spatial effects by regularizing L2-norm, ||α||22 = 〈α,α〉 = α>α, while penalty on the Lapla-
cian promotes local neighborhood smoothing on vertices by regularizing induced semi-norm,
||α||W = 〈α,Wα〉 = α>Wα. Solution to optimization problem in eq. (12) is obtained using
a majorization descent (MD) algorithm, which utilizes the majorization-minimization (MM)
principle, for further details see [7], [8], [6]. Properties and details of proposed MD algorithm
are shown below.

Let us denote the L × 1 gradient vector and, L × L Hessian matrix for the negative log-
likelihood `(α), as ∇1(α) and ∇2(α) respectively, which have the following expressions,

∇1,i(α) =
∂`(α)

∂αi
=
∑
j

φ̂−1ij r
>
ij

[
− yije−(p−1)

(
µ̂ij+r

>
ij
α
)

+ e(2−p)
(
µ̂ij+r

>
ij
α
)]
,(13a)

∇2,ii(α) =
∂2`(α)

∂α2
i

=
∑
j

φ̂−1ij r
>
ij

[
(p− 1)yije

−(p−1)
(
µ̂ij+r

>
ij
α
)

+ (2− p)e(2−p)
(
µ̂ij+r

>
ij
α
)]
rij ,(13b)

where i = 1, . . . , L and ∇2,i1i2(α) = 0 for all i1 6= i2. Hence, ∇2(α) is a diagonal matrix. If
α(t) is the updated estimate of spatial effect from α, then we obtain α(t) by solving

arg min
α(∗)

`(α) + (α(∗) − α)>∇1(α) +
1

2
(α(∗) − α)>

(
IL +∇2(α)

)
(α(∗) − α) + P (α(∗);λ1, λ2),(14)

which admits a closed form solution. IL is the L-dimensional identity matrix. After some
algebra it can be shown that,

α(t) =
[
(λ1 + 1)IL + λ2W +∇2(α)

]−1{
(IL +∇2(α))α−∇1(α)

}
.(15)

For the estimates α(t) and α we have,

`(α(t)) ≤ `(α) + (α(t) − α)>∇1(α) +
1

2
(α(t) − α)>

(
IL +∇2(α)

)
(α(t) − α) = L

(
α(t)
∣∣α).(16)

The above inequality in eq. (16) follows from second order Taylor expansion. Therefore,

F (α(t))− F (α) = `(α(t)) +
1

2

[
λ1||α(t)||22 + λ2||α(t)||2W

]
− `(α)− 1

2

[
λ1||α||22 + λ2||α||2W

]
,

≤ `(α) + (α(t) − α)>∇1(α) +
1

2
(α(t) − α)>

(
IL +∇2(α)

)
(α(t) − α)

+
1

2

[
λ1||α(t)||22 + λ2||α(t)||2W

]
− 1

2

[
λ1||α||22 + λ2||α||2W

]
− `(α),

≤ 0.

The first inequality follows from eq. (16) and the last equality follows from update in eq.
(14), for more detailed calculations refer to the Appendix. The algorithm derived above is
summarized as algorithm 1.

Algorithm 1 The MD algorithm for estimating penalized spatial effects from a fitted com-
pound Poisson model.

(1) Fit a compound Poisson DGLM without spatial effects α, to obtain
• fitted mean µ̂ij ,

• fitted dispersion φ̂ij .
(2) Initialize α.
(3) Repeat until F (α) converges,

• Compute ∇1(α) using eq. (13a)
• Compute ∇2(α) using eq. (13b)

• Compute α(t) using eq. (15)

• Set α = α(t)

Theorem 3.1. For λ1 > 0, the sequence {α(t)} produced by Algorithm 1 satisfies,

F
(
α(t)
)
− F

(
α(t+1)

)
≥ 1 + λ1

2
||α(t) − α(t+1)||22.
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Theorem 3.1 shows that the objective function F (α) is guaranteed to decrease for all λ1 > 0.
Proof for theorem 3.1 is postponed to Appendix for sake of brevity.

In algorithm 1, a convergence criteria can be selected based on either the objective function,
F (α) or iterative estimates α(t), α, i.e. for an arbitrarily small quantity ε, repeat until

F (α)−F (α(t)) < ε, or equivalently ||α(t)−α||22 < 2ε/(λ1+1). An intercept α0 can be included
in the model, as is common practice, it is not penalized. Its estimate can be obtained by
direct minimization of the negative log-likelihood at each step. An intercept is interpreted as
an overall average spatial effect for all L locations.

The estimated spatial effects with no penalty (un-penalized) and the ridge penalty, which
are used as baselines for comparison, can be obtained by following a similar algorithm, only

change being λ1 = λ2 = 0 and λ2 = 0 respectively. Therefore, if α
(t)
0 and α

(t)
r denote their

respective solutions, we have

α
(t)
0 = α−

[
IL +∇2(α)

]−1∇1(α), α(t)
r =

[
(λ1 + 1)IL +∇2(α)

]−1{
(IL +∇2(α))α−∇1(α)

}
.

When considering estimation of spatial effects for S states together using algorithm 1, the
increased dimension of W affects computational complexity adversely. One can alternatively
suggest running the algorithm in parallel for individual states, resulting in 2S tuning pa-
rameters, which is undesirable. In that regard, advantage of the suggested approximation to
Laplacian matrices discussed in section 3.1 is immediately evident when applied to solution
in eq. (15). It results in,

α(t) ≈
[
(λ1 + 1)IL + λ2Wa +∇2(α)

]−1{
(IL +∇2(α))α−∇1(α)

}
,(17)

where Wa is block diagonal matrix consisting of S blocks, Wk, k = 1, 2, . . . , S. Each block
Wk is the exact Laplacian for state k and L =

∑
k Lk, Lk being the number of locations

in state k. Therefore, matrix inverse in eq. (17) can be computed in O
(∑

k L
3
k

)
operations

(instead of O(L3)), affecting scalability of algorithm 1 significantly by allowing sufficient scope
for parallelization while keeping the number of tuning parameters fixed. It is important to
note here that, theorem 3.1 still holds for approximate Laplacian, since Wa is still positive
semi-definite (p.s.d.) (see Appendix for proof).

4. Simulation

The aims of presented simulation study are,

(1) to assess performance of algorithm 1 under different spatial patterns explained and
demonstrated in the ensuing discussion,

(2) to demonstrate and compare performance of algorithm 1
(i) using exact solution in eq. (15) and,
(ii) using approximate solution in eq. (17)

for multiple states.
(3) a sensitivity analysis for estimated spatial effects to the index parameter, p.

In what follows it is important to note that, we use a state (or group of states) only as an
example, results shown are in no way indicative of true responses in the region. Their sole
purpose is to create an instance that can serve as a test case for the algorithm. We start
by describing some error metrics that we will be using for all of the examples listed in this
section. Let α(O), α̂0, α̂r and α̂ denote true, un-penalized, ridge and the estimated spatial
effect vectors from the algorithm 1 respectively. The response is simulated from a compound
Poisson distribution, using likelihood approximations in [13] and [14], made available to use
in R-package tweedie. We assume a logarithmic link for both GLMs. The index parameter
p = 1.5 is kept fixed, while the dispersion, φ and mean µ are allowed to vary across simulated
response. For the entirety of this section simulated data will be split into training and
validation sets, with tuning parameters λ1, λ2 being estimated using a five-fold leave-one-out
cross-validation (LOOC) on the training data by minimizing deviance

d(y; µ̂,α) =

L∑
i=1

∑
j ∈ N (i)

2

φ̂ij

[
yije

−(µ̂ij+r>ijα)/2 + e(µ̂ij+r
>
ij
α)/2

]
,

over a holdout set in each fold. As a measure of loss, we use error sum of squares (SSE)
for estimated spatial effects, whereas prediction error over both training and validation set
is measured using a ratio of deviances given by,
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(a) (b)

Figure 3. Figure showing solution path with λ in logarithmic scale for (a)
proposed solutions (α) and, (b) ridge solutions (αr). Dashed blue horizontal
lines indicate true values, vertical line indicates value of λ at which minimum
deviance was obtained.

SSE =
∣∣∣∣α(O) − α

∣∣∣∣2
2
, dr

(
y; µ̂,α(O),α

)
=

d(y, µ̂,α)

d
(
y, µ̂,α(O)

) ,(18)

respectively, where α can be any one of three estimates, α̂0, α̂r or α̂. Lower SSE and,
dr(y; µ̂,α(O),α) closer to 1 are desirable.

Ridge estimates, (αr) are a natural baseline for the proposed estimates. To assess the
difference between them it is not enough to just show solutions obtained for a single λ or
λ1, λ2. To make ease for comparison we use a variant of the penalty shown in eq. (12),
P (α;λ) = λ(0.4||α||2 + (1 − 0.4)||α||W ). We vary λ on a logarithmic scale in the range
[λl, λu], shown in figure 3. We choose a small sample size, county level spatial effects for
state of CT (8 counties). True values assigned viz., {-3,-1,1,3} are indicated in the figure.
For large values of λ, the problem is un-penalized, i.e. α = αr = 0. Starting from a value
of 0, estimates under both penalties are obtained by using a “warm-start” strategy, that
involves using the estimate, α(t) as a starting value for next iteration α(t+1). This warm-start
strategy will be used when working with penalty, P (α;λ1, λ2) in eq. (12). In that scenario,
λ1, λ2 ∈ [λ1l, λ1u] × [λ2l, λ2u] ⊂ R2. Differences in solution paths are apparent from fig. 3.
The value of λ for which the path of an estimate first hits the true value , i.e. the “hitting-
time” occurs much earlier in the proposed estimates. Furthermore, the value of λ at which
the solution is obtained under the two penalties, has estimates closer to true values in the
case of proposed algorithm indicating lower SSEs between estimated and true spatial effects.

We evaluate the performance of algorithm 1 under four different sample sizes and pro-
portions of zeros in simulated response. Chosen sample sizes for this simulation study vary
from 10,000 – 50,000, while proportions of zeros vary in the range 0.15–0.80. The estimated
spatial effects are evaluated under each combination of settings to provide a detailed demon-
stration about efficacy of the proposed algorithm. Under each setting 100 replications are
carried out, reported values of error metrics in tables shown are averages over all replications,
accompanied by their respective standard deviations. We use four different spatial patterns
as examples viz., block, smooth, hot-spot and structured ; their construction and features will
be explained in the following subsection.

For the first part of this simulation we use the state of Connecticut as an instance, second
part uses three states as instances viz., Connecticut, Massachusetts and Rhode Island (reason
behind such a choice being their adjacent locations). There are 282, 537 and 77 zip codes in
the respective state(s). Tables showing relevant results and details are postponed to Appendix
B for maintaining continuity.
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(a) (b) (c) (d)

Figure 4. Spatial plots showing simulated response (bottom row) for (a)
block (b) smooth (c) hot-spot and (d) structured spatial patterns (top row),
with legends alongside plots showing scales for true spatial effects and resulting
simulated response.

4.1. Examples of different spatial patterns. In this subsection we describe a comparative
study between un-penalized and penalized estimates discussed in section 3.2 under different
spatial patterns. In the ensuing examples, construction for each pattern is discussed in detail,
followed by comments explaining results at the end.

Under a logarithmic link and index parameter p = 1.5, referring to table 2, relationship
between the canonical parameter θ and mean µ for compound Poisson is given by θ =
2µ−1/2 ⇒ µ = 4/θ2. In all examples shown below, we simulate, θ ∼ N(−0.16, 0.022) ⇒ µ ∈
(83, 400) approx., with N(·, ·) denoting a Gaussian distribution. To introduce larger number
of zeros in simulated response under each settings described below we use the equivalent
relationship between (µ, φ, p) and (ξ, η, ζ) for characterizations in eqs. (3) and (4). We have,

µ = ξηζ, φ =
ξ1−p · (ηζ)2−p

2− p
.

Hence for a fixed mean and index parameter µ, p with p ∈ (1, 2), increasing dispersion φ,
would result in increased mean, ηζ of individual gamma components and a decreased rate,
ξ for Poisson. A smaller rate for Poisson means higher probability of obtaining exact zeros
which is our requirement. Table 8 shows respective reference distributions used for sam-
pling dispersion offsets under each setting to obtain desired proportions of zeros in simulated
response with, U(·, ·) denoting a uniform distribution.

Example 1 & 2: Block and Smooth

To obtain a block pattern with four blocks, the longitudinal range for a state is divided into
four regions. For example, figure 4 column (a), shows the boundaries for four regions. Each
region is assigned a fixed spatial effect, in this case {−3,−1, 1, 3}. Under a logarithmic link it
evaluates to a multiplicative effect towards the mean of magnitudes, {e−3, e−1, e1, e3}. As a
result, means for regions with lower magnitudes of spatial effects are expected to have higher
number of zeros. Increasing the overall dispersion φ introduces more zeros in the simulated
response for individual regions, as can be seen from lower plot for column (a) in fig. (4).
Finally, for each setting the response is simulated from y ∼ Tweedie(µ, φ, p). Figure (4)
column (a) shows one such instance. For each replication within a setting, 10 × 10 grids
were chosen for tuning (λ1, λ2) in algorithm 1, where (λ1, λ2) ∈ [−5, 0]× [−3, 2] in log-scale,
similarly for the ridge penalty a line search is conducted on 10× 1 vector for λ1 ∈ [−5, 0] in
log-scale.

Smooth pattern is designed to be a more general version of block patterns having finer divi-
sions for the spatial effect thereby, producing lesser discreteness across their values. Column
(b) in figure 4 shows spatial effects smoothly varying in the range [−3, 3] over 10 regions and
the resulting simulated response. Grid and line searches for optimizing tuning parameters for
ridge and algorithm 1 were conducted over 10 × 1 line and 10 × 10 grid, where λ1 ∈ [−5, 2]
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and, (λ1, λ2) ∈ [−5, 2] × [−5, 5] in log-scale respectively. Table 10 shows related results in
detail.

Example 3: Hot-spots

A hot spot is defined as location(s) that exhibit higher magnitudes of response, with response
magnitudes tapering off with increasing distance from the hot-spot (for further details on hot
spots and their detection see [5]). An example is shown in fig. 4 column (c) top plot. For
the scope of this simulation we create two hot-spots in Connecticut viz. north-east and
south-west corners, being assigned a spatial effect of 3, tapering off with increasing distance
(euclidean), l(2) from them via an exponential kernel (i.e. exp(−φl(2))). Hence zip codes
located in the center (equidistant from both hot spots) are expected to have lower spatial
effects. Therefore, simulated response varies accordingly showing higher magnitudes in two
hot spots. Associated grids and lines remain same as the “smooth” pattern. Table 11 shows
relevant results for this pattern settings.

Example 4: Structured

A structured pattern is created using a distance based covariance kernel to simulate fixed
spatial effects from a zero mean multivariate Gaussian. Explicitly, α(O) ∼ NL(0,Σ), where
NL(·, ·) , 0 are the L-dimensional multivariate Gaussian and zero vector respectively, with

Σ = σ2 exp(−φl(2)) being specified using an exponentially structured covariance kernel for

the scope of this simulation, with σ2, φ = 1. l(2) is an L× L euclidean distance matrix with
all operations being entry-wise. Figure (4), column (d) (upper plot) shows an example of
structured effect and its resulting simulated response. We simulate the spatial fixed effect
once, to be used across all different combinations of settings for sample sizes and proportion
of zeros. Associated grids and lines remain same as the “smooth” and “hot-spot” patterns.
Relevant results for different settings in this pattern are shown in table 12.

Comments and Interpretation:

The results in table 8 are to be considered in conjunction with those in tables (9, 10, 11
and 12). With baselines for comparison being ridge and un-penalized estimates, under all
different spatial patterns, results on an average can be summarized as follows,

(a) estimates from proposed algorithm have comparatively lower SSEs,
(b) if proportion of zeros in simulated response is assumed to be a metric for signal to

noise ratio then proposed estimates also show lower SSEs under very low signal to
noise ratios (i.e. higher proportion of zeros in response),

(c) under low sample sizes and signal to noise ratios, proposed estimates show low SSEs
in comparison to estimates from the ridge penalty,

(d) training and validation deviance ratios, dr
(
y; µ̂,α(O), α̂

)
are closer to 1 when compared

to corresponding un-penalized and ridge versions.

With regard to above conclusions, flexibility of proposed algorithm over ridge penalty is
demonstrated in table 8 from values of regularization parameters obtained under each spatial
pattern for the two penalties. Having a function of Laplacian as an additional penalty term
primarily allows for superiority in performance under the presence of spatial variation in
simulated response. This is evident particularly in simulation results from a hot-spot pattern
shown in table (8). Regularization parameters for both ridge and ridge part of proposed
penalty show the same values (i.e. no penalty, λ1 = −5.000), accompanied by a large value
of λ2 = 2.708 for Laplacian part of the penalty; on referring to corresponding table 11 we
note that estimates from algorithm 1 are superior to ridge estimates.

4.2. Comparison between algorithms featuring approximate and exact solutions.
This subsection primarily compares performance of two estimates, exact and approximate
derived in eqs. (15) and (17) respectively. The metric used to compare them is a trade-off
between error sum of squares and time taken to convergence under the same spatial patterns
considered in section 4.1. Aim being to demonstrate that proposed approximation in eq. (17)
produces estimates with error sum of squares comparable to that of exact estimates in eq.
(15), but with significant improvement in time taken. Figure 5 summarizes results for the
comparative study.

We considered three adjacent states in the southern New England group for this simulation
viz., Connecticut, Massachusetts and Rhode Island. Sample sizes chosen are 15,000, 30,000,
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(a) (b)

Figure 5. Figures showing (a) time taken in minutes (b) SSE as defined in
eq. (18), from 10 replications under each possible combination of sample size
and proportion of zeros in simulated response for different spatial patterns.
Each figure shows grouped box-plots for approximate and exact estimates
respectively under different settings.

60,000 and 140,000, with proportions of zeros in the simulated response varying in 0.15, 0.30,
0.60 and 0.80. The approximated adjacency used, was a block diagonal matrix with blocks of
the order, 282×282, 537×537 and 77×77 respectively for individual states, as opposed to an
exact adjacency matrix of the order 896×896. Associated tuning parameters were estimated
over a 10× 10 grid, [−5, 5]× [−5, 5] in logarithm scale, for all different spatial patterns.

As can be readily seen from fig. 5b, approximate estimates show performance comparable
to exact counterparts in terms of SSE; furthermore in-sample and out-sample deviance ratios
as defined in eq. (18) showed similar findings. Referring to fig. 5a the significant advantage
in computational complexity that approximate estimates demonstrate makes it a worthy
alternative when considering scalability of algorithm 1. In particular when the synthetic
spatial patterns were segmented, for ex. “blockwise” patterns, referring to fig. 5b we can
see that approximate estimates prevent unnecessary smoothing, thereby outperforming their
exact counterparts (for more details regarding computation, see sec. 7).

4.3. Sensitivity to choice of index parameter, p. We elaborate on relevant consequences
of properties discussed at the end of section 2.2 (particularly in eq. (9)), by looking further
into sensitivity of estimates to the choice of index parameters. Working with offsets from a
DGLM for the Tweedie family, where the index parameter, p distinguishes between models,
it is desirable and expected for our proposed approach to remain unaffected by erroneous
model specification.

Explicitly we consider situations where true value of index parameter, p 6= 1.5, however a
value of 1.5 was reported (or assumed since missing) for the index parameter. Under orthog-
onality of mean, µ to index and dispersion parameters, p, φ respectively for Tweedie models
we expect spatial information in the mean to remain relatively unperturbed. Metrics used for
this simulation are (i) SSE and, (ii) L2-norm (Euclidean) for true against estimated effects.
Figure 8 in Appendix C, shows results for the simulation study conducted. Previous simu-
lation shows exact and approximate estimates demonstrating comparable results in terms of
SSE, hence conclusions derived for exact can be extended to hold for approximate estimates.
As a result, we limit the scope of this simulation to estimating exact spatial effects for state
of CT under previously described settings for the index parameter.

Additional simulation settings used consist of the same spatial patterns as described in
examples from section 4.1, with sample sizes varying in 10,000, 20,000, 30,000 and 50,000,
index parameters varying in 1.3, 1.4, . . . , 1.9 and dispersion parameters are altered accord-
ingly to result in simulated response having 30% zeros under all combinations. Associated
tuning parameters were estimated over a 10× 10 grid, [−5, 5]× [−5, 5] in logarithm scale.

Figure 8a shows that using p = 1.5 as a reference, significant departures are located from
true effects for extreme values of p (ex. p = 1.9), which become relatively pronounced under
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low sample sizes and coarser spatial patterns (ex. block-wise). In fig. 8b norms for estimated
and true spatial effects display a similar behavior under all patterns considered. This leads
us to conclusively state that under large sample sizes and relatively smooth spatial variations
in response, estimates produced by algorithm 1 remain stable w.r.t. model mis-specification.

5. Case Studies

Case studies considered aim to demonstrate the application and performance of proposed
algorithm with both, exact and approximate estimates in detecting residual spatial effect
while modeling response, i.e. loss costs per unit insured related to personal automobile
insurance collision claims. Exact estimates using algorithm 1 are obtained for state of CT.
While, for approximate estimates we consider two case studies featuring, (i) six states in New
England (group of states in the east coast) consisting lower number of zip codes compared
to, (ii) three adjacent states in West Coast, having larger number of zip codes, within the
United States of America (USA). All of these are subsets of data obtained from a more
comprehensive repository named Highway Loss Data Institute (HLDI) maintained by the
independent non-profit, Insurance Institute for Highway Safety (IIHS) [47] working towards
reducing fatalities arising from motor vehicle crashes. We shall refer to this as the HLDI
database.

We briefly describe the HLDI database. It contains data at an individual level. The data
contains covariates associated with the individual on,

• accident and model year of the vehicle, ranging from 2000–2015 and 1981 – 2016
respectively,
• risk of the policy having two levels “S”, “N”,
• age, gender, marital status and gender of partner, where missing values are denoted

by 0 and “U” respectively for age and rest of these predictors,
• number of claims, payments (i.e. loss cost), exposure (measured in policy years, eg.

0.5 indicates individual insured for half a year) and deductible limit (categorical with
8 categories).
• 5-digit zip code indicating location, i.e. areally-referenced.

Derived predictors like age categories, vehicle age (accident–model year) in years can be
obtained and used in the DGLM.

For all case studies we use implementations and approximations for compound Poisson
DGLMs as in [23]. Policy exposures (wij) are used as weights for associated dispersion
parameter φij in the DGLM, i.e. as φ∗ij = φij/wij . Response variable used is defined as
the ratio of payments to exposure. Fitted mean model consists of deductible, accident year,
gender and marital status, while the dispersion model consists of a categorical version of age
(consisting of 6 categories) in addition to predictors in the mean model. Index parameter
used is p = 1.6. We use all of the data to obtain fitted mean and dispersions for the DGLM,
which we aim to use as offsets in the process of estimating zip code-level spatial effects.
Following which for each case study shown, we then randomly divide the data into training
and validation subsets using a 60-40 stratified split, with stratification at a zip code level for
state(s). Proposed algorithm along with ridge and un-penalized counterparts are fitted on
the training sets. We replicate this procedure 20, 10 and 5 times for exact and approximate
(two case studies) procedures respectively. While evaluating models we consider predictions
in terms of loss costs or payments for all fitted models, after adjusting for exposure. This is
done to avoid issues involving misalignment in out-sample predictions.

It is important to note that in our proposed model, a spatial fixed effect for zip-codes is
present in the mean model. Consequently, we expect to see substantial improvement in zip-
code level aggregated loss costs rather than at individual level. As error metrics we choose
deviance at the observation level (as in eqs. 6a, 6b) and mean square error (between observed

and predicted loss costs), MSE =
∑L

i=1

(∑ni
j=1wij(yij − ŷij)

)2
/L, at the aggregated level

for model comparison. Regarding estimated spatial effects in each replication, we compute
associated means, standard deviations and 95% quantiles for each zip-code.

5.1. Connecticut. In HLDI data, the state of Connecticut contains 22,337,318 records on
282 zip codes, with 96.18% of them being exact zeros. Number of claims observed range
from 0–8 within given exposure periods. The range of observed losses were 0–190,487 (in US
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(a) (b) (c)

Figure 6. Spatial plots showing average zip-code level out-sample (a) ob-
served losses (b) predicted losses adjusted for spatial effects, (c) estimated
spatial effects from algorithm 1 for the state of CT. (Note: Plot (a), (b) and
(c) shows primary interstate (I- 84, 384, 91, 95, 691, 291, 95, 395), secondary
state highways and major cities in CT with bold (“white”), usual lines and
arrows respectively. Also in plot (c), across replications, zip codes whose ap-
proximate 95% CIs contain zero, both limits are negative and positive are
color coded in “yellow” (A), “orange” (B) and “blue” (C) respectively.)

dollars) with mean loss of 167.202, estimated losses, µ̂ from the DGLM were, 0.002–4023.710

with a mean of 158.337. Estimated dispersions, φ̂ were 267.045–1038.674.
Estimates from the proposed algorithm 1, along with their ridge and un-penalized coun-

terparts were obtained for 20 replications involving random training and validation splits.
Out-sample prediction results for deviance and MSE are shown in table 3. In both observa-
tion level and aggregated cases DGLM serves as the baseline. As expected, the improvement
at aggregated level is much larger in comparison to the observation level, with an average of
0.33% and 93.10% improvements for predictions adjusted with spatial effects from proposed
algorithm respectively. Figure 6a, 6b show resulting zip-code level aggregated observed and
predicted loss costs after adjustment with estimated spatial effect from proposed algorithm.

Associated tuning parameters were estimated over a 50 × 50 grid constructed within
[−5, 5]× [−5, 5] ∈ R2 in a logarithmic scale for all replications. Estimated tuning parameters
λ1, λ2, with standard deviations shown in brackets followed by an approximate 95% interval,

for algorithm 1 are (i) λ̂1 = 1.37 (2.39), (0.01, 6.95), (ii) λ̂2 = 19.44 (2.58), (15.72, 23.65).

For the ridge variant we have, λ̂1 = 37.25 (4.04), (32.12, 43.62). The overall mean estimated
spatial effect across all zip codes and replications was 0.033 (0.167), i.e. a multiplicative effect
of e0.033 ≈ 1.034 to loss costs in the state on an average. Figure 6c shows a spatial plot of
estimated spatial effects using algorithm 1.

Across replications an approx. 95% confidence interval (CI) is calculated for the spatial
effect in each zip-code. Based on them containing zero and algebraic sign of their limits
indicating whether the multiplicative effect is identity (if interval contains 0), decreasing
(if both limits are negative) and increasing (both limits are positive) these effects are color

Table 3. Table showing averaged out-sample results for CT, consisting of
deviance and MSE at the observation and zip-code aggregated level (lower is
better), accompanied by mean percentage improvements obtained with DGLM
as a baseline for un-penalized, ridge and proposed estimates (GL). Standard
deviations, first (Q1) and third (Q3) for %ge improvements are shown in fol-
lowing rows.

Percentage

Improvements

Observation Level – Deviance (×105) Aggregated Level – MSE (×1010)

DGLM GL MLE Ridge DGLM GL MLE Ridge

Values 3.743265 3.730861 3.730994 3.730907 122.371867 8.437873 8.675707 8.541663
Mean (%) – 0.331350 0.327798 0.330115 – 93.100513 92.904780 93.016643
Std. Dev – (0.008448) (0.009071) (0.008366) – (0.764774) (0.820851) (0.773495)
Q1 – 0.319138 0.314905 0.318801 – 91.514987 91.318403 91.554967
Q3 – 0.346402 0.344539 0.345565 – 94.144875 93.966229 94.066700

76



Double Generalized Tweedie Spatial Models

coded into three categories which are shown in the spatial plot 6c. For perspective, primary
interstate highways and secondary roads passing through and within the state are shown as
well. From the southwest corner until the intersection of primary interstates i.e. I-91 and 84 at
Hartford, regions marked with “C” having a higher multiplicative spatial effect, in comparison
to northwest or the eastern part of CT, which are coded with “A” or “B” indicating the
multiplicative factor is 1 or < 1 respectively. Obtaining ordinal spatial risk ranking is rather
straightforward, making this a demonstration of boundary analysis in CT, where primary
interstate highways, their intersections and big cities serve as defining boundaries for spatial
risk.

In comparison to ridge and un-penalized estimates, our proposed estimates show lower
standard deviation (average of 7.22% and 15.62% respectively) for zip codes that did not
contain 0 in their approx. 95% CI. The number of zip codes with 0 belonging to their
approx. CIs, less and more than 0 changed from {86, 94, 102} in un-penalized and ridge, to
{67, 104, 111} in proposed estimates.

5.2. New England. New England is a group of six states in the east coast of USA viz.,
Connecticut, Rhode Island, Massachusetts, Vermont, New Hampshire and Maine. HLDI
data for New England consists of 72,118,625 records on 1831 zip codes. The percentage of
exact zeros in the response is 95.27%. Losses (payments) ranged between 0–427,510 with an
average loss of 184.23 (in US dollars). Estimated mean, µ̂ from fitted DGLM ranged from

0.02–26,791.86, with an average of 184.37 (in US dollars) while, estimated dispersions φ̂ were
in the range, 267.04–1038.67.

Spatial effects are estimated using solution in eq. (17) with algorithm 1. We have already
observed in simulations comparing exact and approximates solutions, depending on smooth-
ness of unobserved spatial effects performance of the approximate solution is comparable to
its exact counterpart with substantial improvement in time complexity. This significantly
improves scalability in case studies like the present one with multiple states involved. Tuning
parameters are estimated over a 30 × 30 grid within [−5, 5] × [−5, 5] in logarithmic scale.
Average estimated tuning parameters from 10 replications are shown in table 4 accompanied
by percentage of improvement in deviance and MSE at observation and zip-code level aggre-
gation respectively. An improvement of 0.488% and 96.677% is seen at the observation and
aggregated levels respectively. Average overall spatial effect estimated across all zip codes is
-0.077 (i.e. a multiplicative effect of e−0.077 = 0.926), having a standard deviation of 0.167.
Figure 9, in Appendix C shows a spatially interpolated surface derived from estimated spatial
effects. Letters “A”, “B” and “C” have the same interpretation as in earlier case study. On
closer inspection of the figure following are readily apparent,

• regions in northern New England that are devoid of roads (consequently habitation)
show sizable areas with negative spatial effects (marked by“B”) that indicate a de-
creasing multiplicative effect,
• regions in southern New England show more frequently appearing regions with posi-

tive spatial effects (marked by“C”) that indicate a increasing multiplicative effect.
• regions marked in “A”, i.e. neutral spatial regions act as separating boundaries be-

tween regions marked by “B” and “C”.

Table 4. Table showing averaged out-sample results for New England, con-
sisting of deviance and MSE at the observation and zip-code aggregated level
(lower is better), accompanied by mean percentage improvements obtained
with DGLM as a baseline, compared to proposed approximate estimates (GL).
Standard deviations, first (Q1) and third (Q3) quartile for %ge improvements
are shown in following rows.

Percentage

Improvements

Observation Level – Deviance (×106) Aggregated Level – MSE (×1010) Tuning Parameters

DGLM GL DGLM GL λ̂1 λ̂2

Values 2.965573 2.951098 93.567022 3.109582
Mean (%) – 0.488101 – 96.676626

5.302584 26.466031
Std. Dev – (0.004236) – (0.667377)
Q1 – 0.483620 – 95.233090

(0.938693) (0.000000)
Q3 – 0.494925 – 97.029910
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(a) (b)

Figure 7. Plots comparing estimated spatial effects obtained from the ap-
proximate algorithm for (a) states in southern New England (Connecticut,
Rhode Island and Massachusetts) as an inset of fig. 9 and, exact estimates for
(b) Connecticut, to demonstrate smoothness in estimated effects across state
borders. Symbols and lines have the same description as in fig. 6.

Table 5. Table showing summarized aggregated (at city-level) spatial effects
for cities shown in fig. 9. Cities having one zip code under them have no
estimate of std. deviation, or quartiles (Q1, Q3)

Estimated
Spatial
Effects

State

CT RI MA NH VT ME

Hartford New Haven Providence Boston Worcester Concord Montpelier Augusta

Mean 0.022375 0.068355 0.376642 0.242398 0.198258 -0.137677 -0.110704 -0.055297
Std. Dev (0.090117) (0.160785) (0.241224) (0.272502) (0.192553) (0.037967) – –
Q1 -0.111165 -0.138137 -0.004110 -0.099666 -0.132779 -0.163182 – –
Q3 0.121738 0.203204 0.604134 0.712228 0.400212 -0.112172 – –

• Big cities and intersections of primary interstate highways (ex. I-95, 91, 84, 290 etc.)
show positive spatial effects with large magnitudes. For instance, Suffolk (where state
capital, Boston is a city) and Norfolk, MA are adjacent counties having spatial effect
averaged (std. deviations) at the county level of 0.275 (0.280) and 0.015 (0.123)
respectively. They are the only counties in MA having positive aggregated effects.
They contain intersections of major interstate highways (viz., I-95, 90 and 93) and
cities like Boston and Quincy. Boston and Quincy had aggregated (at city-level)
effects (with std. deviations) of 0.242 (0.272) and 0.139 (0.096) respectively.

Table 5 shows summaries for estimated spatial effects aggregated to the city level which
support above findings.

The only remaining concern is manifestation of unusual discreteness (ex. large differences in
magnitude, or algebraic signs) in estimated spatial effects across state borders. Consequently
we compared zip codes lying on the boundary for exact estimated effects in CT, and subset of
CT from the approx. estimates, with respect to those in MA and RI. There are {17, 22} zip
codes on the CT-MA border and, {9, 10} zip codes in CT-RI border respectively. Presence
of Providence and, RI being a state with comparatively smaller area affects magnitudes of
estimates on the CT-RI border (means of -0.057 and 0.091 respectively). However, this is
not the case for CT-MA border, with Springfield being the only major city, estimates show
differences of lower magnitude (means of -0.096 and -0.154 respectively). Figure 7 illustrates
this observation visually.

5.3. West Coast. Three states namely, California (CA), Oregon (OR) and Washington
(WA) compose the west coast. In HLDI, west coast consists of 235,329,963 records on 2775
zip codes. This test case is considered as a demonstration of performance for proposed
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estimates under large number of zip codes and sample size. The response consisted of 96.27%
zeros. Losses range from 0–507,631 (in US dollars). The exposure in policy years range from
0.003 – 14.825 with a mean of 0.612. Mean estimates, µ̂ from fitted DGLM range from 0.054

– 5,194.105, with estimated dispersion φ̂ in the range 247.229 – 1,294.303. The mean loss
(payment) is 165.980, with an estimated mean loss of 165.721 US dollars from fitted DGLM.

We considered 5 replications, with tuning parameters estimated over a 30 × 30 grid on
[−5, 5]× [−5, 5] in log-scale. Results obtained are shown in table 6. Average (std. deviation)
out-sample improvements of 0.513% (0.004) and 95.557% (0.245) at the observation and
aggregated zip-code level were observed respectively over 5 replications. Estimated spatial
effects had a mean (std. deviation) of -0.057 (0.222) (≡ multiplicative effect of e−0.057 ≈ 0.945
to observed losses). Predicted losses (payments) after being adjusted with spatial effects
ranged from 0.003–8,806.819 (in US dollars), with an estimated mean of 166.869 US dollars.

Regarding boundary analysis, referring to figure 10 we observe big cities and major in-
tersections of primary interstates show positive spatial effects, for instance the cities shown
in table 7. However positive spatial effects (marked with “C”) occur more frequently across
replication in California along interstate I-5, however Oregon and Washington show spatial
effects that are negative (marked by “B”) or including zero in ther approx. 95% CIs. Major
cities like San Francisco, Los Angeles also form wombling boundaries i.e. show rapid changes
in estimated spatial effects.

6. Conclusion

Motivated by lack of methods for spatial estimation that scale well in terms of both process-
ing and memory load, for data involving increasingly large number of locations, we developed
exact and approximate (blockwise-exact) methods for penalized estimation of un-observable
(fixed) spatial effects, while using predictions from a compound Poisson DGLM as offsets.
Both exact and approximate algorithms utilize the majorization descent property which as-
sures convergence. Using offsets paired with a zip-code level adjacency allows for significant
improvement in out-sample performance when aggregated at the zip-code (areal) level over
the DGLM.

We presented detailed simulations accompanied by motivating case studies to illustrate
the performance and features, including scalability of our proposed algorithm under different
spatial settings. Methods shown can be applied to any existing GLM implementation after
incorporating necessary changes in the link and deviance. With the increasing applicability
of compound Poisson models and availability of geo-tagged areal data we feel that proposed
algorithms will be of use in analyzing spatial variability in both individual and sizable groups
of states.

7. Discussion and future work

We have considered a joint modeling approach to the problem, where inference for the
spatial effects are conducted jointly with the mean and dispersion model parameters of the
DGLM [48]. However the approach presented here is more scalable owing to the approximate
Laplacians considered when modeling the spatial effects over large spatial domains. All

Table 6. Table showing averaged out-sample results for West Coast, consist-
ing of deviance and MSE at the observation and zip-code aggregated level
(lower is better), accompanied by mean percentage improvements obtained
with DGLM as a baseline, compared to proposed approximate estimates (GL).
Standard deviations, first (Q1) and third (Q3) quartile for %ge improvements
are shown in following rows.

Percentage

Improvements

Observation Level – Deviance (×106) Aggregated Level – MSE (×1011) Tuning Parameters

DGLM GL DGLM GL λ̂1 λ̂2

Values 7.318123 7.280574 26.64058 1.183930
Mean (%) – 0.513094 – 95.557069

4.719600 37.363330
Std. Dev – (0.003630) – (0.245279)
Q1 – 0.508669 – 95.270866

(0.000000) (0.000000)
Q3 – 0.517819 – 95.754971
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Table 7. Table showing summarized aggregated (at city-level) spatial effects
for cities shown in fig. 10. Standard deviations, first and third quartiles
(Q1,Q3) are shown for multiple zip codes under a city.

Estimated
Spatial
Effects

State

WA OR CA

Seattle Portland Sacramento San Francisco San Jose Los Angeles San Diego

Mean -0.044461 -0.106216 0.156509 0.246519 0.119130 0.376755 -0.026721
Std. Dev. (0.085933) (0.079656) (0.094374) (0.122083) (0.081754) (0.102605) (0.098419)
Q1 -0.153033 -0.209162 0.014194 0.106287 0.009060 0.187888 -0.149399
Q3 0.147396 0.039022 0.291680 0.517545 0.305338 0.569905 0.165796

computations shown here were performed on an Intel (R) Xeon (R) Gold 6150 CPU @

2.70GHz with 128GB of RAM. Case studies featuring,

• the state of Connecticut took an average (std. deviation) of 0.684 (0.053) minutes for
each of 20 replications,
• New England took an average (std. deviation) of 4.618 (0.095) minutes for each of

10 replications
• West Coast took an average (std. deviation) of 2.087 (0.037) hours for each of 5

replications.

To give brief details regarding scale, HLDI data for different state(s) took disk spaces of
395.52MB, 0.96 and 3.48GB respectively for the three case studies considered. All spatial
plots accompanied by computation shown was done using R [42]. The library MBA [43], was
used to spatially interpolate estimates and produce the wombling surface shown in plots using
multilevel B-splines. Standard libraries like sp [44], [45] and maptools [46] were helpful in
obtaining shape files necessary for plots.

There is scope for considerable future work. We aim to establish an efficient unified frame-
work for estimating the DGLM parameters simultaneously with spatial effects that can incor-
porate variable selection methods like elastic net (for example in [21]). Occurrence of exact
zeros, as we have seen is primarily controlled by the dispersion model, hence having a spatial
effect in the dispersion model would be another future goal.
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8. Appendix

8.1. Appendix A: Proofs. Proof of Theorem 3.1:

L
(
α(t)
∣∣α) in eq. (16) is the majorizing function. For any δ ∈ RL we have,

L
(
α(t) + δ

∣∣α)− L(α(t)
∣∣α) =

[
`(α) + (α(t) + δ − α)>∇1(α) +

1

2
(α(t) + δ − α)>

(
IL +∇2(α)

)
(α(t) + δ − α)

]
−
[
`(α) + (α(t) − α)>∇1(α) +

1

2
(α(t) − α)>

(
IL +∇2(α)

)
(α(t) − α)

]
.

Substituting the solution from eq. (15) we have,

δ>∇1(α) + δ>
(
IL +∇2(α)

)
(α(t) − α) = −δ>

[
λ1IL + λ2W

]
α(t).

Hence,

L
(
α(t) + δ

∣∣α)− L(α(t)
∣∣α) = −δ>

[
λ1IL + λ2W

]
α(t) +

1

2
δ>
(
IL +∇2(α)

)
δ.

Using δ = (α− α(t)), L
(
α
∣∣α)+ P (α;λ1, λ2) = F (α) and (16) after some algebra we have,

F (α)− F (α(t)) =
1 + λ1

2
||α− α(t)||22 +

1

2
(α− α(t))>

(
∇2(α) + λ2W

)
(α− α(t)).

Noting that ∇2(α) and graph Laplacian W are both p.s.d. matrices we have the result in
theorem (3.1).

Proof of positive semi-definiteness of Wa:

For k = 1, . . . , S and arbitrary x = (x1, . . . ,xS)> ∈ RL,xk ∈ RLk and L =
∑

k Lk, if

x>Wkx ≥ 0, i.e. each Wk is assumed to be a p.s.d. matrix, then x>Wax =
∑

k x
>
kWkxk ≥ 0,

i.e Wa is also p.s.d.

84



Double Generalized Tweedie Spatial Models

8.2. Appendix B: Tables.

Table 8. Table showing regularization parameters in log-scale for ridge
(Ridge) and estimates from algorithm 1 (GL) averaged across all replications
and settings, with their respective standard deviations shown in brackets be-
low. Also, reference distributions used for simulating dispersion φ to obtain
differing proportions of zeros in simulated response are shown for each spatial
pattern, with U(·, ·) denoting a uniform distribution.

Spatial Pattern

Regularization Parameters
Proportion of Zeros

Ridge GL

λ1 λ1 λ2 0.15 0.30 0.60 0.80

Block
-1.111

(0.116)

-3.135

(0.050)

0.002

(0.104)
U(7, 12) U(12, 30) U(30, 140) U(140, 400)

Smooth
-0.333

(0.194)

-4.270

(0.049)

1.377

(0.088)
U(7, 11) U(11, 24) U(24, 100) U(100, 200)

Hot Spot
-5.000

(0.199)

-5.000

(0.000)

2.708

(5.534)
U(25, 40) U(40, 70) U(70, 200) U(200, 500)

Structured
-0.333

(0.097)

-1.930

(0.090)

0.774

(0.232)
U(5, 7) U(6, 14) U(16, 35) U(40, 80)

Table 9. Comparative results over 100 replications for the un-penalized
(MLE), ridge (Ridge) and estimates from algorithm 1 (GL) for a block spatial
pattern using metrics described in section 4, are shown for varying proportions
of zeros in simulated response and sample sizes. The respective standard de-
viations are shown in brackets below the value of an error metric.

Sample Size Prop. of zeros
SSE

Deviance Ratio

Training Validation

MLE Ridge GL MLE Ridge GL MLE Ridge GL

10000

0.15
20.04 16.42 11.13 0.9973 0.9975 0.9978 1.0029 1.0026 1.0021
(3.58) (2.09) (1.20) (0.0002) (0.0002) (0.0003) (0.0005) (0.0005) (0.0004)

0.30
95.40 33.55 19.18 0.9940 0.9946 0.9959 1.0582 1.0057 1.0042

(94.56) (3.54) (1.94) (0.0005) (0.0005) (0.0007) (0.1460) (0.0009) (0.0008)

0.60
2252.97 98.83 42.69 0.9766 0.9846 0.9918 2.9615 1.0205 1.0106
(575.81) (10.60) (5.69) (0.0019) (0.0021) (0.0027) (1.0034) (0.0044) (0.0024)

0.80
7600.11 274.11 84.41 0.9216 0.9639 0.9859 10.2145 1.0725 1.0213
(720.21) (22.39) (13.56) (0.0063) (0.0084) (0.0066) (3.9764) (0.0164) (0.0063)

20000

0.15
9.49 8.68 6.75 0.9986 0.9987 0.9988 1.0015 1.0014 1.0013

(1.21) (0.96) (0.71) (0.0001) (0.0001) (0.0001) (0.0003) (0.0003) (0.0002)

0.30
24.95 17.91 11.92 0.9971 0.9973 0.9977 1.0169 1.0028 1.0023

(26.72) (2.15) (1.12) (0.0002) (0.0003) (0.0003) (0.1372) (0.0004) (0.0004)

0.60
572.46 52.09 27.18 0.9890 0.9912 0.9942 1.5624 1.0102 1.0067

(283.87) (5.66) (2.98) (0.0010) (0.0010) (0.0013) (0.4604) (0.0020) (0.0014)

0.80
4237.76 161.90 58.05 0.9585 0.9764 0.9890 5.4494 1.0361 1.0153
(595.69) (14.27) (8.43) (0.0029) (0.0035) (0.0042) (2.0800) (0.0070) (0.0037)

30000

0.15
6.15 5.75 4.81 0.9991 0.9991 0.9992 1.0009 1.0009 1.0008

(0.86) (0.72) (0.54) (0.0001) (0.0001) (0.0001) (0.0002) (0.0002) (0.0002)

0.30
13.47 11.90 8.68 0.9981 0.9982 0.9984 1.0020 1.0019 1.0016
(1.85) (1.25) (0.89) (0.0002) (0.0002) (0.0002) (0.0003) (0.0003) (0.0003)

0.60
150.56 38.19 21.30 0.9927 0.9936 0.9954 1.1470 1.0069 1.0049

(137.63) (3.69) (2.16) (0.0006) (0.0006) (0.0008) (0.2768) (0.0012) (0.0009)

0.80
2748.21 110.68 45.42 0.9731 0.9831 0.9910 3.6249 1.0231 1.0114
(512.76) (9.19) (5.22) (0.0022) (0.0024) (0.0031) (1.2627) (0.0053) (0.0030)

50000

0.15
3.57 3.43 3.04 0.9995 0.9995 0.9995 1.0006 1.0005 1.0005

(0.35) (0.32) (0.27) (0.0000) (0.0000) (0.0000) (0.0001) (0.0001) (0.0001)

0.30
7.71 7.16 5.78 0.9988 0.9989 0.9990 1.0012 1.0012 1.0010

(1.02) (0.81) (0.64) (0.0001) (0.0001) (0.0001) (0.0002) (0.0002) (0.0002)

0.60
36.91 24.78 15.20 0.9957 0.9961 0.9969 1.0121 1.0041 1.0032

(22.96) (2.72) (1.52) (0.0003) (0.0004) (0.0004) (0.0718) (0.0007) (0.0006)

0.80
1221.82 69.85 33.67 0.9841 0.9882 0.9927 2.1542 1.0145 1.0086
(432.43) (6.84) (3.87) (0.0014) (0.0014) (0.0020) (0.6635) (0.0029) (0.0021)
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Table 10. Comparative results over 100 replications for the un-penalized
(MLE), ridge (Ridge) and estimates from algorithm 1 (GL) for a smooth spatial
pattern using metrics described in section 4, are shown for varying proportions
of zeros in simulated response and sample sizes. The respective standard
deviations are shown in brackets below the value of an error metric.

Sample Size Prop. of zeros
SSE

Deviance Ratio

Training Validation

MLE Ridge GL MLE Ridge GL MLE Ridge GL

10000

0.15
18.33 13.92 8.23 0.9970 0.9972 0.9985 1.0088 1.0030 1.0020

(25.39) (1.61) (0.71) (0.0002) (0.0003) (0.0006) (0.0564) (0.0005) (0.0004)

0.30
40.73 25.80 11.97 0.9943 0.9951 0.9980 1.0302 1.0054 1.0030

(38.74) (2.71) (1.24) (0.0005) (0.0006) (0.0009) (0.1535) (0.0011) (0.0007)

0.60
821.07 69.87 22.49 0.9807 0.9848 0.9950 2.0941 1.0173 1.0058

(331.74) (7.64) (3.34) (0.0017) (0.0022) (0.0031) (0.9489) (0.0033) (0.0015)

0.60
4425.71 149.59 29.43 0.9442 0.9673 0.9855 8.5876 1.0466 1.0097
(760.88) (16.00) (4.89) (0.0046) (0.0050) (0.0026) (2.7101) (0.0100) (0.0034)

20000

0.15
7.58 7.06 5.12 0.9985 0.9986 0.9989 1.0016 1.0015 1.0012

(0.84) (0.75) (0.56) (0.0001) (0.0001) (0.0003) (0.0003) (0.0003) (0.0002)

0.30
14.63 12.91 7.91 0.9972 0.9974 0.9986 1.0029 1.0027 1.0019
(2.31) (1.43) (0.71) (0.0003) (0.0003) (0.0005) (0.0005) (0.0005) (0.0003)

0.60
127.21 38.58 15.40 0.9909 0.9923 0.9974 1.1263 1.0088 1.0040

(112.53) (3.24) (1.64) (0.0006) (0.0011) (0.0014) (0.2419) (0.0014) (0.0008)

0.80
1636.48 87.83 25.20 0.9731 0.9806 0.9930 3.4035 1.0237 1.0072
(445.75) (9.99) (4.75) (0.0022) (0.0029) (0.0040) (1.1488) (0.0039) (0.0023)

30000

0.15
4.93 4.73 3.75 0.9990 0.9990 0.9992 1.0010 1.0010 1.0009

(0.67) (0.55) (0.36) (0.0001) (0.0001) (0.0002) (0.0002) (0.0002) (0.0002)

0.30
9.66 8.87 6.08 0.9981 0.9982 0.9987 1.0020 1.0019 1.0015

(1.09) (0.85) (0.55) (0.0001) (0.0001) (0.0004) (0.0003) (0.0003) (0.0003)

0.60
41.61 27.19 12.53 0.9939 0.9948 0.9978 1.0126 1.0059 1.0031

(31.37) (2.53) (1.20) (0.0005) (0.0006) (0.0010) (0.0385) (0.0011) (0.0007)

0.80
659.54 63.13 20.56 0.9828 0.9866 0.9953 1.9031 1.0155 1.0055

(309.16) (7.70) (3.15) (0.0014) (0.0021) (0.0030) (0.7373) (0.0027) (0.0014)

50000

0.15
2.88 2.80 2.41 0.9994 0.9994 0.9995 1.0006 1.0006 1.0005

(0.35) (0.34) (0.26) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

0.30
5.43 5.20 4.01 0.9989 0.9989 0.9992 1.0011 1.0011 1.0009

(0.61) (0.55) (0.44) (0.0001) (0.0001) (0.0002) (0.0002) (0.0002) (0.0002)

0.60
19.48 16.45 9.15 0.9964 0.9968 0.9982 1.0040 1.0036 1.0023
(2.76) (1.63) (0.79) (0.0003) (0.0004) (0.0008) (0.0007) (0.0006) (0.0005)

0.80
135.68 41.28 15.93 0.9901 0.9917 0.9968 1.1472 1.0095 1.0043

(119.62) (4.51) (1.69) (0.0009) (0.0013) (0.0018) (0.2881) (0.0018) (0.0011)
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Table 11. Comparative results over 100 replications for the un-penalized
(MLE), ridge (Ridge) and estimates from algorithm 1 (GL) for a hot-spot
spatial pattern using metrics described in section 4, are shown for varying
proportions of zeros in simulated response and sample sizes. The respective
standard deviations are shown in brackets below the value of an error metric.

Sample Size Prop. of zeros
SSE

Deviance Ratio

Training Validation

MLE Ridge GL MLE Ridge GL MLE Ridge GL

10000

0.15
14.27 14.27 2.42 0.9944 0.9944 0.9980 1.0061 1.0061 1.0011
(1.44) (1.44) (0.49) (0.0005) (0.0005) (0.0006) (0.0011) (0.0011) (0.0004)

0.30
24.62 24.67 3.76 0.9906 0.9906 0.9967 1.0100 1.0100 1.0018
(2.61) (2.61) (0.90) (0.0009) (0.0009) (0.0017) (0.0019) (0.0019) (0.0007)

0.60
75.68 73.94 5.53 0.9774 0.9784 0.9925 1.0838 1.0311 1.0026

(35.23) (8.99) (0.99) (0.0020) (0.0020) (0.0008) (0.3862) (0.0063) (0.0013)

0.80
1333.70 266.43 10.49 0.9336 0.9578 0.9874 9.2482 1.1248 1.0048
(477.50) (27.07) (3.50) (0.0063) (0.0088) (0.0057) (4.8585) (0.0227) (0.0032)

20000

0.15
6.90 6.91 1.69 0.9972 0.9972 0.9985 1.0030 1.0030 1.0008

(0.66) (0.66) (0.22) (0.0002) (0.0002) (0.0002) (0.0005) (0.0005) (0.0003)

0.30
11.87 11.87 2.16 0.9953 0.9953 0.9982 1.0049 1.0049 1.0010
(1.16) (1.16) (0.31) (0.0004) (0.0004) (0.0002) (0.0009) (0.0009) (0.0003)

0.60
30.31 30.39 4.55 0.9887 0.9888 0.9956 1.0129 1.0129 1.0022
(3.33) (3.36) (0.90) (0.0010) (0.0010) (0.0020) (0.0022) (0.0022) (0.0008)

0.80
142.30 105.68 6.05 0.9701 0.9722 0.9919 1.4604 1.0477 1.0032
(85.35) (14.43) (1.27) (0.0028) (0.0028) (0.0010) (1.2308) (0.0096) (0.0015)

30000

0.15
4.56 4.56 1.41 0.9981 0.9981 0.9988 1.0019 1.0019 1.0006

(0.35) (0.35) (0.13) (0.0001) (0.0001) (0.0001) (0.0003) (0.0003) (0.0002)

0.30
7.68 7.69 1.77 0.9969 0.9969 0.9985 1.0032 1.0032 1.0008

(0.69) (0.69) (0.21) (0.0003) (0.0003) (0.0002) (0.0005) (0.0005) (0.0002)

0.60
19.08 19.09 2.98 0.9926 0.9926 0.9975 1.0079 1.0079 1.0014
(1.84) (1.85) (0.69) (0.0006) (0.0006) (0.0010) (0.0014) (0.0014) (0.0006)

0.80
62.30 61.54 5.24 0.9802 0.9806 0.9928 1.0813 1.0265 1.0025

(25.68) (8.42) (0.92) (0.0017) (0.0017) (0.0008) (0.5582) (0.0062) (0.0010)

50000

0.15
4.56 4.56 1.41 0.9981 0.9981 0.9988 1.0019 1.0019 1.0006

(0.25) (0.25) (0.14) (0.0001) (0.0001) (0.0002) (0.0002) (0.0002) (0.0001)

0.30
2.70 2.70 1.09 0.9989 0.9989 0.9993 1.0011 1.0011 1.0005

(0.41) (0.41) (0.14) (0.0002) (0.0002) (0.0001) (0.0003) (0.0003) (0.0002)

0.60
10.70 10.70 2.01 0.9957 0.9957 0.9982 1.0046 1.0046 1.0009
(0.89) (0.89) (0.29) (0.0003) (0.0003) (0.0002) (0.0008) (0.0008) (0.0003)

0.80
30.65 30.69 4.32 0.9886 0.9886 0.9959 1.0128 1.0128 1.0019
(3.20) (3.21) (0.76) (0.0010) (0.0010) (0.0020) (0.0023) (0.0023) (0.0008)
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Table 12. Comparative results over 100 replications for the un-penalized
(MLE), ridge (Ridge) and estimates from algorithm 1 (GL) for a structured
spatial pattern using metrics described in section 4, are shown for varying
proportions of zeros in simulated response and sample sizes. The respective
standard deviations are shown in brackets below the value of an error metric.

Sample Size Prop. of zeros
SSE

Deviance Ratio

Training Validation

MLE Ridge GL MLE Ridge GL MLE Ridge GL

10000

0.15
14.82 13.21 9.17 0.9945 0.9950 0.9964 1.0058 1.0052 1.0037
(1.57) (1.21) (0.90) (0.0005) (0.0005) (0.0011) (0.0011) (0.0009) (0.0008)

0.30
25.08 20.69 12.19 0.9912 0.9924 0.9950 1.0098 1.0082 1.0051
(2.49) (1.80) (1.08) (0.0007) (0.0007) (0.0017) (0.0017) (0.0014) (0.0011)

0.60
100.39 47.84 19.90 0.9764 0.9844 0.9902 1.0768 1.0182 1.0081
(50.38) (4.27) (1.86) (0.0019) (0.0021) (0.0031) (0.1631) (0.0034) (0.0022)

0.80
1187.51 98.75 28.30 0.9394 0.9660 0.9849 4.7115 1.0411 1.0120
(418.37) (8.15) (3.42) (0.0050) (0.0123) (0.0044) (2.4765) (0.0069) (0.0039)

20000

0.15
7.26 6.86 5.50 0.9972 0.9974 0.9977 1.0029 1.0027 1.0022

(0.57) (0.50) (0.48) (0.0002) (0.0002) (0.0003) (0.0004) (0.0004) (0.0004)

0.30
11.88 10.76 7.82 0.9956 0.9959 0.9968 1.0047 1.0042 1.0031
(1.16) (0.96) (0.81) (0.0004) (0.0004) (0.0008) (0.0008) (0.0007) (0.0006)

0.60
33.45 26.21 14.41 0.9885 0.9905 0.9941 1.0131 1.0104 1.0058
(3.87) (2.18) (1.17) (0.0010) (0.0009) (0.0023) (0.0026) (0.0020) (0.0014)

0.80
161.38 55.14 21.28 0.9719 0.9830 0.9899 1.1974 1.0225 1.0094
(82.12) (4.12) (2.11) (0.0026) (0.0025) (0.0035) (0.3213) (0.0040) (0.0026)

30000

0.15
4.73 4.56 3.87 0.9982 0.9982 0.9984 1.0019 1.0018 1.0015

(0.49) (0.45) (0.35) (0.0002) (0.0002) (0.0002) (0.0003) (0.0003) (0.0002)

0.30
7.85 7.35 5.80 0.9970 0.9972 0.9976 1.0031 1.0029 1.0023

(0.77) (0.63) (0.52) (0.0002) (0.0002) (0.0003) (0.0005) (0.0005) (0.0004)

0.60
21.15 17.98 11.18 0.9924 0.9933 0.9953 1.0084 1.0073 1.0048
(2.23) (1.68) (1.09) (0.0007) (0.0007) (0.0014) (0.0016) (0.0013) (0.0011)

0.80
65.80 39.20 17.89 0.9815 0.9865 0.9918 1.0387 1.0156 1.0076

(32.03) (3.05) (1.76) (0.0016) (0.0014) (0.0027) (0.1055) (0.0028) (0.0020)

50000

0.15
2.80 2.74 2.46 0.9989 0.9989 0.9990 1.0011 1.0011 1.0010

(0.24) (0.24) (0.22) (0.0001) (0.0001) (0.0001) (0.0002) (0.0002) (0.0002)

0.30
4.41 4.25 3.67 0.9983 0.9984 0.9985 1.0017 1.0017 1.0015

(0.41) (0.39) (0.35) (0.0001) (0.0001) (0.0002) (0.0003) (0.0003) (0.0003)

0.60
12.01 10.93 7.98 0.9955 0.9958 0.9967 1.0047 1.0043 1.0032
(1.06) (0.85) (0.76) (0.0003) (0.0003) (0.0007) (0.0008) (0.0007) (0.0006)

0.80
31.25 24.54 13.80 0.9893 0.9911 0.9942 1.0121 1.0096 1.0056
(3.66) (2.14) (1.40) (0.0009) (0.0009) (0.0019) (0.0023) (0.0018) (0.0014)

8.3. Appendix C: Figures.
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(a)

(b)

Figure 8. Figures showing (a) SSEs, (b) euclidean norms of estimated (using
p = 1.5) and true spatial effects for 282 zip codes in CT, for different sample
sizes and true values of the index parameter, p under different spatial patterns.
Results are obtained from 10 replications under each combination of sample
and parameter settings. In both figures (a) and (b) the reference (where the
index parameters match, i.e. simulated data and estimated effects have same
index parameters) is the column with p = 1.5, any significant departure is
indicative of inferior performance. Figure (b) shows boxplots of norms for
estimates under each pattern with the true norm shown as a horizontal line
grouped along with it.
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Figure 9. Plot showing estimated spatial effects for states in New England
(with county borders). It includes all primary (marked in bold “white”) and
secondary (marked in “black” lines) roads. zip codes (1831 in total) are color
coded, ones with 0 in their approx. CIs are “yellow” (marked in “A”), ones
below zero are “orange” (sizable regions marked with “B”), and ones above
are “blue” (regions marked with “C”). Some major cities are marked with
arrows.
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(a)

Figure 10. Plot showing estimated spatial effects for states in West Coast
(with county borders). It includes all primary (marked in bold “white”) and
secondary (marked in “black” lines) roads. zip codes (2775 in total) are color
coded, ones with 0 in their approx. CIs are “yellow” (marked in “A”), ones
below zero are “orange” (sizable regions marked with “B”), and ones above
are “blue” (regions marked with “C”). Some major cities are marked with
arrows.

91



International E-Conference on Mathematical and Statistical
Science: A Selcuk Meeting
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Hasan İnci

Abstract. In this paper we consider for n ≥ 1 the n dimensional inviscid Burgers
equation on the Sobolev space Hs(Rn), s > n/2 + 1. In Lagrangian coordinates the Burgers
equation is “linear”. We will use this simple structure of the Burgers equation to study some
well-posedness issues for classical solutions. The Burgers equation is locally well-posed in
Hs(Rn) in the “classical” regime s > n/2 + 1. We will show that its solution map, mapping
the initial value to the corresponding solution, cannot be continuously extended to Hsc(Rn)
for the borderline case sc = n/2 + 1. We will further show that the solution map is nowhere
locally uniformly continuous in the classical regime s > n/2+1. We will also show that there
are always solutions which blow up in finite time.

The purpose of this paper is to give some new results, improve known results and to
illustrate a Lagrangian approach in the simple setting of the Burgers equation which can be
applied to more complicated equations like the incompressible Euler equations.
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1. Introduction

For n ≥ 1 the initial value problem for the inviscid Burgers equation in Rn is given by

(1) ut + (u · ∇)u = 0, u(t = 0) = u0,

where u = (u1, . . . , un) : R × Rn → Rn is the unknown and u · ∇ is the differential operator∑n
k=1 uk∂k acting component wise. The most prominent case of (1) is n = 1, i.e.

ut + uux = 0, u(t = 0) = u0.

This is the simplest nonlinear PDE. It expresses in various settings such as gas dynamics and
traffic flow a conservation law.
In this paper we are interested in well-posedness properties of (1). Some of the results we
discuss here are known. The novelty in this paper is the use of Lagrangian coordinates
of Sobolev type. This simplifies (1) and leads to a strenghtening of previous known results.
Another purpose of this paper is to illustrate an approach in the simple setting of the Burgers
equation which can be used for more complicated equations like the incompressible Euler
equations – see e.g. [3].
The function spaces we are dealing with in this paper are the Sobolev spaces. Recall that for
s ≥ 0 the Sobolev space on Rn of class s is defined as

Hs(Rn) = {f ∈ L2(Rn) | ‖f‖Hs =

(∫
Rn

(1 + |ξ|2)s|f̂(ξ)|2 dξ
)1/2

<∞},

where f̂ denotes the Fourier transform of f . The Sobolev space Hs(Rn) turns out to be
the completion of C∞c (Rn), the space of compactly supported smooth functions on Rn, with
respect to the norm ‖ · ‖Hs . We denote by Hs(Rn;Rn) the vector valued versions of these
spaces. The spaces Hs(Rn) resp. Hs(Rn;Rn) for s ≥ 0 are a scale of Hilbert spaces decreasing
in s. For s > n/2 + 1 we have the Sobolev imbedding Hs(Rn) ↪→ C1

0 (Rn). Here C1
0 (Rn) is

the space of C1 functions on Rn vanishing at infinity together with their derivative endowed
with the C1 norm. For s > n/2 + 1 we say that u is a solution to (1) on [0, T ] for some T > 0
if u ∈ C([0, T ];Hs(Rn;Rn)) and

u(t) = u0 +

∫ t

0
(u(s) · ∇)u(s) ds, 0 ≤ t ≤ T,
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as an identity in Hs−1(Rn;Rn). Note that Hs−1(Rn) is a Banach algebra under pointwise
multiplication. We see in particular that for s > n/2 + 1 the equation (1) is satisfied in the
classical sence, i.e. with classical derivatives.
In [2] the authors discuss for s > n/2 + 1 the functional space

Ds(Rn) = {ϕ : Rn → Rn | ϕ− id ∈ Hs(Rn;Rn), det(dxϕ) > 0 ∀x ∈ Rn},
where id : Rn → Rn is the identity map. Note that due to the Sobolev imbedding Hs(Rn) ↪→
C1
0 (Rn) the expression det(dxϕ) is well defined. The functional space Ds(Rn) consists of C1

diffeomorphisms of Rn. Moreover Ds(Rn) can be identified via ϕ 7→ ϕ − id with an open
subset of Hs(Rn;Rn) making it a Hilbert manifold. In [2] it was shown that Ds(Rn) is a
topological group when the group operation is composition of maps. More generally, for
0 ≤ s′ ≤ s the composition map

(2) Hs′(Rn)×Ds(Rn)→ Hs′(Rn), (f, ϕ) 7→ f ◦ ϕ,
is continuous.

2. Local well-posedness of classical solutions

Suppose that s > n/2 + 1 and that u ∈ C([0, T ];Hs(Rn;Rn)) is a solution to (1) for some
T > 0. In [3] it was shown that such a u generates a unique flow map ϕ ∈ C1([0, T ];Ds(Rn)),
i.e. ϕ satisfies

ϕt(t) = u(t) ◦ ϕ(t), 0 ≤ t ≤ T, ϕ(0) = id.

From this we see that Ds(Rn) is the right space for a Lagrangian formulation of (1), i.e. a
formulation in terms of the flow map of u. The formulation of (1) in terms of ϕ turns out to
be very easy. Indeed by taking the t derivative of ϕt(t) = u(t) ◦ ϕ(t) we get

d

dt
ϕt(t) = (ut(t) + (u(t) · ∇)u(t)) ◦ ϕ(t) = 0.

By using the initial values ϕ(0) = id and ϕt(0) = u0 we can solve this explicitly by

ϕ(t) = id + tu0, 0 ≤ t ≤ T.
With this the solution to (1) is formally given by

u(t) = u0 ◦ ϕ(t)−1, 0 ≤ t ≤ T.
But due to (2) and the continuity of the inversion map on Ds(Rn) this is rigorously true and
we immediately get the following well known result.

Theorem 2.1. Let n ≥ 1 and s > n/2+1. Then the Burgers equation (1) is locally well-posed
in Hs(Rn;Rn).

Proof. Let u0 ∈ Hs(Rn;Rn). Then by the Sobolev imbedding Hs(Rn;Rn) ↪→ C1
0 (Rn;Rn)

there is δ > 0 s.t.
ϕ(t) = id + tu0 ∈ Ds(Rn), 0 ≤ t ≤ δ.

We define
u(t) = u0 ◦ ϕ(t)−1, 0 ≤ t ≤ δ.

From (2) and the continuity of the inversion map we have

u ∈ C([0, δ];Hs(Rn;Rn)).

Note that we have for all x ∈ Rn and 0 ≤ t ≤ δ
ϕ(t, x) ◦ ϕ−1(t, x) = x.

Thus by the Implicit Function Theorem we get pointwise

d

dt
ϕ−1(t, x) = [dϕ(t, x)]−1 ◦ ϕ−1(t, x) ·

(
d

dt
ϕ(t, x)

)
◦ ϕ−1(t, x).

Computing (u(t) · ∇)u(t) = du(t) · u(t) gives pointwise

(3) du0 ◦ ϕ(t)−1 · [dϕ(t)]−1 ◦ ϕ(t)−1 · u0 ◦ ϕ(t)−1 =
d

dt
u0 ◦ ϕ(t)−1.

Thus we have pointwise for 0 ≤ t ≤ δ

u(t) = u0 ◦ ϕ(t)−1 = u0 +

∫ t

0

d

ds
u0 ◦ ϕ(s)−1 ds = u0 +

∫ t

0
(u(s) · ∇)u(s) ds.
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But this is an identity inHs−1(Rn;Rn) as well, since the integrand is in C([0, τ ];Hs−1(Rn;Rn))
due to the Banach algebra property of Hs−1(Rn) under pointwise multiplication. So u solves
(1) on [0, δ].
Now if u is a solution to (1) on [0, δ] its flow map ϕ is necessarily of the form

ϕ(t) = id + tu0, 0 ≤ t ≤ δ,

showing uniqueness of solutions.
Finally for a fixed 0 ≤ t ≤ δ we know that

U ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), w0 7→ w0 ◦ (id + tw0)
−1,

is continuous. Here U is neighborhood of u0 small enough to ensure that for w0 ∈ U the
expression id + tw0 is invertible in Ds(Rn).
So from existence, uniqueness and stability of solutions we conclude that (1) is locally well-
posed in Hs(Rn;Rn). �

Remark 1. We see from the proof of Theorem 2.1 that the solution to (1) exists as long as
id + tu0 stays in Ds(Rn).

For a solution u of (1) the scaled quantity

uλ(t, x) = λu(λt, x), λ > 0,

is a solution to

ut + (u · ∇)u = 0, u(t = 0) = λu0.

If we fix s > n/2 + 1 and T > 0, then due to the scaling property above and Theorem 2.1

the set U
(s)
T ⊂ Hs(Rn;Rn) of initial values u0 for which the solution exists beyond time T is

an open star shaped subset with respect to 0 ∈ Hs(Rn,Rn). With this the solution map

Φ
(s)
T : U

(s)
T ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), u0 7→ u(T ),

mapping the initial value u0 to the time T value of the corresponding solution is well defined
and by Theorem 2.1 continuous. From the explicit solution formula

ϕ(t) = id + tu0

we immediately get that for s > s′ > n/2 + 1 we have

U
(s)
T ⊂ U (s′)

T

and

Φ
(s)
T = Φ

(s′)
T

∣∣∣
U

(s)
T

.

So for the rest of the paper we will skip the index s > n/2 + 1 and write just UT resp. ΦT .
In other words the time T solution map is given by

(4) ΦT : UT ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), u0 7→ u(T ).

For T = 1 we will skip the index T and write U resp. Φ for UT resp. ΦT , i.e. we have

Φ : U ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), u0 7→ u0 ◦ (id + u0)
−1.

Note that due to the scaling property of (1) we have for T > 0

(5) ΦT (u0) =
1

T
Φ(Tu0).

3. Ill-posedness for sc = n/2 + 1

Suppose that u is a solution to (1). Then the scaled quantity

uλ(t, x) =
1

λ
u(t, λx)

for λ > 0 is a solution to

ut + (u · ∇)u = 0, u(0, x) =
1

λ
u0(λx).
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This scaling property makes sc = n/2 + 1 the “critical” regularity. More precisely we have
for sc = n/2 + 1 the scale invariance

‖uλ‖2
Ḣsc

=

∫
Rn

|ξ|2sc |ûλ(ξ)|2 dξ

=

∫
Rn

|ξ|2sc 1

λ2n+2
|û(ξ/λ)|2 dξ

=

∫
Rn

|ξ|2sc |û(ξ)|2 dξ = ‖u‖2
Ḣsc

for the homogeneous Sobolev norm ‖ · ‖Ḣsc .
To prove ill-posedness for sc = n/2 + 1 we will use the following Lemma which tells us that
the Hsc−1 norm cannot control the L∞ norm.

Lemma 3.1. Let sc = n/2 + 1. Then for every ε > 0 there is f ∈ Hsc(Rn) ∩ C∞(Rn) s.t.

(6) ‖f‖Hsc < ε and min
x∈R

∂xf(x) = ∂1f(0) = −1.

Proof. Let ε > 0. For 2 ≤ A < B <∞ we define

hA,B(ξ) =
iξ1

|ξ|sc+3/2 ln(|ξ|)
· χ{A≤|ξ|≤B}(ξ), ξ ∈ Rn,

where χ{A≤|ξ|≤B}(ξ) denotes the characteristic function of the set {A ≤ |ξ| ≤ B}. Note that

hA,B is bounded, has a compact support and it satisfies hA,B(−ξ) = hA,B(ξ). Thus hA,B is

the Fourier transform of some fA,B ∈ Hsc(Rn) ∩ C∞(Rn), i.e. f̂A,B(ξ) = hA,B(ξ). For fA,B
we have

‖fA,B‖2Hsc =

∫
{A≤|ξ|≤B}

(1 + |ξ|2)sc ξ21
|ξ|2sc+3 ln2(|ξ|)

dξ.

Since
∫∞
2

1

r ln2(r)
dr <∞ we get that

‖fA,B‖Hsc → 0 for A→∞.

By using the inversion formula for the Fourier transform we have the representation

∂1fA,B(x) =

∫
{A≤|ξ|≤B}

eix·ξ
−ξ21

|ξ|sc+3/2 ln(|ξ|)
dξ,

from which we see that ∂1fA,B(0) = minx∈Rn ∂1fA,B(x). Since
∫∞
2

1
r ln(r) dr = ∞ we can

make ∂1fA,B(0) as negative as we want by choosing B large enough. Thus choosing A large
enough and adjusting B we get ‖fA,B‖Hsc < ε and minx∈Rn ∂1fA,B(x) = ∂1fA,B(0) = −1.
This finishes the proof. �

Our ill-posedness result reads as

Theorem 3.2. Let s > n/2 + 1, sc = n/2 + 1 and

Φ : U ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), u0 7→ Φ(u0) = u0 ◦ (id + u0)
−1

the time T = 1 solution map to (1). There is no continuous extension Φ̃ of Φ to an open

neighborhood Ũ ⊂ Hsc(Rn;Rn) of 0 ∈ Hsc(Rn;Rn).

Proof. Suppose there is a continuous extension Φ̃ of Φ to the ball Bε(0) ⊂ Hsc(Rn;Rn) for

some radius ε > 0, i.e. we have Φ̃ : Bε(0) → Hsc(Rn;Rn) is continuous with Φ|Bε(0)∩U =

Φ̃
∣∣∣
Bε(0)∩U

. We take f ∈ C∞c (Rn) as in Lemma 3.1, i.e. f satisfies (6) and define

u0 = (f, 0, . . . , 0) ∈ Bε(0) and ϕ : t 7→ id + tu0.

Since det(dxϕ(t)) = 1 + t∂1f(x) we have tu0 ∈ U for 0 ≤ t < 1. Note that for 0 ≤ t < 1

(x1, 0, . . . , 0) 7→ ϕ(t, x1, 0, . . . , 0) = (x1 + tf(x1, 0, . . . , 0), 0, . . . , 0)

is a diffeomorphism from the x1 axis onto itself. Since tu0 ∈ U for 0 ≤ t < 1 we have

Φ̃(tu0) = tu0 ◦ ϕ(t)−1 = (tf ◦ ϕ(t)−1, 0, . . . , 0), 0 ≤ t < 1.
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Applying ∂1 gives

∂1Φ̃(tu0) = (

(
t∂1f

1 + t∂1f

)
◦ ϕ(t)−1, 0, . . . , 0), 0 ≤ t < 1.

Since sc − 1 = n/2 we know e.g. from [4] that ∂1Φ̃(tu0) has a trace on the x1 axis and that

this trace belongs to H1/2(R) and hence to L2(R). So consider

‖ ∂1Φ̃(tu0)
∣∣∣
x1 axis

‖2L2 =

∫
R

∣∣∣∣( t∂1f(x1, 0, . . . , 0)

1 + t∂1f(x1, 0, . . . , 0)

)
◦ ϕ(t)−1

∣∣∣∣2 dx1
=

∫
R
t2
|∂1f(x1, 0, . . . , 0)|2

1 + t∂1f(x1, 0, . . . , 0)
dx1.

From (6) we conclude that there is δ > 0 s.t.

−1 ≤ ∂1f(x1, 0, . . . , 0) ≤ −1 + cx21, −δ < x1 < δ,

for some c > 0. By making δ > 0 smaller if necessary we can also assume

|∂1f(x1, 0, . . . , 0)|2 ≥ 1/2, −δ < x1 < δ.

Thus we have for 0 ≤ t < 1

‖ ∂1Φ̃(tu0)
∣∣∣
x1 axis

‖2L2 ≥
∫ δ

−δ

1

2
t2

1

1− t+ tcx21
dx1 = t2

arctan(
√
ctδ√
1−t)√

ct
√

1− t
.

Therefore

lim
t↑1
‖ ∂1Φ̃(tu0)

∣∣∣
x1 axis

‖L2 =∞,

which contradicts the Hsc continuity of Φ̃ in u0 together with the existence of the trace on
the x1 axis in L2. So there is no continuous extension Φ̃ of Φ to a neighborhood of 0 in
Hsc(Rn). �

4. Nonuniform dependence for s > n/2 + 1

The goal of this section is to prove

Theorem 4.1. Let n ≥ 1, s > n/2 + 1 and T > 0. Then the solution map

ΦT : UT ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), u0 7→ u(T ),

is nowhere locally uniformly continuous.

Remark 2. Theorem 4.1 tells us that for any nonempty open set W ⊂ UT the restriction
ΦT |W is not uniformly continuous. In particular ΦT is nowhere locally Lipschitz, nowhere
locally Hölder continuous and nowhere C1.

In [5] Kato proves that there is no exponent 0 < α ≤ 1 such that the solution map ΦT is
Hölder continuous to the exponent α. Theorem 4.1 is a strengthening of this.
Before we prove Theorem 4.1 we need some technical lemmas about fractional Sobolev spaces.

Lemma 4.2. Let s > n/2 + 1. Further let A,B ⊂ Rn be two disjoint compact subsets. There
is a constant C > 0 s.t.

‖f‖Hs + ‖g‖Hs ≤ C‖f + g‖Hs

for all f, g ∈ Hs(Rn) with supp f ⊂ A, supp g ⊂ B. Here supp denotes the support of a
function.

Proof. Let α, β ∈ C∞c (Rn) s.t. the supports of α and β are disjoint and we have

α|A ≡ 1, β|B ≡ 1.

Using that multiplication with α resp. β is bounded in Hs(Rn) we get

‖f‖Hs = ‖α(f + g)‖Hs ≤ C‖f + g‖Hs

resp.

‖g‖Hs = ‖β(f + g)‖Hs ≤ C‖f + g‖Hs

for some C > 0. This finishes the proof. �
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Lemma 4.3. Let s > n/2 + 1. Then there is C > 0 such that for every 0 < R ≤ 1 and balls
B1, B2 ⊂ Rn with radii R and whose centers are 4R apart we have the following:

‖f‖Hs + ‖g‖Hs ≤ C‖f + g‖Hs

for all f, g ∈ Hs(Rn) with supp f ⊂ B1, supp g ⊂ B2.

Proof. Let 0 < R ≤ 1. Without loss of generality we assume that B1 is the ball of radius R
with center (−2R, 0, . . . , 0) and B2 is the ball of radius R with center (2R, 0, . . . , 0). For a
fixed compact K ⊂ Rn the homogeneous norm ‖ · ‖Ḣs is equivalent to ‖ · ‖Hs for functions

with support in K – see [1]. We denote for a function h by hR its scaling by R, i.e.

hR(x) = h(Rx), x ∈ Rn.
We then have ‖hR‖Ḣs = Rs−n/2‖h‖Ḣs . Note that fR has its support in the ball A of radius

1 with center (−2, 0, . . . , 0) and gR has its support in the ball B of radius 1 with center
(2, 0, . . . , 0). We have

‖f‖Hs + ‖g‖Hs ≤ C(‖f‖Ḣs + ‖g‖Ḣs)

= CRn/2−s(‖fR‖Ḣs + ‖gR‖Ḣs)

≤ CRn/2−s‖fR + gR‖Ḣs

= C‖f + g‖Ḣs ≤ C‖f + g‖Hs ,

where we use that all functions above are supported in the closed ball K with radius 3 around
0 ∈ Rn and in the second inequality we use Lemma 4.2. This finishes the proof. �

Lemma 4.4. Let s > n/2 + 1 and ϕ0 ∈ Ds(Rn). Then there is a constant C > 0 and a
neighborhood W ⊂ Ds(Rn) of ϕ0 s.t.

1

C
‖f ◦ ϕ−1‖Hs ≤ ‖f‖Hs ≤ C‖f ◦ ϕ−1‖Hs

for all f ∈ Hs(Rn;Rn) and ϕ ∈W .

Proof. By the continuity of the composition and inversion in Ds(Rn) there is a neighborhood
W1 ⊂ Ds(Rn) of ϕ0 and δ > 0 s.t.

‖f ◦ ϕ−1‖Hs ≤ 1

for all f ∈ Hs(Rn;Rn) with ‖f‖Hs ≤ δ and ϕ ∈W1. By linearity in f we get

‖f ◦ ϕ−1‖Hs ≤ 1

δ
‖f‖Hs

for all f ∈ Hs(Rn;Rn) and ϕ ∈ W1. This shows the first inequality in the statement of the
lemma. The same argument gives a neighborhood W2 ⊂ Ds(Rn) of ϕ0 and a constant K > 0
s.t.

‖f ◦ ϕ‖Hs ≤ K‖f‖Hs

for all f ∈ Hs(Rn;Rn) and ϕ ∈W2. By replacing f by f ◦ ϕ−1 we get the second inequality.
Taking W = W1 ∩W2 finishes the proof. �

Due to (5) Theorem 4.1 will follow from

Lemma 4.5. The time T = 1 solution map

Φ : U ⊂ Hs(Rn;Rn)→ Hs(Rn;Rn), u0 7→ Φ(u0) = u0 ◦ (id + u0)
−1,

is nowhere locally uniformly continuous.

Proof. Let u0 ∈ U ⊂ Hs(Rn;Rn) with compact support in Rn, i.e. suppu0 ⊂ Rn is compact
and we denote by ϕ0 = id + u0 ∈ Ds(Rn). For ϕ ∈ Ds(Rn) we clearly have

suppu0 ◦ ϕ−1 = ϕ(suppu0).

So by the Sobolev Imbedding Theorem Hs(Rn) ↪→ C0(Rn) we can choose R1 > 0 s.t. the ball
BR1(u0) ⊂ Hs(Rn;Rn) of radius R1 around u0 in Hs(Rn;Rn) is contained in U and we have

suppu0 ◦ (id + w)−1 ⊂ K1 ⊂ Rn, ∀w ∈ BR1(u0),

for some fixed compact K1 ⊂ Rn. We choose x∗ ∈ Rn s.t. the image of the unit ball
B1(x

∗) ⊂ Rn of under ϕ0 is 2 units away from K1, i.e. we have

dist (K1, ϕ0 (B2(x
∗))) ≥ 2.
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Again by the Sobolev Imbedding Theorem we can choose 0 < R2 ≤ R1 s.t.

ϕ (B1(x
∗)) ⊂ K2, ∀ϕ = id + w with w ∈ BR2(u0),

for some fixed compact set K2 ⊂ Rn with dist (K1,K2) ≥ 2. Using the Sobolev Imbedding
Theorem Hs(Rn) ↪→ C1

0 (Rn) we choose 0 < R3 ≤ R2 s.t.

|ϕ(x)− ϕ(y)| ≤ L|x− y|, ∀x, y ∈ Rn,

for some constant L ≥ 1 and for all ϕ = id + w ∈ Ds(Rn) with w ∈ BR3(u0). Finally we
choose 0 < R∗ ≤ R3 s.t. the inequality of Lemma 4.4 holds for W = id +BR∗(u0) and some
constant C > 0. Our strategy to prove the lemma is to construct for every 0 < R ≤ R∗ a

pair of initial values (u
(k)
0 )k≥1, (ũ

(k)
0 )k≥1 ⊂ BR(u0) with

lim
k→∞

‖u(k)0 − ũ
(k)
0 ‖Hs = 0

whereas

lim sup
k→∞

‖Φ(u
(k)
0 )− Φ(ũ

(k)
0 )‖Hs > 0.

This would implie that Φ|BR(u0)
is not uniformly continuous. Since 0 < R ≤ R∗ and u0 ∈

Cc(Rn;Rn) ∩ U are arbitrary this would prove the lemma.
Now let 0 < R ≤ R∗. First we fix g ∈ C∞c (Rn) with

supp g ⊂ B1(x
∗), g(x∗) = 1,

and a unit vector e ∈ Rn. We define ge = g · e ∈ C∞c (Rn;Rn) which will serve as translation
in direction of e by one unit on x∗. For every k ≥ 1 we define the following sequence of radii

rk =
1

4kL
≤ 1,

where L ≥ 1 is the Lipschitz constant from above. We further choose for every k ≥ 1 a
wk ∈ C∞c (Rn;Rn) satisfying

suppwk ⊂ Brk(x∗) and ‖wk‖Hs = R/2.

Note that by construction we have

suppwk ◦ ϕ−1 ⊂ B1/4k(ϕ(x∗))

for all ϕ = id + w with w ∈ BR(u0). With this we define for k ≥ 1 the sequence of initial
values

u
(k)
0 = u0 + wk resp. ũ

(k)
0 = u0 + wk +

1

k
ge.

There is N ≥ 1 s.t. u
(k)
0 , ũ

(k)
0 ∈ BR(u0) for k ≥ N . We clearly have

lim
k→∞

‖u(k)0 − ũ
(k)
0 ‖Hs = 0.

We define for k ≥ N
ϕk = id + u

(k)
0 resp. ϕ̃k = id + ũ

(k)
0 .

Thus for k ≥ N

Φ(u
(k)
0 ) = u0 ◦ ϕ−1k + wk ◦ ϕ−1k , Φ(ũ

(k)
0 ) = u0 ◦ ϕ̃−1k + wk ◦ ϕ̃−1k +

1

k
ge ◦ ϕ̃−1k .

Note that

suppu0 ◦ ϕ−1k , suppu0 ◦ ϕ̃−1k ⊂ K1

and

suppwk ◦ ϕ−1k , supp

(
wk ◦ ϕ̃−1k +

1

k
ge ◦ ϕ̃−1k

)
⊂ K2.

Thus from Lemma 4.2 we conclude

lim sup
k→∞

‖Φ(u
(k)
0 )− Φ(ũ

(k)
0 )‖Hs ≥ C lim sup

k→∞
‖wk ◦ ϕ−1k − (wk ◦ ϕ̃−1k +

1

k
ge ◦ ϕ̃−1k )‖Hs
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for some C > 0. For the latter we get by the reverse triangle inequality and Lemma 4.4

lim sup
k→∞

‖wk ◦ ϕ−1k − (wk ◦ ϕ̃−1k +
1

k
ge ◦ ϕ̃−1k )‖Hs

≥ lim sup
k→∞

(
‖wk ◦ ϕ−1k − wk ◦ ϕ̃

−1
k ‖Hs − ‖1

k
ge ◦ ϕ̃−1k ‖Hs

)
≥ lim sup

k→∞
‖wk ◦ ϕ−1k − wk ◦ ϕ̃

−1
k ‖Hs .

We have by construction |ϕk(x∗)− ϕ̃k(x∗)| = 1/k and

suppwk ◦ ϕ−1k ⊂ B1/4k(ϕk(x
∗)), suppwk ◦ ϕ̃−1k ⊂ B1/4k(ϕ̃k(x

∗)).

By applying Lemma 4.3 and Lemma 4.4 we get

lim sup
k→∞

‖wk ◦ ϕ−1k − wk ◦ ϕ̃
−1
k ‖Hs ≥ C lim sup

k→∞

(
‖wk ◦ ϕ−1k ‖Hs + ‖wk ◦ ϕ̃−1k ‖Hs

)
≥ CR

for some C > 0. With this we finally we conclude

lim sup
k→∞

‖Φ(u
(k)
0 )− Φ(ũ

(k)
0 )‖Hs ≥ CR

for some C > 0. This finishes the proof. �

Now we can prove Theorem 4.1

Proof of Theorem 4.1. The proof follows from (5) and Lemma 4.5. �

5. Blow up of classical solutions

The goal of this section is to discuss the existence of blow up of classical solutions to (1).
So we assume throughout this section s > n/2 + 1. By the explicit solution formula to (1) in
Lagrangian coordinates

ϕ : t 7→ id + tu0,

and the fact that the solution to (1) exists as long ϕ(t) stays in Ds(Rn) we can work out
“simple” conditions for blow up. For the 1D situation we can explicitly state the blow up
time.

Theorem 5.1. Let n = 1 and u0 ∈ Hs(R)r {0}. Then the solution to (1) blows up in finite
time. Moreover the blow up time is

T ∗(u0) = − 1

infx∈R u
′
0(x)

<∞.

Proof. Note that we have the Sobolev Imbedding Hs(R) ↪→ C1
0 (R). For a nonzero u0 ∈ Hs(R)

we cannot have u′0(x) ≥ 0 for all x ∈ R. Thus we have

inf
x∈R

u′0(x) = min
x∈R

u′0(x) < 0.

The curve ϕ : t 7→ id + tu0 stays in Ds(R) as long as ∂
∂xϕ(t) = 1 + tu′0(x) > 0 for all x ∈ R.

This is violated for the first time for

t = T ∗(u0) = − 1

infx∈R u
′
0(x)

.

This finishes the proof. �

For the general case we have

Theorem 5.2. Let n ≥ 2. Then there is u0 ∈ Hs(Rn;Rn) s.t. the solution to (1) blows up
in finite time.

Proof. Let φ ∈ C∞c (Rn) with φ 6= 0. We cannot have ∂1φ(x) ≥ 0 for all x ∈ Rn. So there is
x∗ ∈ Rn with ∂1φ(x∗) < 0. We take

u0 = (φ, 0, . . . , 0).

The solution in Lagrangian coordinates is t 7→ ϕ(t) = id + tu0. Its Jacobian determinant is
given by

det(dxϕ(t)) = 1 + t∂1φ(x).
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Since ∂1φ(x∗) < 0 we cannot have det(dxϕ(t)) > 0 for all x ∈ Rn and t ≥ 0. Thus the
solution with initial value u0 blows up in finite time. �

Remark 3. For n ≥ 2 we could not figure out whether all solutions do blow up or whether
there are global solutions.
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Bézier-Baskakov-Durrmeyer Type Operators

Arun Kajla
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Durrmeyer type operators. We give a direct approximation theorem in terms of the Ditzian-
Totik modulus of smoothness ωϕη(ζ, s)(0 ≤ η ≤ 1) and the rate of convergence for functions
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1. Introduction

In [15], Mihesan considered the following generalized Baskakov operators with a non-
negative constant a ≥ 0, independent of α :

Ba
α(ζ;κ) =

∞∑
τ=0

W a
α,τ (κ)ζ

(
τ

α

)
,(1)

where W a
α,τ (κ) = e−

aκ
1+κ

pτ (α, a)

τ !

κτ

(1 + κ)α+τ
such that

∞∑
τ=0

W a
α,τ (κ) = 1 and

pτ (α, a) =

τ∑
i=0

(
τ

i

)
(α)ia

τ−i,

being the rising factorial given by (α)0 = 1, (α)i = α(α+ 1) · · · (α+ i− 1), for i ≥ 1.
Wafi and Khatoon [18] gave the rate of convergence, Voronovskaja type theorem and a direct
estimate by means of the Ditzian-Totik modulus of smoothness of the operators (1). Erencin
and Başcanbaz-Tunca [8] defined a generalization of generalized Baskakov operators and
determined the order of approximation by means the usual modulus of smoothness, weighted
approximation theorem and elements of Lipschitz class.

Erencin [7] presented the following Durrmeyer type generalization of the operators (1):

Gaα(ζ;κ) =
∞∑
τ=0

W a
α,τ (κ)

1

B(τ + 1, α)

∫ ∞
0

sτ

(1 + s)α+τ+1
ζ(s)ds,(2)

where B(τ + 1, α) is the beta function defined by

B(κ, y) =

∫ ∞
0

sκ−1

(1 + s)κ+y
ds =

Γ(κ)Γ(y)

Γ(κ + y)
, κ, y > 0.

Erencin [7] studied some direct approximation theorems for these operators, e.g. local ap-
proximation, rate of convergence for a Lipschitz type space and weighted approximation
theorem. Agrawal et al. [2] discussed simultaneous approximation and rate of approximation
of functions having derivatives of bounded variation. Zeng and Chen [20] defined the Bézier
variant of Bernstein-Durrmeyer operators and obtained the direct approximation theorem for
functions of bounded variation. Bézier type operators were studied by several researchers (cf.
[1, 3, 5, 11, 12, 17, 19, 22, 16, 10]).

Let C denote the class of all Lebesgue measurable functions ζ on [0,∞) such that

C =

{
ζ :

∫ ∞
0

|ζ(s)|
(1 + s)m

ds <∞ , for some positive integer m

}
.

Clearly, the class C is bigger than the space CB[0,∞).
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For ρ ≥ 1, we now consider the Bézier variant Gaα,ρ of the operators Gaα as follows:

Gaα,ρ(ζ;κ) =

∞∑
τ=0

P(ρ)
α,τ,a(κ)

1

B(τ + 1, α)

∫ ∞
0

sτ

(1 + s)α+τ+1
ζ(s)ds,(3)

where P(ρ)
α,τ,a(κ) =

[
Saα,τ (κ)

]ρ − [Saα,τ+1(κ)
]ρ

with Saα,τ (κ) =
∞∑
v=τ

W a
α,v(κ).

Alternatively we may rewrite the operators (3) as

Gaα,ρ(ζ;κ) =

∞∫
0

Mα,ρ,a(κ, s)ζ(s)ds, κ ∈ [0,∞),(4)

where

Mα,ρ,a(κ, s) =
∞∑
τ=0

P(ρ)
α,τ,a(κ)

1

B(τ + 1, α)

sτ

(1 + s)α+τ+1
.

For ρ = 1, Gaα,ρ reduce to Gaα.

Lemma 1.1. [2] For the operators Gaα we have

(i) Gaα(s;κ) =
1

(α− 1)

(
ακ +

aκ
(1 + κ)

+ 1

)
, α > 1,

(ii) Gaα(s2;κ) =
1

(α− 1)(α− 2)

(
(α2+α)κ2+4ακ+

a2κ2

(1 + κ2
+

2αaκ)2

(1 + κ)
+

4aκ
(1 + κ)

+2

)
, α >

2,
(iii) For each κ ∈ (0,∞) and m ∈ N, T aα,m(κ) = am(α)κm + α−1(pm(κ, a) + o(1)),

where am(α) =

∏m−1
j=0 (α+ j)∏m
j=1(α− j)

and pm(κ, a) is a rational function of κ depending on

the parameters a and m.

Lemma 1.2. [2] For m ∈ N0, the mth order central moment for the operators (2) is defined
as

µaα,m(κ) := Gaα((s− κ)m;κ) =
∞∑
τ=0

W a
α,τ (κ)

B(τ + 1, α)

∫ ∞
0

sτ

(1 + s)α+τ+1
(s− κ)mdt, α > m.

For the function µaα,m(κ), we have µaα,0(κ) = 1, and

µaα,1(κ) =
(1 + κ)

(α− 1)
+

aκ
(1 + κ)(α− 1)

and there holds the following recurrence relation, for all

m ≥ 1:

κ(1 + κ)2(µaα,m(κ))′ = (α−m− 1)(1 + κ)µaα,m+1(κ)

−
{(

(2m+ 1)κ + (m+ 1)

)
(1 + κ) + aκ

}
µaα,m(κ)

−2mx(1 + κ)2µaα,m−1(κ), α > m+ 1.

Corollary 1.3. ( [2],p. 199) For λ > 2 and α sufficiently large, we have

µaα,2(κ) ≤ λϕ2(κ)

α
,(5)

where ϕ(κ) =
√
κ(1 + κ).

2. Direct Theorem

From [21], we have

1 = Saα,0(κ) > Saα,1(κ) > · · · > Saα,τ (κ) > Saα,τ+1(κ) > · · ·
0 <

[
Saα,τ (κ)

]ρ − [Saα,τ+1(κ)
]ρ ≤ ρW a

α,τ (κ), ρ ≥ 1.(6)
102
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To describe our results, we recall the definitions of the Ditizian-Totik modulus ωϕη(ζ, s) [6].

Let ϕ(κ) =
√
κ(1 + κ), 0 ≤ η ≤ 1,

ωϕη(ζ, s) = sup
0<h≤s

sup
κ±hϕη(κ)/2≥0

{ ∣∣∣∣ζ(κ +
hϕη(κ)

2

)
− ζ
(
κ − hϕη(κ)

2

)∣∣∣∣ },
and the appropriate Petree’s K-functional is defined by

Kϕη(ζ, s) = inf
g∈Wη

{||ζ − g||+ s||ϕηg′||}, s > 0,

where Wη = {g : g ∈ ACloc, ||ϕηg′|| < ∞}. It is well known that ([6], Theorem 3.1.2)

Kϕη(ζ, s) ∼ ωϕη(ζ, s) which means that there exists a constant M > 0 such that

M−1ωϕη(ζ, s) ≤ Kϕη(ζ, s) ≤Mωϕη(ζ, s).(7)

Lemma 2.1. For ζ ∈Wη, ϕ(κ) =
√
κ(1 + κ), 0 ≤ η ≤ 1 and s,κ > 0, we have∣∣∣∣∫ t

κ
ζ ′(u)du

∣∣∣∣ ≤ 2η
(
κ−η/2(1 + s)−η/2 + ϕ−η(κ)

)
|s− κ|

∥∥ϕηζ ′∥∥ .
Proof. On an application of Hölder’s inequality, we may write∣∣∣∣∫ t

κ
ζ ′(u)du

∣∣∣∣ ≤ ‖ϕηζ ′‖
∣∣∣∣∫ s

κ

du

ϕη(u)

∣∣∣∣
≤

∥∥ϕηζ ′∥∥ |s− κ|1−η
∣∣∣∣∫ s

κ

du

ϕ(u)

∣∣∣∣η .
Since, ∣∣∣∣∫ s

κ

du

ϕ(u)

∣∣∣∣ ≤ ∣∣∣∣∫ s

κ

du√
u

∣∣∣∣ ( 1√
1 + κ

+
1√

1 + s

)
and ∣∣∣∣∫ s

κ

du√
u

∣∣∣∣ ≤ 2|s− κ|√
κ

,

we get ∣∣∣∣∫ t

κ
ζ ′(u)du

∣∣∣∣ ≤ ∥∥ϕηζ ′∥∥ |s− κ| 2η

κη/2

∣∣∣∣ 1√
1 + κ

+
1√

1 + s

∣∣∣∣η
≤

∥∥ϕηζ ′∥∥ |s− κ| 2η

κη/2
(

(1 + s)−η/2 + (1 + κ)−η/2
)
,

on using the inequality |a1 + a2|r ≤ |a1|r + |a2|r, 0 ≤ r ≤ 1. �

Lemma 2.2. We have

Gaα,ρ((1 + s)−m;κ) ≤ Cm(1 + κ)−m,(8)

where Cm is a constant dependent on m.

Proof. For each κ ∈ [0,∞), for κ = 0, the result holds from (2).
From (6), we have

Gaα((1 + s)−m;κ) =
∞∑
τ=0

P(ρ)
α,τ (κ)

B(τ + 1, α)

∫ ∞
0

sτ

(1 + s)α+τ+m+1
ds

=
∞∑
τ=0

P(ρ)
α,τ (κ)Γ(α+ τ + 1)Γ(α+m)

Γ(α+m+ τ + 1)Γ(α)

≤ ρ(1 + κ)−m
∞∑
τ=0

e−
aκ
1+κ

Pτ (α, a)

τ !

κτ

(1 + κ)α+τ−m
Γ(α+ τ + 1)Γ(α+m)

Γ(α+m+ τ + 1)Γ(α)
.

(9)

By ratio test, the series on the right hand side (9) is convergent. This proves the required
result. �
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Guo et al. [10] obtained the direct, inverse and equivalence theorems for the Baskakov-
Bézier operators by using means of the unified Ditzian-Totik modulus of smoothness ωϕη(ζ, s)(0 ≤
η ≤ 1). Gairola and Agrawal [9] proved the direct and inverse theorem for the Bézier variant
of the operators introduced by Gupta and Mohapatra in [13] in terms of Ditzian-Totik mod-
ulus of smoothness.
In our next theorem, we obtain the direct approximation theorems for the Bézier-variant
of the generalized Baskakov-Durrmeyer operators in terms of the Ditzian-Totik modulus of
smoothness.

Theorem 2.3. For ζ ∈ CB[0,∞), we have∣∣Gaα,ρ(ζ;κ)− ζ(κ)
∣∣ ≤ Cωϕη(ζ, ϕ1−η(κ)√

α

)
.(10)

Proof. By the definition of Kϕη(ζ, s), for fixed α,κ, η we can choose g = gα,κ,η ∈ Wη such
that

||ζ − g||+ ϕ1−η(κ)√
α
||ϕηg′|| ≤ Kϕη

(
ζ,
ϕ1−η(κ)√

α

)
.(11)

Since Gaα,ρ(1;κ) = 1, we may write∣∣Gaα,ρ(ζ;κ)− ζ(κ)
∣∣ ≤ 2||ζ − g||+ |Gaα,ρ(g;κ)− g(κ)|.(12)

Using the representation g(s) = g(κ) +

∫ s

κ
g′(u)du and Lemma 2.1, we get

∣∣Gaα,ρ(g;κ)− g(κ)
∣∣ =

∣∣∣∣Gaα,ρ(∫ t

κ
g′(u)du;κ

)∣∣∣∣
≤ 2η||ϕηg′||

{
ϕ−η(κ)Gaα,ρ(|s− κ|;κ) + κ−η/2Gaα,ρ

(
|s− κ|

(1 + s)η/2
;κ
)}

.(13)

From (6), Corollary 1.3 and Cauchy-Schwarz inequality, we may write

Gaα,ρ(|s− κ|;κ) ≤
(
Gaα,ρ((s− κ)2;κ)

)1/2
≤
√
ρλϕ(κ)√
α

.(14)

Similarly using Lemma 2.2, we get

Gaα,ρ
(
|s− κ|

(1 + s)η/2
;κ
)
≤ ρGaα

(
|s− κ|

(1 + s)η/2
;κ
)

≤ ρ
(
Gaα((s− κ)2;κ)

)1/2 (Gaα((1 + s)−η;κ)
)1/2

≤ C1

√
ρλϕ(κ)√
α

(1 + κ)−η/2.(15)

From (13)-(15), we get ∣∣Gaα,ρ(g;κ)− g(κ)
∣∣ ≤ C||ϕηg′||ϕ1−η(κ)√

α
.(16)

Using Kϕη(ζ, s) ∼ ωϕη(ζ, s) , (11), (12) and (16), we obtain (10). �

3. Rate of Convergence

Bojanic and Cheng [4] studied the rate of convergence of Bernstein polynomials for func-
tions with derivatives of bounded variation. Karsli [14] obtained the rate of convergence of
the Gamma type operators for functions with derivatives of bounded variation. In our next
result, we establish the rate of convergence for functions with derivatives of bounded varia-
tion.
Let ζ ∈ DBVγ(0,∞), γ ≥ 0, be the class of all functions defined on (0,∞), having a derivative
of bounded variation on every finite subinterval of (0,∞) and |ζ(s)| ≤Msγ , ∀ s > 0.
Since ζ ∈ DBVγ(0,∞), we may write

ζ(κ) =

∫ κ

0
g(s)ds+ ζ(0),
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where g(s) is a function of bounded variation on each finite subinterval of (0,∞).

Lemma 3.1. Let κ ∈ (0,∞), then for ρ ≥ 1, λ > 2 and sufficiently large α, we have

(i) βα,ρ,a(κ, y) =

∫ y

0
Mα,ρ,a(κ, s)ds ≤

ρλ

α

ϕ2(κ)

(κ − y)2
, 0 ≤ y < κ,

(ii) 1− βα,ρ,a(κ, z) =

∫ ∞
z
Mα,ρ,a(κ, s)ds ≤

ρλ

α

ϕ2(κ)

(z − κ)2
, κ < z <∞.

Proof. (i) From (6) and Corollary 1.3, we have

βα,ρ,a(κ, y) =

y∫
0

Mα,ρ,a(κ, s)ds ≤
y∫

0

(
κ − s
κ − y

)2

Mα,ρ,a(κ, s)ds

≤ Gaα,ρ((s− κ)2;κ) (κ − y)−2 ≤ ρGaα((s− κ)2;κ)(κ − y)−2

≤ ρ
λ

α

ϕ2(κ)

(κ − y)2
.

The proof of (ii) is similar hence we omit it.

Theorem 3.2. Let ζ ∈ DBVγ(0,∞), ρ ≥ 1 and let υba(ζ
′
κ) be the total variation of ζ ′κ on

[a, b] ⊂ (0,∞). Then, for every κ ∈ (0,∞) and sufficiently large α, we have∣∣Gaα,ρ(ζ;κ)− ζ(κ)
∣∣ ≤ √

ρ

ρ+ 1

∣∣∣∣ζ ′(κ+) + ρζ ′(κ−)

∣∣∣∣
√
λ

α
ϕ(κ)

+

√
λ

α
ϕ(κ)

ρ3/2

ρ+ 1

∣∣∣∣ζ ′(κ+)− ζ ′(κ−)

∣∣∣∣
+
ρλ(1 + κ)

α

[
√
α ]∑

τ=1

υκκ−κ/τ (ζ
′
κ) +

κ√
α
υκκ−κ/

√
α(ζ

′
κ)

+
ρλ(1 + κ)

α

[
√
α ]∑

τ=1

υκ+κ/τ
κ (ζ

′
κ) +

κ√
α
υκ+κ/

√
α

κ (ζ
′
κ),

where λ > 2, and the auxiliary function ζ ′κ is defined by

ζ
′
κ(s) =

 ζ
′
(s)− ζ ′

(κ−), 0 ≤ s < κ
0, s = κ

ζ
′
(s)− ζ ′

(κ+) κ < s ≤ 1

.

Proof. Since

∫ ∞
0
Mα,ρ,a(κ, s)ds = Gaα,ρ(1;κ) = 1, we get

Gaα,ρ(ζ;κ)− ζ(κ) =

∫ ∞
0

[ζ(s)− ζ(κ)]Mα,ρ,a(κ, s)ds

=

∫ ∞
0

(∫ s

κ
ζ
′
(u)du

)
Mα,ρ,a(κ, s)ds.(17)

From the definition of the function ζ ′κ, for any ζ ∈ DBVγ(0,∞), we may write

ζ ′(s) =
1

ρ+ 1

(
ζ ′(κ+) + ρζ ′(κ−)

)
+ ζ ′κ(s)

+
1

2

(
ζ ′(κ+)− ζ ′(κ−)

)(
sgn(s− κ) +

ρ− 1

ρ+ 1

)
+δκ(s)

(
ζ ′(κ)− 1

2

(
ζ ′(κ+) + ζ ′(κ−)

))
,(18)

where

δκ(s) =

{
1 , κ = s
0 , κ 6= s

.
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It is clear that

∫ ∞
0
Mα,ρ,a(κ, s)

s∫
κ

[
ζ ′(κ)− 1

2

(
ζ ′(κ+) + ζ ′(κ−)

)]
δκ(u)dudt = 0.

By (4) and simple computations, we have

E1 =

∫ ∞
0

(∫ s

κ

1

ρ+ 1

(
ζ ′(κ+) + ρζ ′(κ−)

)
du

)
Mα,ρ,a(κ, s)ds

=
1

ρ+ 1

∣∣∣∣ζ ′(κ+) + ρζ ′(κ−)

∣∣∣∣ ∫ ∞
0
|s− κ|Mα,ρ,a(κ, s)ds

≤ 1

ρ+ 1

(
ζ ′(κ+) + ρζ ′(κ−)

)(
Gaα,ρ((s− κ)2;κ)

)1/2
≤

√
ρ

ρ+ 1

∣∣∣∣ζ ′(κ+) + ρζ ′(κ−)

∣∣∣∣
√
λ

α
ϕ(κ)(19)

and

E2 =

∫ ∞
0

(∫ s

κ

1

2

(
ζ ′(κ+)− ζ ′(κ−)

)(
sgn(u− κ) +

ρ− 1

ρ+ 1

)
du

)
Mα,ρ,a(κ, s)ds

≤ ρ

ρ+ 1

∣∣∣∣ζ ′(κ+)− ζ ′(κ−)

∣∣∣∣ ∫ ∞
0
|s− κ|Mα,ρ,a(κ, s)ds

=
ρ

ρ+ 1

∣∣∣∣ζ ′(κ+)− ζ ′(κ−)

∣∣∣∣Gaα,ρ (|s− κ| ;κ)

≤ ρ

ρ+ 1

∣∣∣∣ζ ′(κ+)− ζ ′(κ−)

∣∣∣∣ (Gaα,ρ ((s− κ)2;κ
))1/2

≤ ρ3/2

ρ+ 1

∣∣∣∣ζ ′(κ+)− ζ ′(κ−)

∣∣∣∣
√
λ

α
ϕ(κ),(20)

on an application of Cauchy-Schwarz inequality.
By using Lemma 1.2, Corollary 1.3 and considering (17)-(20) we obtain the following

estimate

∣∣Gaα,ρ(ζ;κ)− ζ(κ)
∣∣ ≤ ∣∣Aα,ρ,a(ζ ′κ,κ) +Bα,ρ,a(ζ

′
κ,κ)

∣∣
+

√
ρ

ρ+ 1

∣∣∣∣ζ ′(κ+) + ρζ ′(κ−)

∣∣∣∣
√
λ

α
ϕ(κ)

+
ρ3/2

ρ+ 1

∣∣ζ ′(κ+)− ζ ′(κ−)
∣∣√λ

α
ϕ(κ),(21)

where

Aα,ρ,a(ζ
′
κ,κ) =

∫ κ

0

(∫ s

κ
ζ ′κ(u)du

)
Mα,ρ,a(κ, s)ds,

Bα,ρ,a(ζ
′
κ,κ) =

∫ ∞
κ

(∫ s

κ
ζ ′κ(u)du

)
Mα,ρ,a(κ, s)ds.

To complete the proof , it remains to estimate the terms Aα,ρ,a(ζ
′
κ,κ) and Bα,ρ,a(ζ

′
κ,κ). Since∫ b

a dsβα,ρ,a(κ, s) ≤ 1, for all [a, b] ⊆ (0,∞), using integration by parts and applying Lemma
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3.1 with y = κ − (κ/
√
α), we have

∣∣Aα,ρ,a(ζ ′κ,κ)
∣∣ =

∣∣∣∣∫ κ

0

(∫ s

κ
ζ ′κ(u)du

)
dsβα,ρ,a(κ, s)

∣∣∣∣
=

∣∣∣∣∫ κ

0
βα,ρ,a(κ, s)ζ ′κ(s)ds

∣∣∣∣
≤

(∫ y

0
+

∫ κ

y

) ∣∣ζ ′κ(s)
∣∣ |βα,ρ,a(κ, s)| ds

≤ ρ
λϕ2(κ)

α

∫ y

0
υκs (ζ ′κ)(κ − s)−2ds+

∫ κ

y
υκs (ζ ′κ)ds

≤ ρ
λϕ2(κ)

α

∫ y

0
υκs (ζ ′κ)(κ − s)−2ds+

κ√
α
υκκ−κ/

√
α(ζ ′κ).

Putting u = κ/(κ − s), we obtain

ρ
λϕ2(κ)

α

∫ κ−κ/
√
α

0
(κ − s)−2υκs (ζ ′κ)ds = ρ

λ(1 + κ)

α

∫ √α
1

υκκ−κ/u(ζ ′κ)du

≤ ρ
λ(1 + κ)

α

[
√
α ]∑

τ=1

∫ τ+1

τ
υκκ−κ/u(ζ ′κ)du

≤ ρ
λ(1 + κ)

α

[
√
α ]∑

τ=1

υκκ−κ/τ (ζ ′κ).

Hence we reach the following result

∣∣Aα,ρ,a(ζ ′κ,κ)
∣∣ ≤ ρλ(1 + κ)

α

[
√
α ]∑

τ=1

υκκ−κ/τ (ζ ′κ) +
κ√
α
υκκ−κ/

√
α(ζ ′κ).(22)

Using integration by parts and applying Lemma 3.1 with z = κ + κ/
√
α, we may write

|Bα,ρ,a(ζ
′
κ,κ)| =

∣∣∣∣ ∫ ∞
κ

(∫ s

κ
ζ ′κ(u)du

)
Mα,ρ,a(κ, s)ds

∣∣∣∣
=

∣∣∣∣ ∫ z

κ

(∫ s

κ
ζ ′κ(u)du

)
ds(1− βα,ρ,a(κ, s)) +

∫ ∞
z

(∫ s

κ
ζ ′κ(u)du

)
ds(1− βα,ρ,a(κ, s))

∣∣∣∣
=

∣∣∣∣[(∫ t

κ
f ′κ(u)du

)
(1− βα,ρ,a(κ, s))

]z
κ
−
∫ z

κ
f ′κ(s)(1− βα,ρ,a(κ, s))ds

+

∫ ∞
z

(∫ s

κ
ζ ′κ(u)du

)
ds(1− βα,ρ,a(κ, s))

∣∣∣∣
=

∣∣∣∣ (∫ z

κ
f ′κ(u)du

)
(1− βα,ρ,a(κ, z))−

∫ z

κ
ζ ′κ(s)(1− βα,ρ,a(κ, s))ds

+

[(∫ t

κ
f ′κ(u)du

)
(1− βα,ρ,a(κ, s))

]∞
z

−
∫ ∞
z

ζ ′κ(s)(1− βα,ρ,a(κ, s))ds
∣∣∣∣

=

∣∣∣∣ ∫ z

κ
ζ ′κ(s)(1− βα,ρ,a(κ, s))ds+

∫ ∞
z

ζ ′κ(s)(1− βα,ρ,a(κ, s))ds
∣∣∣∣

< ρ
λϕ2(κ)

α

∫ ∞
z

υsκ(ζ ′)κ(s− κ)−2ds+

∫ z

κ
υsκ(ζ ′κ)ds

≤ ρ
λϕ2(κ)

α

∫ ∞
κ+κ/

√
α
υsκ(ζ ′κ)(s− κ)−2ds+

κ√
α
υκ+κ/

√
α

κ (ζ ′κ).(23)
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Putting u = κ/(s− κ), we get

ρ
λϕ2(κ)

α

∫ ∞
κ+κ/

√
α
υsκ(ζ ′κ)(s− κ)−2ds = ρ

λϕ2(κ)

κα

∫ √α
0

υκ+κ/u
κ (ζ ′κ)du

≤ ρ
λ(1 + κ)

α

[
√
α ]∑

τ=1

∫ τ+1

τ
υκ+κ/u
κ (ζ ′κ)du

≤ ρ
λ(1 + κ)

α

[
√
α ]∑

τ=1

υκ+κ/τ
κ (ζ ′κ)(24)

Again combining (23)-(24), we get

|Bα,ρ,a(ζ
′
κ,κ)| ≤ ρλ(1 + κ)

α

[
√
α ]∑

τ=1

υκ+κ/τ
κ (ζ ′κ) +

κ√
α
υκ+κ/

√
α

κ (ζ ′κ).(25)

Combining (21), (22) and (25), we get the required result. �
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1. Introduction

The beta distribution is the well-known distribution for modeling proportional or percent-
age data such as mortality rate, recovery rate, proportion of the educational measurements,
etc. The Kumaraswamy distribution [8] is another important unit distribution that was pro-
posed as an alternative to the beta distribution. Except for the beta and Kumaraswamy
distributions, many new unit distributions are introduced. Some of these can be given as [4],
[6], [7] and [11].

The generalized Marshall-Olkin Weibull (GMOW) distribution was introduced by [1]. If
the random variable X has the GMOW distribution then the probability density function
(pdf) and cumulative distribution function (cdf) are given, respectively, by,

g(x;Ξ) =
βθxβ−1

{
(1− α) (1− λ) exp

(
−θxβ

)
+ (1 + α− λ) exp

(
θxβ

)
+ 2λ− 2

}
(1− exp (θxβ)− α)2

, x > 0(1)

and

G(x; Ξ) =
λ
(
1− exp

(
−θxβ

))
+ (1− λ)

(
1− exp

(
−θxβ

))2
α+ (1− α) (1− exp (−θxβ))

,(2)

where θ > 0 is scale parameter, λ, α ∈ (0, 1) and β > 0 are shape parameters and Ξ =
(θ, β, λ, α) represents the parameter vector. Some distributional properties of the GMOW
distribution were examined by [1] and some estimators were also studied for estimating the
model parameters.

In this study, a new unit distribution is constructed based on the GMOW distribution.
The exp (−X) transformation is used to generate the new distribution, where the random
variable X has the GMOW distribution. The rest of the study is organized as follows: In
Section 2, the new model is defined and some of its basic properties are examined. In Section
3, five estimators are discussed to estimate the unknown model parameters. The Monte
Carlo simulation study is conducted to assess the performance of the estimators in Section
4. In Section 5, two real data sets are analyzed. Finally, the paper ends with a conclusion in
Section 6.

2. Unit Generalized Marshall-Olkin Weibull Distribution

The new model is introduced as follows: Let X be a random variable having the GMOW
distribution with parameter vector Ξ. The Y = exp (−X) transformation is used to achieve
the new distribution. Then, the pdf and cdf of Y are obtained, respectively, by,
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f(y;Ξ) =
βθ (− log (y))β−1

{
(1− α) (1− λ) exp

(
−θ (− log (y))β

)
+ (1 + α− λ) exp

(
θ (− log (y))β

)
+ 2λ− 2

}
y
(
1− exp

(
θ (− log (y))β

)
− α

)2
(3)

and

F (y; Ξ) =
1 + α− λ+ (λ− 1) exp

{
−θ (− log (y))β

}
exp

{
θ (− log (y))β

}
+ α− 1

,(4)

where y ∈ (0, 1). The new unit distribution is called as unit generalized Marshall-Olkin
Weibull (UGMOW) distribution and is denoted by UGMOW (Ξ). The hazard rate function
(hrf) of the UGMOW distribution is presented by

h(y;Ξ) =
βθ (− log (y))β−1

{
(1− α) (1− λ) exp

(
−θ (− log (y))β

)
+ (1 + α− λ) exp

(
θ (− log (y))β

)
+ 2λ− 2

}
y
(
1− exp

(
θ (− log (y))β

)
− α

)2{
1− 1+α−λ+(λ−1) exp{−θ(− log(y))β}

exp{θ(− log(y))β}+α−1

} .

The pdf and hrf plots are presented for some parameter choices of Ξ in Figures 1 and 2,
respectively. From Figure 1, it is seen that the pdf is decreasing, increasing and unimodal.
It is also concluded from Figure 2 that the hrf is increasing and bathtub shaped.
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Figure 1. The pdf plot of UGMOW distribution for some choices of Ξ

The quantile function of the UGMOW distribution can be obtained by

(5) yu (Ξ) = exp

−
{

log

(
α−λ+1+u−uα+

√
α2(u−1)2−2α(u−1)(1+u−λ)+(u+λ−1)2

2u

)}1/β

θ1/β

 ,
where 0 < u < 1. The median of the UGMOW distribution is obtained by taking u = 0.5 in
Equation (5).
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Figure 2. The hrf plot of UGMOW distribution for some choices of Ξ

3. Different Estimation Methods

In this section, five estimators for estimating unknown parameters of the UGMOW (Ξ)
distribution are examined. The maximum likelihood, least squares, weighted least squares,
Cramér-von Mises and Anderson-Darling estimators are studied. Let Y1, Y2, . . . , Yn be a ran-
dom sample from UGMOW(Ξ) distribution and Y(1), Y(2), . . . , Y(n) represents the related
order statistics. Moreover, y(i) indicates the observed value of Y(i) for i = 1, 2, . . . , n. Then,
the log-likelihood function is obtained by

` (Ξ) ≈ n log (βθ) + (β − 1)
n∑
i=1

log ((− log (yi)))

+

n∑
i=1

log
{

(1− α) (1− λ) exp
(
−θ (− log (yi))

β
)

+ (1 + α− λ) exp
(
θ (− log (yi))

β
)

+ 2λ− 2
}

− 2
n∑
i=1

log
(

1− exp
(
θ (− log (yi))

β
)
− α

)
.

(6)

Then, the maximum likelihood estimator (MLE) of Ξ, say Ξ̂1, is achieved by

(7) Ξ̂1 = arg max
Ξ

` (Ξ) .

Let us give the following functions which help to obtain the other four estimators:

QLS (Ξ) =
n∑
i=1

1 + α− λ+ (λ− 1) exp
{
−θ
(
− log

(
y(i)

))β}
exp

{
θ
(
− log

(
y(i)

))β}
+ α− 1

− i

n+ 1

2

,
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QWLS (Ξ) =

n∑
i=1

(n+ 2)(n+ 1)2

i(n− i+ 1)

1 + α− λ+ (λ− 1) exp
{
−θ
(
− log

(
y(i)

))β}
exp

{
θ
(
− log

(
y(i)

))β}
+ α− 1

− i

n+ 1

2

,

QAD (Ξ) =

− n− 1

n

n∑
i=1

(2i− 1) log

1 + α− λ+ (λ− 1) exp
{
−θ
(
− log

(
y(i)

))β}
exp

{
θ
(
− log

(
y(i)

))β}
+ α− 1


+

1

n

n∑
i=1

log

1−
1 + α− λ+ (λ− 1) exp

{
−θ
(
− log

(
y(i)

))β}
exp

{
θ
(
− log

(
y(i)

))β}
+ α− 1

 ,

and

QCvM (Ξ) =
1

12n
+

n∑
i=1

1 + α− λ+ (λ− 1) exp
{
−θ
(
− log

(
y(i)

))β}
exp

{
θ
(
− log

(
y(i)

))β}
+ α− 1

−2i− 1

2n

2

.

Then, the least squares estimator (LSE), weighted least squares estimator (WLSE), Ander-
son Darling estimator (ADE) and the Cramér-von Mises estimator (CvME) of Ξ are obtained,
respectively, by

Ξ̂2 = arg min
Ξ

QLS (Ξ) ,(8)

Ξ̂3 = arg min
Ξ

QWLS (Ξ) ,(9)

Ξ̂4 = arg min
Ξ

QAD (Ξ) ,(10)

Ξ̂5 = arg min
Ξ

QCvM (Ξ) .(11)

All optimization problems given in Equations (7)-(11) are solved with the optim function
in R.

4. Monte Carlo Simulation Experiment

In this section, the bias and mean square errors (MSEs) of all estimators are estimated
for UGMOW parameters via Monte Carlo simulation based on 5000 trials. Different sam-
ple of sizes are selected in the simulation study. Five parameter settings, such as Ξ1 =
(2, 1.5, 0.5, 0.3), Ξ2 = (1.5, 0.5, 0.9, 0.7), Ξ3 = (0.5, 0.5, 0.5, 0.5), Ξ4 = (1, 1, 0.4, 0.6) and
Ξ5 = (5, 3, 0.4, 0.4) are considered. Simulation results are reported in Tables 1-2. From
Tables 1-2, it can be concluded that the bias and MSEs of all estimates decrease to zero.

5. Real Data Applications

In this section, two real data analyses are conducted to show the ability of the UGMOW
distribution. Some competitor unit distributions such as beta (B), Kumaraswamy (Kw),
unit-Lindley (UL) [9], unit-Lindley (UL2) [10], the Topp-Leone (TL) [12] and unit Burr-XII
(UBXII) [7] are selected for comparing the fitting results. Real data analyses are performed
based on the MLE method for all models. The pdfs of all models are given in Table 3.

The MLEs of the distribution parameters, log-likelihood value (`), Akaike’s information
criteria (AIC), Bayesian information criterion (BIC), consistent AIC (CAIC), Hannan-Quinn
information criterion (HQIC), Kolmogorov-Smirnov statistics (KS), Anderson-Darling statis-
tics (AD), Cramér von Mises statistic (CvM) and p-values of statistics (KS p-value, AD p-
value and CvM p-value) are given in Tables 5-6 for maximum flood levels data and petroleum
reservoirs data, respectively.

The first data set represents the maximum flood levels data and is taken from [3]. For
detailed information about the data, one can consult [3] and [5]. In addition, the UGMOW
distribution gave better results than all distributions in [5] for the first data set. The first
data is given as follow: 0.654, 0.613, 0.315, 0.449, 0.297, 0.402, 0.379, 0.423, 0.379, 0.3235,
0.269, 0.740, 0.418, 0.412, 0.494, 0.416, 0.338, 0.392, 0.484, 0.265.
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Table 1. Average bias for five parameter settings

Ξ̂1 Ξ̂2 Ξ̂3 Ξ̂4 Ξ̂5

n Ξ θ β λ α θ β λ α θ β λ α θ β λ α θ β λ α
25 -0.3778 0.9404 0.0733 -0.2489 -0.5372 0.7757 0.0813 -0.2376 -0.5303 0.6550 0.0773 -0.2248 -0.4756 0.7212 0.0924 -0.2307 -0.3496 1.0201 0.0806 -0.2523
50 -0.3510 0.5538 0.0527 -0.2013 -0.4432 0.5747 0.0626 -0.2089 -0.4016 0.4557 0.0466 -0.1901 -0.3916 0.4690 0.0686 -0.1903 -0.3666 0.7098 0.0597 -0.2244
75 -0.2946 0.4252 0.0418 -0.1739 -0.3830 0.4790 0.0507 -0.1905 -0.3484 0.3884 0.0488 -0.1712 -0.3212 0.3774 0.0512 -0.1663 -0.3393 0.5732 0.0475 -0.2049
100 Ξ1 -0.2708 0.3463 0.0463 -0.1524 -0.3356 0.4106 0.0503 -0.1721 -0.2939 0.3240 0.0394 -0.1541 -0.2891 0.3197 0.0540 -0.1493 -0.3065 0.4823 0.0465 -0.1867
125 -0.2547 0.2884 0.0393 -0.1341 -0.3182 0.3602 0.0405 -0.1600 -0.2817 0.2832 0.0340 -0.1424 -0.2720 0.2758 0.0441 -0.1356 -0.2978 0.4184 0.0361 -0.1736
250 -0.1645 0.1703 0.0349 -0.0825 -0.2202 0.2397 0.0355 -0.1133 -0.1847 0.1820 0.0259 -0.0983 -0.1818 0.1777 0.0399 -0.0882 -0.2149 0.2708 0.0318 -0.1252
500 -0.1147 0.0991 0.0483 -0.0407 -0.1553 0.1498 0.0426 -0.0710 -0.1310 0.1131 0.0422 -0.0553 -0.1255 0.1068 0.0466 -0.0492 -0.1548 0.1664 0.0400 -0.0797
25 -0.6324 0.4144 -0.2454 -0.6461 -0.7395 0.3571 -0.2103 -0.6333 -0.7270 0.3188 -0.2012 -0.6217 -0.6803 0.3396 -0.2065 -0.6314 -0.6577 0.4500 -0.2321 -0.6534
50 -0.5216 0.2474 -0.2590 -0.5908 -0.6315 0.2568 -0.2290 -0.5948 -0.5784 0.2177 -0.2334 -0.5761 -0.5588 0.2205 -0.2278 -0.5806 -0.6080 0.3076 -0.2494 -0.6191
75 -0.4294 0.1874 -0.2669 -0.5507 -0.5408 0.2109 -0.2388 -0.5657 -0.4766 0.1760 -0.2510 -0.5484 -0.4545 0.1718 -0.2502 -0.5458 -0.5323 0.2466 -0.2584 -0.5916
100 Ξ2 -0.3744 0.1575 -0.2686 -0.5239 -0.4827 0.1853 -0.2454 -0.5465 -0.3996 0.1477 -0.2754 -0.5284 -0.4091 0.1518 -0.2480 -0.5243 -0.4797 0.2128 -0.2628 -0.5706
125 -0.3282 0.1332 -0.2779 -0.5023 -0.4350 0.1659 -0.2574 -0.5289 -0.3797 0.1372 -0.2644 -0.5117 -0.3656 0.1333 -0.2599 -0.5073 -0.4363 0.1883 -0.2726 -0.5525
250 -0.2054 0.0784 -0.2805 -0.4204 -0.3165 0.1121 -0.2617 -0.4651 -0.2592 0.0899 -0.2758 -0.4480 -0.2497 0.0864 -0.2680 -0.4390 -0.3233 0.1246 -0.2746 -0.4870
500 -0.1009 0.0444 -0.2825 -0.3422 -0.2039 0.0755 -0.2737 -0.4021 -0.1503 0.0568 -0.2902 -0.3844 -0.1433 0.0544 -0.2830 -0.3749 -0.2109 0.0823 -0.2824 -0.4190
25 -0.2618 0.2583 -0.0136 -0.4166 -0.2856 0.2616 0.0177 -0.4277 -0.2123 0.1846 -0.0274 -0.3912 -0.2388 0.1976 0.0065 -0.4004 -0.3206 0.3530 0.0194 -0.4499
50 -0.1946 0.1444 -0.0287 -0.3226 -0.2730 0.2249 0.0229 -0.3706 -0.2085 0.1545 -0.0147 -0.3295 -0.1732 0.1261 -0.0353 -0.3160 -0.3102 0.2828 0.0300 -0.4044
75 -0.1483 0.1093 -0.0500 -0.2732 -0.2575 0.2093 0.0032 -0.3601 -0.1545 0.1282 -0.0847 -0.3089 -0.1780 0.1252 -0.0212 -0.2937 -0.2846 0.2490 0.0065 -0.3862
100 Ξ3 -0.1090 0.0823 -0.0593 -0.2456 -0.2422 0.1840 0.0100 -0.3533 -0.1700 0.1220 -0.0337 -0.3061 -0.1601 0.1065 -0.0170 -0.2841 -0.2637 0.2134 0.0117 -0.3747
125 -0.0887 0.0665 -0.0422 -0.2037 -0.2199 0.1605 0.0266 -0.3134 -0.1346 0.0977 -0.0425 -0.2603 -0.1340 0.0896 -0.0140 -0.2436 -0.2411 0.1853 0.0266 -0.3386
250 -0.0729 0.0472 -0.0362 -0.1573 -0.1437 0.1020 -0.0233 -0.2372 -0.1225 0.0752 -0.0085 -0.2016 -0.1028 0.0631 -0.0310 -0.2006 -0.1607 0.1156 -0.0203 -0.2597
500 -0.0416 0.0242 -0.0355 -0.1120 -0.1227 0.0739 0.0148 -0.1788 -0.0853 0.0472 -0.0094 -0.1523 -0.0791 0.0430 -0.0042 -0.1400 -0.1333 0.0814 0.0120 -0.1983
25 -0.4679 0.7538 0.1101 -0.5175 -0.4668 0.6763 0.1139 -0.4818 -0.4344 0.5688 0.1257 -0.4698 -0.4368 0.5945 0.1241 -0.4952 -0.5163 0.8953 0.1192 -0.5260
50 -0.3654 0.3770 0.0901 -0.4178 -0.3287 0.3788 0.0232 -0.3835 -0.2618 0.2686 0.0220 -0.3461 -0.3137 0.2991 0.0524 -0.3986 -0.3777 0.4901 0.0212 -0.4410
75 -0.3029 0.2802 0.0563 -0.3726 -0.2693 0.3028 -0.0338 -0.3658 -0.2615 0.2497 0.0036 -0.3502 -0.2399 0.2242 -0.0264 -0.3758 -0.3091 0.3771 -0.0345 -0.4144
100 Ξ4 -0.2651 0.2200 0.0506 -0.3139 -0.1728 0.1904 -0.1048 -0.3073 -0.1701 0.1530 -0.0714 -0.2958 -0.1835 0.1565 -0.0731 -0.3296 -0.2061 0.2421 -0.1117 -0.3598
125 -0.2045 0.1644 0.0317 -0.2606 -0.1074 0.1216 -0.1436 -0.2701 -0.1383 0.1165 -0.0597 -0.2463 -0.1272 0.1049 -0.1011 -0.2890 -0.1375 0.1621 -0.1521 -0.3229
250 -0.0917 0.0651 -0.0246 -0.1652 -0.0563 0.0525 -0.1759 -0.2442 -0.0638 0.0455 -0.1258 -0.2178 -0.0653 0.0460 -0.1233 -0.2228 -0.0785 0.0744 -0.1827 -0.2862
500 -0.0352 0.0243 -0.0368 -0.0987 -0.0176 0.0109 -0.1925 -0.2233 -0.0219 0.0119 -0.1414 -0.1839 -0.0174 0.0088 -0.1451 -0.1840 -0.0332 0.0235 -0.1982 -0.2547
25 1.7978 1.9931 0.1502 -0.3441 -0.2843 1.4478 0.1768 -0.3237 0.2689 1.3891 0.1564 -0.3124 0.4703 1.5146 0.1653 -0.3205 0.5757 1.8201 0.1778 -0.3373
50 0.3689 1.2692 0.1133 -0.2969 -0.1480 1.1958 0.1357 -0.2892 -0.0597 1.0218 0.1069 -0.2715 -0.0117 1.0580 0.1186 -0.2789 0.3510 1.4296 0.1290 -0.3064
75 0.1585 1.0044 0.0882 -0.2621 -0.0040 1.0313 0.0897 -0.2584 -0.0560 0.8596 0.0658 -0.2542 -0.0247 0.8702 0.0795 -0.2501 0.3297 1.2042 0.0863 -0.2778
100 Ξ5 0.0141 0.8661 0.1038 -0.2349 -0.0519 0.9577 0.1001 -0.2420 -0.1052 0.7658 0.0688 -0.2335 -0.1043 0.7943 0.0983 -0.2297 0.2069 1.0941 0.0932 -0.2623
125 -0.0103 0.7551 0.0973 -0.2153 -0.0114 0.8453 0.0910 -0.2170 -0.0943 0.6952 0.0751 -0.2143 -0.0946 0.7066 0.0963 -0.2099 0.1938 0.9580 0.0836 -0.2389
250 -0.0762 0.5067 0.0836 -0.1569 -0.0101 0.5889 0.0478 -0.1744 -0.0855 0.4935 0.0544 -0.1688 -0.0908 0.4768 0.0612 -0.1624 0.0850 0.6496 0.0428 -0.1920
500 -0.0793 0.3140 0.0689 -0.0925 -0.0262 0.3581 0.0101 -0.1230 -0.0729 0.2946 0.0104 -0.1274 -0.0753 0.2867 0.0183 -0.1200 0.0142 0.3909 0.0062 -0.1385

Table 2. Average MSEs for five parameter settings

Ξ̂1 Ξ̂2 Ξ̂3 Ξ̂4 Ξ̂5

n Ξ θ β λ α θ β λ α θ β λ α θ β λ α θ β λ α
25 0.6603 1.2195 0.0370 0.0672 0.8271 1.0210 0.0536 0.0657 0.8463 0.8179 0.0633 0.0627 0.6878 0.8179 0.0535 0.0589 0.8306 1.4864 0.0437 0.0681
50 0.3351 0.4596 0.0332 0.0503 0.5065 0.5641 0.0472 0.0552 0.4323 0.4056 0.0526 0.0501 0.3861 0.3624 0.0451 0.0449 0.4693 0.7470 0.0385 0.0565
75 0.2355 0.2851 0.0312 0.0417 0.3582 0.3920 0.0423 0.0478 0.2969 0.2780 0.0437 0.0420 0.2660 0.2447 0.0406 0.0385 0.3317 0.4948 0.0348 0.0491
100 Ξ1 0.1949 0.1978 0.0297 0.0358 0.2900 0.2977 0.0406 0.0436 0.2257 0.2070 0.0412 0.0371 0.2136 0.1800 0.0372 0.0330 0.2713 0.3632 0.0339 0.0438
125 0.1655 0.1472 0.0302 0.0322 0.2381 0.2334 0.0391 0.0407 0.1910 0.1577 0.0390 0.0336 0.1804 0.1391 0.0363 0.0306 0.2234 0.2804 0.0326 0.0403
250 0.0874 0.0620 0.0280 0.0225 0.1320 0.1125 0.0355 0.0314 0.0989 0.0720 0.0335 0.0252 0.0952 0.0643 0.0314 0.0228 0.1272 0.1284 0.0308 0.0297
500 0.0547 0.0293 0.0260 0.0173 0.0812 0.0558 0.0337 0.0248 0.0608 0.0351 0.0281 0.0192 0.0590 0.0319 0.0284 0.0178 0.0794 0.0609 0.0305 0.0231
25 0.5571 0.2166 0.0779 0.4234 0.7113 0.1866 0.0665 0.4114 0.6959 0.1535 0.0658 0.3975 0.6069 0.1550 0.0650 0.4032 0.6377 0.2676 0.0727 0.4298
50 0.3662 0.0791 0.0843 0.3604 0.5029 0.0946 0.0738 0.3687 0.4436 0.0705 0.0807 0.3464 0.4030 0.0654 0.0726 0.3461 0.4711 0.1242 0.0798 0.3894
75 0.2594 0.0469 0.0886 0.3183 0.3785 0.0642 0.0789 0.3379 0.3159 0.0465 0.0893 0.3149 0.2804 0.0412 0.0868 0.3098 0.3627 0.0805 0.0845 0.3584
100 Ξ2 0.2023 0.0336 0.0898 0.2905 0.3063 0.0493 0.0815 0.3166 0.2358 0.0343 0.1087 0.2933 0.2263 0.0314 0.0811 0.2866 0.2972 0.0601 0.0866 0.3355
125 0.1620 0.0245 0.0958 0.2697 0.2567 0.0398 0.0872 0.3011 0.1991 0.0272 0.0904 0.2767 0.1843 0.0244 0.0868 0.2702 0.2516 0.0476 0.0915 0.3184
250 0.0809 0.0098 0.0981 0.2011 0.1447 0.0191 0.0886 0.2433 0.1011 0.0123 0.0955 0.2198 0.0939 0.0110 0.0901 0.2110 0.1450 0.0219 0.0924 0.2571
500 0.0395 0.0041 0.1010 0.1463 0.0787 0.0096 0.0954 0.1936 0.0493 0.0056 0.1027 0.1701 0.0460 0.0051 0.0983 0.1622 0.0788 0.0106 0.0979 0.2024
25 0.0974 0.0965 0.0227 0.1921 0.1054 0.1163 0.0342 0.1958 0.0883 0.0769 0.0485 0.1803 0.0827 0.0645 0.0365 0.1770 0.1188 0.1759 0.0260 0.2073
50 0.0694 0.0372 0.0275 0.1346 0.1043 0.0844 0.0301 0.1663 0.0781 0.0516 0.0404 0.1449 0.0760 0.0346 0.0438 0.1291 0.1143 0.1130 0.0230 0.1776
75 0.0503 0.0243 0.0349 0.1089 0.0916 0.0678 0.0336 0.1560 0.0725 0.0389 0.0511 0.1357 0.0589 0.0287 0.0428 0.1177 0.0997 0.0854 0.0273 0.1643
100 Ξ3 0.0444 0.0187 0.0425 0.0994 0.0810 0.0522 0.0359 0.1499 0.0605 0.0308 0.0485 0.1287 0.0505 0.0226 0.0479 0.1114 0.0871 0.0635 0.0303 0.1562
125 0.0402 0.0148 0.0461 0.0840 0.0770 0.0429 0.0421 0.1338 0.0563 0.0244 0.0510 0.1140 0.0487 0.0190 0.0517 0.0982 0.0814 0.0512 0.0366 0.1392
250 0.0306 0.0090 0.0409 0.0664 0.0634 0.0241 0.0407 0.1070 0.0425 0.0138 0.0387 0.0877 0.0383 0.0115 0.0468 0.0812 0.0644 0.0269 0.0390 0.1079
500 0.0197 0.0041 0.0426 0.0520 0.0407 0.0124 0.0393 0.0827 0.0269 0.0067 0.0409 0.0663 0.0250 0.0059 0.0435 0.0610 0.0410 0.0134 0.0367 0.0815
25 0.3032 0.7687 0.0292 0.2829 0.3173 0.7904 0.0452 0.2676 0.2749 0.5860 0.0524 0.2536 0.2642 0.5283 0.0464 0.2598 0.3391 1.1559 0.0416 0.2912
50 0.1880 0.2148 0.0319 0.1968 0.2332 0.3524 0.0498 0.2070 0.1790 0.2060 0.0492 0.1876 0.1628 0.1756 0.0499 0.1875 0.2529 0.4666 0.0515 0.2300
75 0.1439 0.1279 0.0329 0.1677 0.1930 0.2573 0.0448 0.1960 0.1488 0.1599 0.0402 0.1805 0.1283 0.1210 0.0390 0.1739 0.2070 0.3198 0.0486 0.2132
100 Ξ4 0.1258 0.0916 0.0427 0.1340 0.1636 0.1781 0.0556 0.1662 0.1213 0.1045 0.0456 0.1547 0.1111 0.0857 0.0477 0.1529 0.1721 0.2120 0.0614 0.1833
125 0.0987 0.0644 0.0486 0.1076 0.1315 0.1313 0.0665 0.1478 0.1036 0.0760 0.0549 0.1284 0.0871 0.0596 0.0541 0.1317 0.1365 0.1527 0.0725 0.1628
250 0.0563 0.0261 0.0481 0.0703 0.0852 0.0666 0.0707 0.1317 0.0620 0.0352 0.0560 0.1132 0.0584 0.0318 0.0539 0.1036 0.0858 0.0725 0.0754 0.1409
500 0.0362 0.0139 0.0498 0.0549 0.0502 0.0291 0.0701 0.1213 0.0355 0.0163 0.0524 0.0948 0.0334 0.0147 0.0522 0.0904 0.0495 0.0305 0.0734 0.1263
25 20.4886 5.2146 0.0516 0.1255 3.7788 3.1755 0.0743 0.1171 13.8506 3.4367 0.0797 0.1158 7.7387 3.3701 0.0710 0.1132 4.5186 4.3323 0.0671 0.1213
50 3.4873 2.2394 0.0419 0.0994 2.7480 2.1948 0.0610 0.1026 3.8916 1.9020 0.0607 0.0964 2.7079 1.7328 0.0566 0.0917 3.2226 2.8200 0.0537 0.1065
75 1.4632 1.4392 0.0384 0.0838 2.0277 1.7567 0.0534 0.0953 1.9253 1.3378 0.0544 0.0869 1.4369 1.2246 0.0496 0.0804 2.3326 2.1478 0.0478 0.0968
100 Ξ5 0.9569 1.0977 0.0438 0.0723 1.6124 1.5104 0.0559 0.0877 1.2732 1.0989 0.0551 0.0786 1.0644 1.0068 0.0530 0.0713 1.8076 1.8039 0.0507 0.0886
125 0.7681 0.8691 0.0429 0.0644 1.4218 1.2663 0.0549 0.0817 1.0649 0.8907 0.0527 0.0714 0.8896 0.8180 0.0519 0.0642 1.5856 1.4835 0.0506 0.0817
250 0.3217 0.4399 0.0418 0.0464 0.6494 0.7580 0.0505 0.0694 0.4044 0.4960 0.0479 0.0577 0.3703 0.4492 0.0476 0.0513 0.6927 0.8435 0.0477 0.0678
500 0.1616 0.2216 0.0462 0.0378 0.2765 0.4227 0.0477 0.0584 0.1798 0.2561 0.0478 0.0492 0.1738 0.2375 0.0491 0.0461 0.2836 0.4492 0.0467 0.0558

Table 3. List of the distributions with pdfs and domains of parameters

Distribution Pdf Domains of parameters

UGMOW p1p2(− log(y))p2−1{(1−p4)(1−p3) exp(−p1(− log(y))p2 )+(1+p4−p3) exp(p1(− log(y))p2 )+2p3−2}
y(1−exp(p1(− log(y))p2 )−p4)2

, p1, p2 > 0; p3, p4 ∈ (0, 1)

B Γ(p1+p2)
Γ(p1)Γ(p2)y

p1−1 (1− y)p2−1 , p1, p2 > 0

K p1p2y
p1−1 (1− yp1)p2−1 , p1, p2 > 0

UL
p21

(1+p1)(1−y)3 exp
(
p1y
1−y

) , p1 > 0

UL2
p21

(1+p1)y3 exp
(
p1(1−y)

y

) , p1 > 0

TL p1 (2− 2y)
(
2y − y2

)p1−1
, p1 > 0

UBXII p1p2y
−1 (− log (y))p1−1 (1 + (− log (y))p2)−p1−1 , p1, p2 > 0

The second data set illustrates the twelve core samples from petroleum reservoirs and is
taken from [2]. The second data is presented as follow: 0.0903, 0.2036, 0.2043, 0.2808, 0.1976,
0.3286, 0.1486, 0.1623, 0.2627, 0.1794, 0.3266, 0.2300, 0.1833, 0.1509, 0.2000, 0.1918, 0.1541,
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0.4641, 0.1170, 0.1481, 0.1448, 0.1330, 0.2760, 0.4204, 0.1224, 0.2285, 0.1138, 0.2252, 0.1769,
0.2007, 0.1670, 0.2316, 0.2910, 0.3412, 0.4387, 0.2626, 0.1896, 0.1725, 0.2400, 0.3116, 0.1635,
0.1824, 0.1641, 0.1534, 0.1618, 0.2760, 0.2538, 0.2004. Some descriptive statistics, such as
mean, variance, skewness, kurtosis, median, minimum and maximum are reported in Table
4 for two data sets.

Table 4. Some descriptive statistics for the maximum flood levels and
petroleum reservoirs data

Data n Mean Variance Skewness Kurtosis Median Minimum Maximum
Maximum flood levels 20 0.4231 0.0156 1.1558 1.1534 0.4070 0.2650 0.7400
Petroleum reservoirs 48 0.2181 0.0069 1.2073 1.3709 0.1989 0.0903 0.4641

Table 5. The analysis results for the maximum flood levels data

UGMOW B K UL UL2 TL UBXII
` 17.0687 14.0622 12.8662 7.1406 9.1966 7.3674 14.5944

AIC -26.1374 -24.1245 -21.7324 -12.2812 -16.3932 -12.7348 -25.1889
BIC -22.1545 -22.1330 -19.7409 -11.2855 -15.3974 -11.7391 -23.1974

CAIC -23.4708 -23.4186 -21.0265 -12.0590 -16.1709 -12.5126 -24.4830
HQIC -25.3599 -23.7357 -21.3436 -12.0868 -16.1988 -12.5404 -24.8001

KS 0.1377 0.1988 0.2109 0.3182 0.2964 0.3352 0.1794
AD 0.2475 0.7327 0.9322 2.2801 2.3172 2.8762 0.6002

CvM 0.0456 0.1236 0.1636 0.4348 0.4413 0.5769 0.0894
KS p-value 0.8429 0.4082 0.3359 0.0349 0.0595 0.0224 0.5389
AD p-value 0.9716 0.5302 0.3936 0.0654 0.0625 0.0321 0.6457

CVM p-value 0.9077 0.4847 0.3528 0.0576 0.0553 0.0245 0.6444
p1 0.8217 6.568 3.3632 1.6205 0.9773 2.2446 1.6501
p2 4.7739 9.1114 11.7892 4.8034
p3 0.1194
p4 0.0097

Table 6. The analysis results for the petroleum reservoirs data

UGMOW B K UL UL2 TL UBXII
` 58.4579 55.5993 52.4910 35.3501 43.9113 21.1660 37.2404

AIC -108.9159 -10.1985 -100.9821 -68.7001 -85.8227 -40.3320 -70.4807
BIC -101.4310 -103.4561 -97.2397 -66.8289 -83.9515 -38.4608 -66.7383

CAIC -107.9856 -106.9319 -100.7154 -68.6132 -85.7357 -40.2450 -70.2140
HQIC -106.0873 -105.7843 -99.5678 -67.9930 -85.1156 -39.6249 -69.0665

KS 0.0748 0.1428 0.1533 0.3237 0.2277 0.3080 0.2592
AD 0.1760 0.7769 1.2891 6.5496 4.5250 10.5685 5.7918

CvM 0.0247 0.1301 0.2060 1.2775 0.8112 2.1463 1.1861
KS p-value 0.9509 0.2820 0.2092 0.0001 0.0138 0.0000 0.0032
AD p-value 0.9957 0.4973 0.2358 0.0006 0.0049 0.0000 0.0012

CVM p-value 0.9909 0.4579 0.2566 0.0005 0.0066 0.0000 0.0008
p1 0.0480 5.9415 2.7187 4.0491 0.4077 0.9894 0.2305
p2 5.4501 21.2047 44.6587 9.6042
p3 0.0929
p4 0.0526

As can be seen from Tables 5-6, the modeling ability of the UGMOW distribution is quite
effective. According to many criteria, the UGMOW distribution gives better results than
other distributions. Therefore, it can be said that the UGMOW distribution is a proper
alternative distribution for modeling the bounded data.

6. Conclusion

In this study, a new unit distribution called as unit generalized Marshall-Olkin Weibull is
introduced. Some basic function of the new distribution is presented. The shapes of the prob-
ability density function and hazard rate function are illustrated. It is found that the hazard
rate function has very flexible shapes and its effective in modeling. Five estimation methods
are investigated to estimate the unknown parameters of the new model. The performance
of the estimators is evaluated via Monte Carlo simulation. The simulation results show that
all estimators gave similar findings. In order to demonstrate the applicability of UGMOW
distribution, two real data, such as maximum flood levels data and petroleum reservoirs data,
are also examined.
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Classification of Eye Diseases Based on Retinal
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Abstract. Deep learning networks are widely used in many fields due to their classifi-
cation capabilities. One of these fields is Medicine. Especially with the effect of developing
medical imaging techniques, deep learning networks are used in the diagnosis of many dis-
eases. In this study, diseases such as Diabetic Retinopathy, Cataract and Glaucoma, which
are among the most common eye diseases, are diagnosed by using deep learning networks.
For this, seven different convolutional neural network architectures are used. These are
RESNET, Densenet121, Mobilenet and EfficientNET-B3,B5,B6,B7 architectures. The study
data consists of retinal images of people with related diseases. These images are collected
from various web source. The performances of different types of architectures are compared
using approximately 5000 retinal images. The most successful performance is achieved with
the classification model using Efficient-B6-B7 architectures with an accuracy rate of 92.89%.
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1. Introduction

Deep learning, also known as deep learning networks or deep neural networks in the lit-
erature, first emerged in 2006 as a sub-field of machine learning. Simply put, deep learning
networks are types of traditional neural networks that have more hidden layers. Until the
discovery of deep learning networks, artificial neural networks are not very successful com-
pared to traditional methods, except for a few special problems [16]. Deep learning networks
are very successful in areas such as image recognition, voice recognition, natural language
processing. For this reason, they are frequently used in solving different types of problems
such as classification, clustering, anomaly detection in various fields. One of the fields where
deep learning is used most frequently is medicine. The outputs obtained as a result of medical
imaging techniques are very suitable materials for the superior capabilities of deep learning
networks in image recognition. The success of deep learning networks in classifying these
medical images has been demonstrated in many studies.

In this study, eye diseases are diagnosed using various deep learning architectures. Retinal
images are used for the diagnosis of diabetic retinopathy, cataract and glaucoma, which are the
most common eye diseases among the public. The definitive diagnosis of these diseases is made
as a result of expert examination of retinal images. In places where the number of patients is
high, the number of specialist personnel can insufficient. Computer-aided diagnostic models
are very important in order to minimize the delays caused by this inadequacy. Classification
models that diagnose disease with high success using retinal images will ease the burden of
specialist health personnel. There are many studies in the literature for this purpose. These
studies are generally carried out for the diagnosis of a single disease. The most distinctive
feature of this study that distinguishes it from its similar is the ability to diagnose three
different types of diseases in a single model.

• Diabetic Retinopathy

Diabetes Mellitus is a chronic disease in which blood sugar levels tend to rise due to the
inability of the pancreas to produce or secrete enough blood insulin [3]. Diabetic Retinopathy
(DR) is a common specific microvascular complication of diabetes. In DR, swelling that occurs
as a result of glucose blocking the blood vessels feeding the eye causes serious eye injuries.
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Figure 1. Eye with diabetic retinopathy

• Glaucoma

Glaucoma is a group of eye diseases that impair vision by damaging the intraocular optic
nerves [4]. It causes vision loss and blindness and is often incurable [13]. The most common
type, open-angle glaucoma often develops without any symptoms and can be difficult to
detect without loss of vision. The most common symptoms are high intraocular pressure,
optic nerve damage, large cup/disc ratio and visual loss due to these.

Figure 2. Eye with glaucoma

• Cataract

Cataract is an eye disease that occurs when the lens in the eye loses its transparency. The
task of this lens is to focus the image on the retina. With the loss of transparency, vision loss
occurs in the eye. Cataracts usually develop in advanced ages, but there are also congenital
types. It can be treated with surgical intervention. The natural intraocular lens is replaced
with an artificial lens.

Figure 3. Eye with cataract

Some studies in the literature for the diagnosis of eye diseases are given below.
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Jain, L. et al. (2018) [5] used a deep learning model to classify retinal images as diseased
and healthy. The accuracy of the model they use is between 96.5% and 99.7%.

Nazir, T et al. (2021) [6] proposed a new method consisting of two main steps to automati-
cally diagnose diabetic retinopathy. In the first step, they worked on dataset preparation and
feature extraction, and in the second step, they developed a special deep learning-based Cen-
terNet model trained for eye disease classification. They evaluated their models on APTOS
and IDRiD datasets and attained average accuracies of 97.93% and 98.10% respectively.

zelik, B. B. & Altan, A. (2021) [9] developed a deep learning-based model for the diagnosis
of diabetic retinopathy. The datasets, which include nine hundred retinal images, consist of
5 classes. The classification performance of the proposed model is 97.8%.

Abbas, Q. (2017) [1] developed a hybrid deep learning model for diagnosing glaucoma
disease. By testing the model he developed on 1200 retina images, he achieved an average
accuracy of 99%.

Uar, M. (2021) [14] used deep learning methods for the diagnosis of glaucoma. He compared
VGG16, Inception-V3, EfficientNet, DenseNet, ResNet50 and MobileNet architectures and
achieved the highest success rate (96.19%) with the DenseNet architecture.

Aalday, M. F. & nar, A. (2021) [2] compared the success of two different deep learning
methods for the diagnosis of cataract disease. These methods are the convolutional neural
network (CNN) and the deep residual network (DRN). There is a dataset of 5000 retinal
images consisting of 8 classes belonging to different cataract stages. They attained 89%
accuracy with the CNN model and 95% accuracy with the DRN model.

2. Material and Method

2.1. Data Collection and Preprocessing. Study data consists of retinal images collected
from various web sources. Some of these resources also include datasets previously created
for different studies. Some of these datasets are given below.

• IDRID (Indian Diabetic Retinopathy Image Dataset) [11]
• Ocular Disease Recognition [7]
• High-Resolution Fundus (HRF) Image Database [8]
• Retinal Fundus Multi-Disease Image Dataset (RFMID) [10]

Approximately five thousand retinal images are collected labeled by experts in four different
types: diabetic retinopathy, glaucoma, cataract, and normal.

Figure 4. Collected retinal image samples

A total of 2000 images with at least 500 images representing each disease are selected
from the collected images. Resizing and background removal operations are performed on
these images. Thus, the data set is given its final shape. Then, training, validation and test
datasets are created from this dataset.
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2.2. Deep Learning Architectures. Seven different convolutional neural network models
are used in the study. Convolutional neural networks are one of the most used among all
deep learning models. It has become quite popular, especially after its successful results in
the ImageNet image recognition competition held in 2012 [12]. A CNN consists of three types
of layers, these are; convolution, pooling, and fully connected layers. While the convolution
and pooling layers perform feature extraction, the fully connected third layer classifies the
extracted features [15].

Figure 5. Simple a CNN architecture

After the emergence of CNN, it has become one of the most important research topics of
many researchers. As a result of these researches, it has continued to be developed contin-
uously. There are CNNs in different architectures in the literature. In this study, Residual
Network (ResNet), Densely Connected Convolutional Networks (DenseNe), MobileNet, Effi-
cientNet (EfcN-B3,EfcN-B5,EfcN-B6,EfcN-B7) architectures are used.

• Residual Network

Residual Network (ResNET) is a type of convolutional neural network [17] first introduced
by Kaiming He et al. in 2015. ResNet uses shortcut links to bypass one or more layers, thus
enabling training of extremely deep neural networks. With this feature, it has eliminated the
problem of degrading accuracy and vanishing gradient [21].

• Densely Connected Convolutional Networks

Densely Connected Convolutional Networks (Densenet) was presented at CVPRC (Com-
puter Vision and Pattern Recognition Conference) in 2017 by Huang et al. and was selected
as the best paper [18]. DenseNet is a kind of convolutional neural network architecture [22],
consisting of several dense blocks with dense link and transition layers. Each layer takes as
input the feature maps of all previous layers [23].

• MobileNets

MobileNets are convolutional neural network architectures developed for mobile and em-
bedded vision applications introduced by Google in 2017 [19]. MobileNets has two basic
principles: reducing model size by using fewer parameters and reducing complexity by using
fewer mathematical operations. Thus, object detection, classification, etc. A very practical
convolutional neural network architecture has emerged that can be used for various purposes.

• EfficientNET

EfficientNet consists of eight models introduced by Tan and Le in 2019, numbered from
simple to complex, from B0 to B7 [20]. EfficientNet uses a technique called composite coef-
ficient to scale models simply and effectively. In most models, width, depth, and resolution
dimensions are scaled randomly. In EfficientNet, using unified scaling, each of these three
dimensions scales similarly through a fixed set of scaling coefficients.

3. Results

The findings reached with the models created using seven different deep learning architec-
tures are shared in figures 6-10.
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Figure 6. Classification reports for all models

In the first model, RESNET architecture is used and an average accuracy rate of 91.79%
was achieved with this model. The highest accuracy is obtained for DP (ACC:99.70%).
Accuracy rates of 93.81% for cataract and 85.71% for glaucoma were achieved.

The average classification success achieved with the model using the Densenet121 archi-
tecture is 91.15%. When examined separately for each disease, the accuracy rates are 99.70%
for DP, 92.60% for cataracts, and 84.35% for glaucoma.

The model using the Mobilenet architecture achieved a performance between Densenet121
and RESNET (Average ACC: 91.63%, DP: 98.79%, Cataract: 93.55%, Glaucoma: 86.67% ).

EfficientNet group architectures are the most successful in terms of performance. Average
accuracy rates are 92.42% with EfcN-B3, and 92.58% with EfcN-B5. EfcN-B6 and EfcN-B7
performed better and achieved 92.89% classification success. When analyzed according to
diseases, accuracy rates of 99.7% for DP (EfcN-B7), 95.42% for cataract (EfcN-B6), and
88.52% for glaucoma (EfcN-B7) are reached.
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Figure 7. Confusion matrices for all models
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Figure 8. Training and validation loss plots for all models
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Figure 9. Training and validation accuracy plots for all models
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Figure 10. Accuracy values for all models

4. Conclusions and Future Studies

In this study, eye diseases such as diabetic retinopathy, cataract and glaucoma are diag-
nosed using different types of deep learning architectures. For this, retinal images collected
from different web sources are used.

According to the findings, EfficientNet has been the most successful deep learning archi-
tecture in the diagnosis of eye diseases.. The lowest accuracy is obtained with DenseNET.
Nearly one hundred percent success has been achieved with all architectures in the diagnosis
of diabetic retinopathy. A relatively lower classification success is achieved in glaucoma com-
pared to other diseases (ACC: 82-89%). Because sometimes there are no symptoms on retinal
images in glaucoma. The most successful architecture in the classification of cataract disease
is EfficientNet-B3 (ACC: 94.23%). The findings show that a deep learning-based diagnostic
model can be quite successful in diagnosing eye diseases.

In future studies, retinal images of patients with different eye diseases will be included in
the dataset. Thus, it is aimed to diagnose eye disease more comprehensively. On the other
hand, different deep learning architectures can be used or hybrid models can be developed.
More successful diagnosis can be made by developing special solutions for glaucoma, which
reduces the classification performance. A two-stage classifier would be a good example of
these solutions.

References

[1] Abbas, Q. (2017). Glaucoma-deep: detection of glaucoma eye disease on retinal fundus images using deep
learning. International Journal of Advanced Computer Science and Applications, 8(6).

[2] Aalday, M. F. and nar, A. (2021). Derin renme Mimarilerini Kullanarak Katarakt Tespiti. European
Journal of Science and Technology, (28), 1428-1433.

[3] Amin, J., Sharif, M., and Yasmin, M. (2016). A review on recent developments for detection of diabetic
retinopathy. Scientifica, 2016.

[4] Chai, Y., Liu, H., and Xu, J. (2018). Glaucoma diagnosis based on both hidden features and domain
knowledge through deep learning models. Knowledge-Based Systems, 161, 147-156.

[5] Jain, L., Murthy, H. S., Patel, C., and Bansal, D. (2018, December). Retinal eye disease detection using
deep learning. In 2018 Fourteenth International Conference on Information Processing (ICINPRO) (pp.
1-6). IEEE.

[6] Nazir, T., Nawaz, M., Rashid, J., Mahum, R., Masood, M., Mehmood, A., ... and Hussain, A. (2021).
Detection of diabetic eye disease from retinal images using a deep learning based CenterNet model.
Sensors, 21(16), 5283.

[7] Ocular Disease Recognition Dataset. (2022, 01 Oct.). Access address:
https://www.kaggle.com/datasets/andrewmvd/ocular-disease-recognition-odir5k

[8] Odstrcilik, J., Kolar, R., Budai, A., Hornegger, J., Jan, J., Gazarek, J., ... and Angelopoulou, E. (2013).
Retinal vessel segmentation by improved matched filtering: evaluation on a new highresolution fundus
image database. IET Image Processing, 7(4), 373-383.

[9] zelik, Y. B. and Altan, A. (2021). Diyabetik Retinopati Tehisi iin Fundus Grntlerinin Derin renme Tabanl
Snflandrlmas. Avrupa Bilim ve Teknoloji Dergisi, (29), 156-167.

[10] Pachade, S., Porwal, P., Thulkar, D., Kokare, M., Deshmukh, G., Sahasrabuddhe, V., ... and Mriaudeau,
F. (2021). Retinal fundus multi-disease image dataset (RFMiD): a dataset for multi-disease detection
research. Data, 6(2), 14.

124



Classification of Eye Diseases Based on Retinal Images Using Deep Learning

[11] Porwal, P., Pachade, S., Kamble, R., Kokare, M., Deshmukh, G., Sahasrabuddhe, V., and Meriaudeau, F.
(2018). Indian diabetic retinopathy image dataset (IDRiD): a database for diabetic retinopathy screening
research. Data, 3(3), 25.

[12] Russakovsky, O., Deng, J., Su, H., Krause, J., Satheesh, S., Ma, S., ... and Fei-Fei, L. (2015). Imagenet
large scale visual recognition challenge. International journal of computer vision, 115(3), 211-252.

[13] Schacknow, P. N., and Samples, J. R. (Eds.). (2010). The glaucoma book: a practical, evidence-based
approach to patient care. Springer Science and Business Media.

[14] Uar, M. (2021). Glokom Hastalnn Evriimli Sinir A Mimarileri ile Tespiti. Dokuz Eyll niversitesi Mhendislik
Fakltesi Fen ve Mhendislik Dergisi, 23(68), 521-529.

[15] Yamashita, R., Nishio, M., Do, R. K. G., and Togashi, K. (2018). Convolutional neural networks: an
overview and application in radiology. Insights into imaging, 9(4), 611-629.

[16] Nielsen, M. A. (2015). Neural networks and deep learning (Vol. 25). San Francisco, CA, USA: Determi-
nation press.

[17] He, K., Zhang, X., Ren, S., and Sun, J. (2016). Deep residual learning for image recognition. In Proceed-
ings of the IEEE conference on computer vision and pattern recognition (pp. 770-778).

[18] Huang, G., Liu, Z., Van Der Maaten, L., and Weinberger, K. Q. (2017). Densely connected convolutional
networks. In Proceedings of the IEEE conference on computer vision and pattern recognition (pp. 4700-
4708).

[19] Howard, A. G., Zhu, M., Chen, B., Kalenichenko, D., Wang, W., Weyand, T., ... and Adam, H.
(2017). Mobilenets: Efficient convolutional neural networks for mobile vision applications. arXiv preprint
arXiv:1704.04861.

[20] Tan, M., and Le, Q. (2019, May). Efficientnet: Rethinking model scaling for convolutional neural net-
works. In International conference on machine learning (pp. 6105-6114). PMLR.

[21] Ismael, S. A. A., Mohammed, A., and Hefny, H. (2020). An enhanced deep learning approach for brain
cancer MRI images classification using residual networks. Artificial intelligence in medicine, 102, 101779.

[22] Pang, S., Zhang, Y., Ding, M., Wang, X., and Xie, X. (2019). A deep model for lung cancer type
identification by densely connected convolutional networks and adaptive boosting. IEEE Access, 8, 4799-
4805.

[23] Rubin, J., Parvaneh, S., Rahman, A., Conroy, B., and Babaeizadeh, S. (2018). Densely connected con-
volutional networks for detection of atrial fibrillation from short single-lead ECG recordings. Journal of
electrocardiology, 51(6), S18-S21.

Department of Actuerial Science, Selcuk University, 42250 Konya, Turkey
Email(s): ismailhakkikinali@gmail.com ,

125



International E-Conference on Mathematical and Statistical
Science: A Selcuk Meeting

Unbounded Quasi-Normed Convergence in
Quasi-Normed Lattices and Some Properties of Lp

Spaces for 0 < p < 1

Enkeleda Zajmi Kotonaj

Abstract. The unbounded norm convergence was first defined by V. Troitsky (2004) in
[10] under the name d convergence. The name unbounded norm convergence was introduced
by Y. Deng, M. OBrien and V. Troitsky (2017) in [3], where they studied basic properties of
unbounded norm convergence.
In this paper, the initial purpose is to extend the concept of unbounded convergence in quasi-
normed spaces which is named unbounded quasi - norm convergence and to study some of
the basic properties of unbounded quasi-normed convergence in quasi-normed lattices. In
assuming that (X,Σ, µ) is finite measurable space, we will discuss also some properties of
Lp spaces for 0 < p < 1 where most important results are the generalizations of dominated
convergence theorem and Brzis - Lieb lemma.
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1. Introduction

The unbounded norm convergence was first defined by V. Troitsky (2004) in [10] under the
name dconvergence. He studied the relationship between the dconvergence and the measure
of non-compactness. The name unbounded norm convergence (shortly un-convergence) was
introduced by Y. Deng, M. OBrien and V. Troitsky (2017) in [3], where they studied ba-
sic properties of unbounded norm convergence and investigated its relation with unbounded
order-and weak convergences. Finally, they showed that un-convergence is topological.
In this paper, the initial purpose is to extend the concept of unbounded convergence in
quasi-normed spaces which is named unbounded quasi - norm convergence (shortly uqn-
convergence) and to study some of basic properties of unbounded quasi-normed convergence
in quasi-normed lattices. The structure of the paper is as follows: We begin with some pre-
liminaries. Our main results are presented in sections 2 and 3. Section 2 contain some basic
properties of unbounded quasi-normed convergence in quasi-normed lattices, among which a
relation between unbounded order convergence and uqn-convergence in an order continuous
quasi-Banach lattice. Similar to the theorem 4.3 in [6] we give a theorem about extended of
uqn-convergence of nets from a sublattice to corresponding lattice. Furthermore, if X be an
order continuous Banach lattice, then unbounded order convergence of a net implies norm
convergence (Proposition 3.7 [5]). In the same way, we have formulated and prove a propo-
sition in case of order continuous quasi-Banach lattice.
Quasi-normed and p-normed spaces are presented at [9] (chapter I.1) and it is stated that, for
every quasi-norm function on X we can find an equivalent p-norm function (Aoki-Rolewicz
theorem). At the beginning of section 3, using the properties of absolute value and Aoki-
Rolewicz theorem we noticed that Lp spaces for 0 < p < 1 are quasi-normed spaces if same
as in the case of Lp spaces for p > 1, we equip them with the function ∥ . ∥p: Lp → [0,+∞)

such that, ∀f ∈ Lp, ∥ f ∥p= (
∫
X | f |p dµ)

1
p . We also notice that these spaces are vector

lattices and furthermore, if the measurable space X is finite (definition 2.2 (i), [8]), then Lp

spaces for 0 < p < 1 are quasi-Banach lattices. Started from theorem 2.7 in [7] we have
formulated a theorem on convergence of functional series in Lp(X) spaces where 0 < p < 1
and 0 < µ(X) < +∞. Continuing further, is denoted L0(µ) vector lattice of real-valued
measurable functions on X modulo almost everywhere (a.e), where (X,Σ, µ) is a measurable
space. Unbounded order convergence of a sequence in L0(µ) space is equivalent with almost

126



Unbounded Quasi-Normed Convergence and Lp Spaces for 0 < p < 1

everywhere convergence (Proposition 3.1 [4]) and we have proof that unbounded order con-
vergence of a sequence in Lp(X) spaces where 0 < p < 1 and 0 < µ(X) < +∞, is equivalent
with uqn-convergence. This enables us to prove the dominated convergence theorem in these
spaces. A characterization of regular sublattices via order convergence is given in theorem
1.20 of [1]. Here is another property of regular sublattices in Lp(X) spaces with 0 < p < 1
and 0 < µ(X) < +∞. We finish this section with Bresiz - Lieb lemma in case of these spaces.
This is a generalization of the lemma of the same name in [2].

1.1. Preliminaries. A real vector space X which is ordered by some order relation ≤ is
called a vector lattice if any two elements x, y ∈ X have a least upper bound denoted by
x ∨ y = sup(x, y) and a greatest lower bound denoted by x ∧ y = inf(x, y) and the following
properties are satisfied:
i) x ≤ y implies x+ z ≤ y + z for all x, y, z ∈ X.
ii) 0 ≤ x implies 0 ≤ tx for all x ∈ E and t ∈ R+.

Note that:X+ = {x ∈ X : x ≥ 0} is called positive cone in X, x+ = x∨ 0, x− = −x∨ 0, | x |=
x+ + x− .

Let X be a vector space. A function ∥ . ∥: X → [0,+∞) is said to be quasi-norm on X if
the following conditions hold:
(1) For every x ∈ X, ∥ x ∥≥ 0 and ∥ x ∥= 0 ⇔ x = 0.
(2)For every x ∈ X and for every λ ∈ R, ∥ λx ∥= |λ| ∥ x ∥.
(3) For every x, y ∈ X, ∥ x+ y ∥≤ K(∥ x ∥ + ∥ y ∥) where K ≥ 1 is a constant independent
of variables x and y.

The smallest of constant K, such that the above conditions hold, is called the modulus of
concavity of quasi-norm ∥ . ∥.

If the condition (3) above replaced with (3’) exists 0 < p ≤ 1 such that for every x, y ∈ X,
∥ x+ y ∥p≤∥ x ∥p + ∥ y ∥p, then the function ∥ . ∥ is called p - norm.

If the vector space X is equipment with a quasi - norm (p - norm) ∥ . ∥, then (X, ∥ . ∥) is
called quasi - normed (p - normed) space.

A quasi -normed (p - normed) space X is called a quasi-Banach (p - Banach) space
if it is complete, which means that a sequence (xn)n∈N in X is convergent if and only if
∥ xn − xm ∥→ 0 as m,n→ +∞. (see [9])

A quasi-Banach (quasi-normed , p - Banach) space (X, ∥ . ∥) is called a quasi-Banach
lattice (respectively, quasi-normed lattice, p - Banach lattice) if, in addition, X is a vector
lattice and | x |≤| y | implies ∥ x ∥≤∥ y ∥ for all x, y ∈ X ([7] Definition 2.5).

A directed set (I,≤) consist of a set I with a partial order such that for every pair α, β ∈ I,
there exists an element δ ∈ I with δ ≥ α and δ ≥ β .
A net (xα)α∈I in X is a function I → X sucht that α → xα for all α ∈ I and (I,≤) is a
directed set. A net (yβ)β∈J is a subnet of the net (xα)α∈I if yβ = xϕ(β) for some function
ϕ : J → I such that for every α0 ∈ I, there exists an element β0 ∈ J for which β > β0 implies
ϕ(β) > α0.
According to [5], a net (xα)α∈I in a vector lattice X is said to be order convergent to x ∈ X,

written as xα
o−→ x if there exists another net (yβ)β∈J in X satisfying yβ ↓ 0 and for any β ∈ J

there exists α0 ∈ I such that | xα−x |≤ yβ for all α ≥ α0. A net (xα)α∈I in a vector lattice X

is said to be unbounded order convergent to x ∈ X, written as xα
uo−→ x if | xα − x | ∧u o−→ 0

for all u ∈ X+.

The unbounded norm convergence was first defined by V. Troitsky (2004) in [10]. A net
(xα)α∈I in a normed lattice is said to be unbounded norm convergent to x ∈ X, written as

xα
un−→ x if ∥| xα − x | ∧u ∥→ 0 for all u ∈ X+.
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In the same way we can definition the unbounded quasi-norm convergence. The only differ-

ence with the definition above is that ∥ . ∥ is a quasi-norm and written as xα
uqn−−→ x.

The meaning of order continuous (σ - order continuous ) normed lattice is given in [5].
Here we are giving these meanings in quasi-normed lattice:

A quasi-normed lattice (X, ∥ . ∥) is called order continuous (order σ - continuous ) if a net
(sequence) xα ↓ 0 (xn ↓ 0) in X implies ∥ xα ∥↓ 0 ( ∥ xn ∥↓ 0 ).

A vector subspace Y of a vector lattice X is said to be a sublattice of X if for each y1 and
y2 in Y we have y1 ∨ y2 ∈ Y . A sublattice Y of X is order dense in X if for each x > 0 there
is 0 < y ∈ Y with 0 < y ≤ x. Y is said to be majorizing in X if for each x ∈ X+ there exists
y ∈ Y such that x ≤ y. A sublattice Y of X is called regular if for any subset A of Y, if infA
exists in Y, then infA exists in X and the two infinums are equal. We recall a characterization
of regular sublattices via order convergence.
For a sublattice Y of a vector lattice X the following statements are equivalent.
1. Y is regular.
2. If (yα) is a net in Y such that yα ↓ 0 in Y, then yα ↓ 0 in X.

3. If (yα) is a net in Y such that yα
o−→ y in Y, then yα

o−→ y in X ([1] Theorem 1.20).

An interesting characterization of regular sublattices in term of uo-convergence was estab-
lished in [4].
Let be Y a sublattice of a vector lattice X. The following statements are equivalent:
1. Y is regular.

2. For any net (yα) in Y, yα
uo−→ 0 in Y iff yα

uo−→ 0 in X ([4] Theorem 3.2).

A subset Y of X is said to be solid if for x ∈ X and y ∈ Y such that | x |≤| y | it
follows that x ∈ Y . A solid vector subspace of a vector lattice is called an ideal. Ideals are
automatically vector sublattices since | x ∨ y |≤| x | + | y |. The ideal generated by e ∈ X is
called the smallest ideal that includes e. A vector 0 < e ∈ X is called a quasi-interior point
if Ie = X, where Ie denotes the ideal generated by e (see [5]). It can be shown that (see [6])
e is a quasi-interior point iff for every x ∈ X+ we have ∥ x− x ∧ ne ∥→ 0 for n→ +∞.

2. Basic properties of uqn-convergence

The name unbounded norm convergence (shortly un-convergence) was introduced by Y.
Deng, M. OBrien and V. Troitsky (2017) in [3], where they studied basic properties of un-
bounded norm convergence. We are extending the concept of unbounded convergence in
quasi-normed spaces which is named unbounded quasi - norm convergence (shortly uqn-
convergence). Let’s list some of its basic properties first.

The following inequality is routinely used afterwards:

(1) (x+ y) ∧ u ≤ x ∧ u+ y ∧ u for all x, y, u ∈ X+.

Theorem 2.1. Let X be a quasi-normed lattice. The following propositions are satisfied:

i) xα
uqn−−→ x iff (xα − x)

uqn−−→ 0.

ii) If xα
uqn−−→ x, then yβ

uqn−−→ x for every subnet (yβ) of (xα).

iii) Suppose xα
uqn−−→ x and yα

uqn−−→ y. Then (axα + byα)
uqn−−→ (ax+ by) for any a, b ∈ R.

iv) If xα
uqn−−→ x and xα

uqn−−→ y, then x = y.

v) If xα
uqn−−→ x, then | xα | uqn−−→| x |.

Proof
Proposition i) and ii) are straightforward.
iii) From properties of vector lattice, we have:

(1) | (axα + byα)− (ax+ by) |≤| axα − ax | + | byα − by |=| a |· | xα − x | + | b |· | yα − y |
So, we can write:

(2) | (axα + byα)− (ax+ by) | ∧u ≤ (| a |· | xα − x |)∧ u+(| b |· | yα − y |)∧ u for all u ∈ X+.

Because, we can prove that: If x ≤ y, then ∀z ∈ X, x ∧ z ≤ y ∧ z.
Let see more precisely. Since x ∧ z = inf(x, z), then x ∧ z ≤ x and x ∧ z ≤ z. Thus,
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x ∧ z ≤ x ≤ y and x ∧ z ≤ z that imply x ∧ z ≤ y ∧ z.
From inequality (2) and the above fact, we write:

∥| (axα + byα)− (ax+ by) | ∧u ∥≤∥ (| a |· | xα − x |) ∧ u+ (| b |· | yα − y |) ∧ u ∥
≤ K· ∥ (| a |· | xα − x |) ∧ u ∥ +K· ∥ (| b |· | yα − y |) ∧ u ∥=

K· ∥ (| a |· | xα − x |) ∧ (| a | · u
|a|) ∥ +K· ∥ (| b |· | xα − x |) ∧ (| b | · u|b|) ∥=

K· | a | · ∥| xα − x | ∧ u
|a| ∥ +K· | b | · ∥| yα − y | ∧ u

|b| ∥=
K· | a | · ∥| xα − x | ∧u′ ∥ +K· | b | · ∥| yα − y | ∧u′′ ∥

where u ∈ X+, u
′ = u

|a| , u
′′ = u

|b| and a, b ̸= 0.

So, u′, u′′ ∈ X+ and since xα
uqn−−→ x and yα

uqn−−→ y, we have:
∥| (axα + byα)− (ax+ by) | ∧u ∥≤ K· | a | · ∥| xα − x | ∧u′ ∥ +K· | b | · ∥| yα − y | ∧u′′ ∥→ 0.
If a = 0 or b = 0, then

∥| (axα + byα)− (ax+ by) | ∧u ∥=∥| axα − ax | ∧u ∥ or
∥| (axα + byα)− (ax+ by) | ∧u ∥=∥| byα − by | ∧u ∥ or

∥| (axα + byα)− (ax+ by) | ∧u ∥=∥ 0 ∥= 0.

Now the proof is clear.
The proof of (iv) and (v) properties is in the same way with lemma 2.1 (iv) and (v) of [3].

It is immediately from definitions of quasi-Banach lattice, uo-convergence and uqn-convergence
that: In an order continuous quasi-Banach lattice, the uo-convergence implies uqn-convergence.

Lemma 2.2. Let X be a quasi-Banach lattice with a quasi-interior point e. Then xα
uqn−−→ 0

iff | xα | ∧e ∥.∥−−→ 0.

The proof is identically with lemma 2.11 in [3].

In similiar with theorem 4.3 in [6], we can formulate and proof the following theorem:

Theorem 2.3. Let Y be a sublattice of a quasi-normed lattice X and (yα) a net in Y such

that yα
uqn−−→ 0 in Y. The following statements hold:

i) If Y is majorizing in X, then yα
uqn−−→ 0 in X.

ii) If Y is quasi-norm dense in X, then yα
uqn−−→ 0 in X.

Proof
i) The proof is immediately from definitions of uqn-convergence and quasi-normed lattice.
ii)Take u ∈ X+. Since Y is quasi-norm dense in X, there is a v ∈ Y+ such that ∥ u−v ∥< ε

2K ,
where K is modulus of concavity of quasi-norm.

By assumption, yα ∧ v
∥.∥−−→ 0. So, we can find α0 such that ∥ yα ∧ v ∥< ε

2K , for every
α ≥ α0. It follows from u ≤ v+ | u − v | that yα ∧ u ≤ yα ∧ v+ | u − v |. So that
∥ yα ∧ u ∥≤ K· ∥ yα ∧ v ∥ +K· ∥ u− v ∥< K · ε

2K +K · ε
2K = ε, whenever α ≥ α0. It follows

that yα ∧ u ∥.∥−−→ 0. Hence yα
uqn−−→ 0 in X.

In the same way as in corollary 4.6 in [6], we can see that the following corollary is true.

Corollary 2.4. Let Y be a sublattice of an order continuous quasi-Banach lattice X. If

yα
uqn−−→ 0 in Y, then yα

uqn−−→ 0 in X.

3. Some properties of Lp spaces for 0 < p < 1

The Lp spaces for 0 ≤ p < +∞, where L0 is denoted the space of real-valued measurable
functions on X modulo almost everywhere (a.e) and Lp for p > 0 are the space of p-integrabled
functions on X, are vector lattices. In these spaces, the uo-convergence is the same as a.e-
convergence (proposition 3.1 and remark 3.4 in [4] ).
As we know, the Lp spaces for 1 ≤ p < +∞ are normed spaces (recall that: the norm function

is ∥ . ∥p: Lp → [0,+∞) such that, ∀f ∈ Lp, ∥ f ∥p= (
∫
X | f |p dµ)

1
p ).

Lemma 3.1. If 0 < p < 1, then the above function ∥ . ∥p is a quasi-norm.
Proof
First let proof that, ∀f, g ∈ Lp, ∥ f + g ∥p≤∥ f ∥p + ∥ g ∥p.
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Let x and y be two real numbers. If x > 0 and y < 0 (x < 0 and y > 0), then
(i) | x |>| y | imply x > −y. So,| x+ y |= x+ y < x =| x |.
(ii) | x |<| y | imply x < −y. So, | x+ y |= −x− y < −y =| y | .
(iii) | x |=| y | imply | x+ y |= 0 <| x | or | y |.
So, | x + y |≤| x | or | x + y |≤| y | that imply | x + y |p≤| x |p or | x + y |p≤| y |p. Thus,
| x+ y |p≤| x |p + | y |p.
Similarly we can prove the same result for x < 0 and y > 0.
If x > 0 and y > 0, then the following inequality are equivalent.
(1) (x+ y)p ≤ xp + yp , (2) xp(1 + y

x)
p ≤ xp(1 + ( yx)

p) and (3) (1 + y
x)

p − 1− ( yx)
p ≤ 0.

Let see the function f : R → R such that f(x) = (1+x)p − 1−xp. This function is decreasin
for x > 0 that imply f(x) < f(0) = 0. So, we proof that te inequality (3) is true.
If x < 0 and y < 0, then the inequality (x + y)p ≤ xp + yp has the form (−x − y)p ≤
(−x)p + (−y)p. The last inequality is equivalent with (−x)p(1+ y

x)
p ≤ (−x)p[1 + ( yx)

p]. Since
y
x > 0, we can continue in the same way with above case (the case:x > 0 and y > 0 ).
If x = 0 and y = 0, then the inequality (1) is clear.
So, we prove that: For every two real numbers x and y, (x+ y)p ≤ xp + yp .
Inequality (1) and properties of Lebesgue integral allow us to write:
For every f, g ∈ Lp, where 0 < p < 1,

∥ f + g ∥p= (
∫
X | f + g |p dµ)

1
p ≤ [(

∫
X | f |p dµ) + (

∫
X | g |p dµ)]

1
p = (∥ f ∥pp + ∥ g ∥pp)

1
p

≤ {2max(∥ f ∥pp, ∥ g ∥pp)}
1
p = 2

1
p ·max((∥ f ∥pp)

1
p + (∥ g ∥pp)

1
p ) = 2

1
p · (∥ f ∥p + ∥ g ∥p).

Thus, the function ∥ . ∥p fulfills the third condition of the p-norm and quasi-norm. The
fulfillment of the first and second conditions is clear. Therefore the function ∥ . ∥p is a
p-norm and a quasi-norm simultaneously.

Proposition 3.2. The function space Lp (0 < p < +∞) is a vector lattice.
Proof
Every function f ∈ Lp(µ) for 0 < p < +∞ is µ-measurable and

∫
X | f |p dµ < +∞. So for

every f, g ∈ Lp, we can write:
If f ≥ g and f, g ≥ 0 or f > 0 and g < 0, then sup(f, g) ≥ 0 (the same can be said when
g ≥ f and f, g ≥ 0 or g > 0 and f < 0 ). So, (4) sup(f, g)+ = sup(f+, g+).
If f ≥ g and f, g < 0 (g ≥ f and f, g < 0), then sup(f, g) < 0. So, sup(f, g)− = −f ≤ −g =
g− (sup(f, g)− = −g ≤ −f = f−) that imply (5) sup(f, g)− = inf(f−, g−).
So from equations (4) and (5) we have (6) | sup(f, g) |= sup(f, g)++sup(f, g)− = sup(f+, g+)+
inf(f−, g−) ≤ f+ + g+ + f− + g− = (f+ + f−) + (g+ + g−) =| f | + | g |.
On the other hand, from inequality (6), we have:
for every p > 0, | sup(f, g) |p≤ (| f | + | g |)p ≤ (2sup(| f |, | g |))p = 2p · sup(| f |, | g |)p ≤
2p · (| f |p + | g |p) (7).
Therefore, from inequality (7), we can write:∫

X | sup(f, g) |p dµ ≤ 2p · (
∫
X | f |p dµ+

∫
X | g |p dµ) < +∞ (8)

The last inequality implies that sup(f, g) ∈ Lp.
For every f, g ∈ Lp, we can write:
If f, g ≥ 0 and f+ = f ≤ g = g+ (g+ = g ≤ f = f+), then 0 ≤ f = inf(f, g) = inf(f, g)+

(0 ≤ g = inf(f, g) = inf(f, g)+). So, inf(f, g)+ = inf(f+, g+) .
If f < 0 or g < 0, then 0 = f+ = inf(f, g)+. Whereas, inf(f+, g+) = inf(0, g) =
inf(f+, g+) for g ≥ 0 or inf(f+, g+) = inf(f, 0) = inf(f+, g+) for f ≥ 0 or inf(f+, g+) =
inf(0, 0) = inf(f+, g+) for f, g < 0. Thus we have (9) inf(f, g)+ = inf(f+, g+), for every
f, g ∈ Lp.
In the same way, we can see that:
The inequality inf(f, g) < 0 is true, iff f < 0 and f ≤ g (g < 0 and g ≤ f). So,
−f = inf(f, g)− > −g ≥ g− (−g = inf(f, g)− > −f ≥ f−) and therefore inf(f, g)− =
sup(f−, g−).
The inequality inf(f, g) ≥ 0 is true, iff f, g ≥ 0. So, 0 = inf(f, g)− = sup(0, 0) =
sup(f−, g−).
Thus we have (10) inf(f, g)− = sup(f−, g−), for every f, g ∈ Lp.
From equalities (9) and (10), we can write: | inf(f, g) |= inf(f, g)++inf(f, g)− = inf(f+, g+)+
sup(f−, g−) ≤ f+ + g+ + f− + g− = (f+ + f−) + (g+ + g−) =| f | + | g |.
The last inequality brings us that: for every f, g ∈ Lp, inf(f, g) ∈ Lp.
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Also, conditions (i) and (ii) of vector lattice, hold because every p-integrable function is µ-
measurable and L0(µ) is a vector lattice.

On the other hand, | f |<| g | bring us | f |p<| g |p and from the properties of Lebesgue
integral we can write ∥ f ∥p≤∥ g ∥p.

Corollary 3.3. Every Lp space for 0 < p < 1 is a quasi-normed lattice.

Let prove the following proposition:

Proposition 3.4. If X is a finite measurable space, then the Lp space for 0 < p < 1 is a
quasi-Banach lattice.
Proof
Let fn be a Cauchy sequence in Lp space for 0 < p < 1 and X is a finite measurable space.
For every ε > 0, we find a natural number k(ε) such that:

∥ fn − fm ∥p= (
∫
X | fn − fm |p dµ)

1
p < ε, for every m,n > k(ε).

If | fn − fm |p≥ εp

µ(X) , then (
∫
X | fn − fm |p dµ)

1
p ≥ ε

µ(X)
1
p
· (
∫
X dµ)

1
p = ε. So, | fn − fm |p<

εp

µ(X) , for every m,n > k(ε). This means that fn is a Cauchy sequence in real line R.
Let denote f(x) = limn→+∞ fn(x), for every x ∈ X. Let’s prove that the function f ∈ Lp

space.
Let fix a natural number n such that | fn − f |< ε.
Since | f |≤| fn − f | + | fn |, then | f |p≤ (| fn − f | + | fn |)p ≤ (2max(| fn − f |, | fn |))p ≤
2p · (| fn − f |p + | fn |p) < 2p · (εp+ | fn |p).
Thus

∫
X | f |p dµ ≤ 2p · (εp · µ(X) +

∫
X | fn |p dµ) < +∞. This means that f ∈ Lp.

Finally, let’s prove that f(x) = limn→+∞ fn(x) in f ∈ Lp space (that means, according to the
quasi-norm).
We can see that:For every ε > 0, exist a natural number n0 such that, for every n > n0 we
have

∫
X | fn − f |p dµ < εp ·

∫
X dµ = εp · µ(X).

This imply ∥ fn − fm ∥= (
∫
X | fn − f |p dµ)

1
p < ε · (µ(X))

1
p = ε′. So, f(x) = limn→+∞ fn(x)

in f ∈ Lp and this complete te proof.

While | f |≤| g | implies ∥ f ∥≤∥ g ∥ , for all f, g ∈ Lp, the fact that the modulus

of concavity of quasi-norm’s Lp is 2
1
p and from theorem 2.7 in [7] we can formulate this

theorem.

Theorem 3.5. For every sequence of functions fn in Lp, (0 < p < 1), where X is finite

measurable space (0 < µ(X) < +∞ ), such that
∑+∞

n=1 2
n
p · ∥ fn ∥p< +∞, there exists f ∈ Lp

with f =
∑+∞

n=1 fn.

From properties of Lebesgue integral, we can prove easily that:

Proposition 3.6. The space Lp (0 < p < 1), where X is finite measurable space, is an
ordered continuous (ordered σ- continuous ) quasi-Banach lattice.

Another intersting result is given below.

Proposition 3.7. The sequence of functions fn in Lp, (0 < p < 1), where X is finite
measurable space (0 < µ(X) < +∞ ), is unbounded order convergent to function f ∈ L0 if
and only if the sequence fn is unbounded quasi-norm convergent to f.
Proof

Suppose that fn
uo−→ f . For every function g ≥ 0 we have limn→+∞(| fn − f | ∧g) = 0. So,

for every ε > 0, exist a natural number n0 such that for every n > n0, | fn − f | ∧g < ε.
From equality ∥| fn−f | ∧g ∥pp=

∫
X(| fn−f | ∧g)pdµ, we have: ∥| fn−f | ∧g ∥pp< εp ·

∫
X dµ =

εp · µ(X) = ε′ for every n > n0. Thus, we have prove that fn
uqn−−→ f .

Let us show the opposite statement. Suppose that fn
uqn−−→ f . For every ε > 0, exist a natural

number n0 such that for every n > n0, ∥| fn − f | ∧g ∥p< ε for every g > 0. With similar
reasoning as in the propostion 3.4, we conclude that:
For every ε > 0, exist a natural number n0 such that for every n > n0, | fn − f | ∧g < ε that

is equivalent with fn
uo−→ f .
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Now we can prove the Dominated convergence theorem.

Theorem 3.8. (Dominated convergence theorem) Let fn be a sequence of functions in Lp,
(0 < p < 1), where X is finite measurable space (0 < µ(X) < +∞ ). If f is a measurable

function such that fn
uqn−−→ f and exists a nonnegative function g in L1 = L(R) (with L(R)

is denoted the Lebesgue integration real valued function space) such that, for every n ∈ N,
| fn |p≤ g a.e for x ∈ X, then the function f ∈ Lp.
Proof

Since fn
uqn−−→ f , then | fn | uqn−−→| f | (from theorem 2.1 (v)). The functions | fn |, | f | are

measurable. So, the convergence | fn | uqn−−→| f | is equivalent with | fn | a.e−−→| f | (proposition
3.1 in [4]). Therefore, we can write that | fn |p a.e−−→| f |p. From Dominated convergence
theorem in L(R), we conclude that | f |p∈ L(R) that means f ∈ Lp.

Now we are giving some examples of functions that are part of the Lp, (0 < p < 1), where
X is finite measurable space (0 < µ(X) < +∞ ).

Example 3.9. Every simple function is p-integrabled.
Let’s see it more precisely:
From definition of simple function, φ(x) =

∑n
i=1 aiχAi(x),where χAi is denoted the character-

istic function, ai ∈ R and Ai ∈ Σ (with Σ is denoted the Lebesgue measurabled set collection)
for every i ∈ {1, 2, ..., n}, such that Ai ∩ Aj = ∅ for i ̸= j and ∪n

i=1Ai = X. So, for every
0 < p < 1, | φ(x) |p=

∑n
i=1 | ai |p χAi(x) and it is clear that | φ(x) |p is a sipmle function.

Recall that every simple function is Lebesgue integrabled in a finite measurable space. This
complete the proof.

We know from the Lebesgue’s integration theory that for every measurable function there is
a simple functions sequence that converges a.e at that function. So, every bounded measurable
function in a finite measurable space X (for example X = [a, b]) satisfy the conditions of
Dominated convergence theorem. Thus we proof the following corollary:

Corollary 3.10. Every bounded measurable function in a finite measurable space X is p-
integrabled.

So we come to the conclusion that: The space Lp, (0 < p < 1), where X is finite measur-
able space (0 < µ(X) < +∞ ), contains all Riemann’s integrabled functions as well as all
Lebesgue’s integrabled functions that are bounded also.

Our last result is the Brezis -Lieb lemma in case of Lp spaces (0 < p < 1), where X is finite
measurable space (0 < µ(X) < +∞ ).
Let (X,Σ, µ) be a finite measurable space. Let the mapping j : C → C be a continuous
function with j(0) = 0. In addition, let j satisfy the following hypothesis:
for every sufficiently small ε > 0, there exist two continuous, nonnegative functions φε and
ψε such that | j(a+ b)− j(a) |≤ ε · φε(a) + ψε(b) for all a, b ∈ C.

Lemma 3.11. (Brezis-Lieb lemma in case of Lp spaces (0 < p < 1), where X is finite
measurable space)
Let fn = f + gn be a sequence of measurable functions from X to C such that:

1. gn
a.e−−→ 0,

2. j ◦ f ∈ Lp,
3.
∫
X | φε ◦ gn |p dµ ≤ A < +∞ for some A independent of ε and n,

4.
∫
X | ψε ◦ f |p dµ < +∞ for all ε > 0.

Then limn→+∞
∫
X | j(f + gn)− j(gn)− j(f) |p dµ = 0.

Proof
Here we reproduce its proof from theorem 2 of [2] with some additional remarks.

Fix ε > 0 and take wε,n = [| j ◦ fn − j ◦ gn − j ◦ f | −ε
1
p · (φε ◦ gn)]+.

Since wε,n
a.e−−→ 0 as n→ +∞, then limn→+∞

∫
X wp

ε,ndµ = 0. Therefore | j◦fn−j◦gn−j◦f |p≤
(wε,n + ε

1
p · (φε ◦ gn))p ≤ 2p ·max(wε,n, ε

1
p · (φε ◦ gn))p < 2p · (wp

ε,n + ε · (φε ◦ gn)p) and thus
In =

∫
X | j ◦ fn − j ◦ gn − j ◦ f |p dµ ≤ 2p · (

∫
X wp

ε,ndµ+ ε ·
∫
X | φε ◦ gn) |p dµ). Consecuently,

limn→+∞ In ≤ 2p · (ε+ ε ·A) < 2(ε+ ε ·A) = ε′. This complete the proof.
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4. Conclusion

As we pointed out above, the space Lp, (0 < p < 1), where X is finite measurable space
(0 < µ(X) < +∞ ), contains all Riemann’s integrabled functions as well as all Lebesgue’s
integrabled functions that are bounded also. So this space is wider than Riemann’s inte-
grabled functions and is included in Lebesgue’s integrabled functions. Below we list three of
the results achieved.
1.The Lp space for 0 < p < 1 and X a finite measurable space, is a quasi-Banach lattice.
2.Unbounded order convergence of a sequence in Lp is equivalent with uqn-convergence.
3.Dominated convergence theorem and Brezis-Lieb lemma are also generalized in the case of
Lp space for 0 < p < 1 and X a finite measurable space.
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1. Introduction

In 1999, S. V. Konyagin and V. N. Temlyakov introduce one of the most important algo-
rithms in the field of Non-Linear Approximation Theory, the so called Thresholding Greedy
Algorithm. To define the algorithm, first of all, we introduce the notation that we need.

Let (X, ∥ · ∥) be a Banach space over the field F = R or C and let B = (xn)
∞
n=1 be a

semi-normalized Markushevich basis (a basis for short), that is,

• span(xn : n ∈ N) = X,
• there exists a unique sequence (called biorthogonal functionals) B∗ = (x∗n)

∞
n=1 such

that x∗n(xm) = δn,m,

• span(x∗n : n ∈ N)w
∗
= X∗,

• there exist c1, c2 > 0 such that

0 < c1 ≤ inf
n
{∥xn∥, ∥x∗n∥} ≤ sup

n
{∥xn∥, ∥x∗n∥} ≤ c2 <∞.

Under these conditions, for each f ∈ X, we have the following series expansion:

f ∼
∞∑
n=1

x∗n(f)xn,

where limn→+∞ x∗n(f) = 0. On the other hand, given a finite set A ⊂ N,

1A[B,X] = 1A :=
∑
n∈A

xn, 1εA[B,X] = 1εA :=
∑
n∈A

εnxn,

1∗A = 1A[B∗,X∗] :=
∑
n∈A

x∗n, 1∗εA = 1εA[B∗,X∗] :=
∑
n∈A

εnx
∗
n,

where ε = (εn)n∈A is any sequence such that |εn| = 1 for all n ∈ A (we will use the notation
|ε| = 1 for short). Related to this sums, we can define the fundamental function of X as the
function

φ(m) := sup
|A|≤m,|ε|=1

∥1εA∥,

and its dual function, that is, the fundamental function of the dual Banach space is

φ∗(m) := sup
|A|≤m,|ε|=1

∥1∗εA∥

Finally, if an . bn we mean that there exists C > 0 such that an ≤ Cbn for every n ∈ N.
Then, given a basis B = (xn)

∞
n=1 in a Banach space X, the Thresholding Greedy Algorithm

(TGA) is defined as follows: take the natural greedy ordering, that is, a mapping ρ : N → N
such that supp(f) = {n ∈ N : x∗n(f) ̸= 0} ⊆ ρ(N) and such that if j < k, then either
|x∗ρ(j)(f)| > |x∗ρ(k)(f)| or |x∗ρ(j)(f)| = |x∗ρ(k)(f)| and ρ(j) < ρ(k). Then, the greedy sum of

order m is given by this order:

Gm(f) :=

m∑
n=1

x∗ρ(n)(f)xρ(n).
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Also, this sum is uniquely determined since if f ∈ X, for each m ∈ N there exists a unique
set Am(f) ⊂ N such that Am(f) = {ρ(1), . . . , ρ(m)} and Am(f) is called the greedy set of
order m of f . The sequence (Gm)∞m=1 is the (TGA) associated to B in X.

One natural question when we have an algorithm of approximation is when this algorithm
converges. To answer that question, in [9], the authors introduced the notion of quasi-greedy
bases: a basis B is quasi-greedy if there is a positive constant C such that

∥f − Gm(f)∥ ≤ C∥f∥, ∀m ∈ N, ∀f ∈ X.
Related to that property, P. Wojtaszczyk proved in [14] that a basis is quasi-greedy if and
only if the algorithm converges, that is,

lim
m→+∞

∥f − Gm(f)∥ = 0, ∀f ∈ X.

Hence, quasi-greediness is the minimal condition that guarantees the convergence of the
algorithm. Here, our goal is to study how good is ∥f − Gm(f)∥ vs σm(f), where

σm(f) := inf

{∥∥∥∥∥f −
∑
n∈A

cnxn

∥∥∥∥∥ : |A| = m, cn ∈ F

}
.

Concretely, we want to find the smallest Lm = Lm(X,B) such that

σm(f) ≤ ∥f − Gm(f)∥ ≤ Lmσm(f), ∀f ∈ X.
The parameter Lm is called the Lebesgue-type parameter for the (TGA). As a little
remark, Lm is called Lebesgue-type paramter for the (TGA) due to Lebesgue proved in 1909
the following: for any 2π-periodic and continous function f we have

∥f − Sm(f)∥∞
Em(f)∞

≈ ln(m),

where Sm(f) is the m-th partial sum of the Fourier series of f and Em(f)∞ is the error of
the best approximation of f by trigonometric polynomials of order m in the uniform norm
∥ ·∥∞. So, we do the same for the (TGA) in a general Banach space and with a general basis.

For Lm we have two possibilities:

(1) If supm Lm = Cg <∞, we say that B is greedy ([9]).
(2) If supm Lm = ∞, we want to study the growth of the parameter Lm.

Respect to the first possibility, due to the complexity to show that a particular basis is
greedy by definition, the authors of [9] introduced a nice characterization of these type of
bases based on two nice properties.

Definition 1.1. We say that a basis B is unconditional if there is K > 0 such that

∥f − PA(f)∥ ≤ K∥f∥, ∀|A| <∞, ∀f ∈ X,
where PA(f) =

∑
n∈A x∗n(f)xn.

Definition 1.2. We say that a basis B is democratic if there is D > 0 such that

∥1A∥ ≤ D∥1B∥, ∀|A| ≤ |B| <∞.

Theorem 1.3 ([9]). A basis B in a Banach space is greedy if and only if the basis is democratic
and unconditional.

There are several examples of greedy bases. Some of them are the following:

(1) Let X = H be a Hilbert space and B = (xn)n an orthonormal basis. Then B is greedy
with constant Cg = 1,

∥f − Gm(f)∥ = σm(f), ∀f ∈ H, ∀m ∈ N.
(2) The canonical basis in X = ℓp, 1 ≤ p <∞, is greedy with constant Cg = 1.
(3) The Haar basis is a greedy basis in Lp[0, 1] with 1 < p < ∞ and the constant is 1 if

p = 2 ([10]).
(4) The trigonometric system is not greedy in Lp(T) with p ̸= 2 ([11]).

Now, we focus our attention on the second case, that is, when supm Lm = ∞.
The first example in the greedy-literature where this parameter was studied appears in

[11], where V. N. Temlyakov proved that the trigonometric system T = {e2πix}k∈Z in Lp(T),
with 1 < p <∞, is not greedy with p ̸= 2 showing the following behaviour: for each m ∈ N,

Lm ≈ m
| 1
2
− 1

p
|
.
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The proof of that result involves so many techniques of Functional Analysis, Complex Analysis
and Harmonic Analysis. Then, since this year where the author proved this result, many
authors have studied different ideas to give a general result for the behaviour of Lm that
works for any basis. In that paper, we will discuss these results and we give a new one where
we closed the theory.

1.1. Preliminaries. Since 2011, the study of Lm is focused on the existence of two param-
eters am and bm such that

max{am, bm} ≈ Lm.(1)

Of course, these parameters have to be enough natural and efficient to compute. As the char-
acterization of greedy bases is based on the study if the basis is democratic and unconditional,
the most natural parameters to analyze Lm are:

• Democracy parameter:

µm := sup
|A|≤|B|≤m

∥1A∥
∥1B∥

.

• Unconditional parameter:

km := sup
|A|≤m

∥PA∥, kcm := sup
|A|≤m

∥I − PA∥,

where

∥PA∥ = sup
f ̸=0

∥PA(f)∥
∥f∥

, ∥I − PA(f)∥ = sup
f ̸=0

∥f − PA(f)∥
∥f∥

.

Of course, |km − kcm| ≤ 1 for every m ∈ N. The first result in the direction (1) was given
by V. N. Temlyakov et al. ([13]) establishing the following relation.

Theorem 1.4. Let B be a quasi-greedy basis in a Banach space X. Then, for each m ∈ N,
Lm . kmµm.

It is true that this relation also could be completed using the following lower bounds:

max{km, µm} . Lm . kmµm,(2)

where the lower bounds were proved in [8]. The unique problem with the estimation (2) is
in the upper bound since we know the existence of examples of conditional bases that are
not democratic. For instance, taking a basis in a Banach space X such that B is democratic,
quasi-greedy and conditonal, we can construct the space Y = X⊕ c0, where in this space, the
natural basis is conditional, quasi-greedy but not democratic.

Based on that problem, in 2011, V. N. Temlyakov ([12]) talked in a conference about the
necessity to find a natural sequence of some greedy-type parameters which combined linearly
with the sequence of (km)∞m=1 determines the growth of Lm. Trying to solve this problem, in
2013, G. Garrigós et al. ([8]) proved the following result for quasi-greedy bases.

Theorem 1.5. Let B be a quasi-greedy basis in a Banach space X. Then, for each m ∈ N,
Lm ≈ max{µm, km}.

This theorem shows a good behavior of Lm using only km and µm that are easier parameters
than Lm. In fact, that result is optimal: consider (en)

∞
n=1 the canonical basis of ℓ1 and define

the following vectors:

x1 = e1, xn =
1

2
(e2n + e2n+1), n = 1, 2, . . .

The collection B = (xn)
∞
n=1 is the Lindestrauss basis and it is a basis over span(xn : n ∈ N)

in ℓ1. B is a conditional, democratic and quasi-greedy basis ([7]) and

Lm ≈ km ≈ ln(m+ 1).

Another similar result following the same idea is an improvement respect to the previous
one proved by S. J. Dilworth et al. ([6]).

Theorem 1.6. Let B a quasi-greedy basis in a Banach space X. Then, for each m ∈ N,
Lm ≈ max{µdm, km},

where µdm is the parameter µm with the extra condition A ∩B = ∅.
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It is trivial to see the following relation:

µdm ≤ µm ≤ (µdm)2.(3)

Thanks to (3), we can affirm that

Lm ≈ max{µdm, km},
is a better result than

Lm ≈ max{µm, km}.
But the truth is that when B is a Schauder basis, then µm ≈ µdm ([3]), although in the context
of Markushevich bases, we have the following example.

Theorem 1.7 ([3]). There exists a semi-normalized Markushevich (not Schauder) basis in a
Banach space such that

lim sup
m→+∞

µm
(µdm)2−ε

= ∞, ∀ε > 0.

Then, we can see that these results follow the philosophy to find some good behavior of
Lm, but the unique problem is that the most of these results are given in the context of
quasi-greedy bases, that is, bases where the algorithm converges. So, the question raised by
V. N. Temlyakov is not answered. In the next section we will see how to give an answer based
on the results proved in [1].

2. Main results

In that section, we show one result in the spirit of (1). For that, we need to introduce one
new parameter that is the key of the question posed by V. N. Temlyakov in [12].

For each m ∈ N, we define λm as the smallest constant C such that

min
n∈A

|x∗n(f)|φ(|A|) ≤ C∥f∥, ∀f ∈ X,

where |A| = m and A is a greedy set of f . This parameter could be apparently “strange”,
but have some connections with some greedy-like properties. For instance, one of the most
important is the bidemocracy: we say that a basis is bidemocratic if

φ(m)φ∗(m) . m, ∀m ∈ N.
This property is the main ingredient in the theory to talk about the duality of greedy-like

bases. Concretely, in 2003, S. J. Dilworth et al. ([5]) proved that if B is quasi-greedy (or
unconditional), then the basis is bidemocratic if and only if B and B∗ are quasi-greedy and
democratic. The relation between bidemocracy and λm is in [1, Section 6].

Another important property that appears in some papers as in [4] is the Property (C) or
recentely renamed as restricted quasi-greediness in [2].

Definition 2.1. Let B be a basis in a Banach space X. We say that B is restricted quasi-
greedy if there is C > 0 such that

∥Rm(f)∥ ≤ C∥f∥, ∀m ∈ N, ∀f ∈ X,
where

Rm(f) = min
n∈Am(f)

|x∗n(f)|∥1εAm(f)∥,

with ε ≡ {sign(x∗n(f))}n∈N and Am(f) the greedy set of order m.

With respect to this property, in [1] we can found the following characterization.

Theorem 2.2. Let B be a basis in a Banach space X. Then, supm λm < ∞ if and only if
the basis is restricted quasi-greedy and democratic.

Remark 1. The condition to be restricted quasi-greedy and democratic is so closed to the
condition to be almost-greedy ([1, 5]).

Finally, the most important result proved in [1] is the following one closing the question
posed by V. N. Temlyakov.

Theorem 2.3. Let B be a basis in a Banach space X. Then, for each m ∈ N,
Lm ≈ max{km, λm}.

Remark 2. The last result is proved also in [1] in the general context of quasi-Banach spaces.
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1. Introduction

In 1976, Jungck (cf. [1]) proved a common fixed point theorem for commuting maps, gen-
eralizing the Banach contraction principle. This theorem has many applications. In addition
this, Jungck defined a pair of self mappings to be weakly compatible if they commute at their
coincidence points. And he established common fixed points for these type mappings (cf.
[2, 3]).

The notions of orthogonal sets (brieftly, O-sets) and orthogonal metric spaces were intro-
duced by Gordji et al. (cf. [4]) in 2017. And they proved Banach’s fixed point theorem in
that study. In addition this, they discussed the existence of solution of differential equation
using their results. For find more details about O-sets and orthogonal metric spaces, the
readers are referred to (cf. [5, 6, 7, 8, 9, 10, 11, 12, 13, 14]).

In this paper, we proved two generalizations of Jungck’s fixed point theorem for a pair
of weakly compatible F -contraction mappings in orthogonal metric spaces. With the new
results presented in the article, we generalize and enrich methods presented in the literature
that we cite.

2. Preliminaries

In 2012, Wardowski introduced the concept of F-contraction as follows:

Definition 2.1 (cf. [15, p.2]). Let F : R+ → R be a mapping satisfying:

(F1) F is strictly increasing,
(F2) For each sequence {αn}n∈N of positive numbers, we have lim

n→∞
αn = 0 if and only if

lim
n→∞

F (αn) = −∞,

(F3) There exists k ∈ (0, 1) such that lim
α→0+

αkF (α) = 0.

F is the family of all functions F that satisfy the conditions (F1), (F2) and (F3).

Definition 2.2 (cf. [15, p.2]). Let (X, d) be metric space. A self-mapping T on X is called
an F -contraction if there exist F ∈ F and τ ∈ R+ such that

d(Tx, Ty) > 0 ⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y))

for each x, y ∈ X.
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Definition 2.3 (cf. [4, p.570]). Let X is a nonempty set and ⊥ ⊆ X×X be a binary relation.
If the relation ⊥ satisfies the following condition:

∃x0 ∈ X : (∀y, y⊥x0) or (∀y, x0⊥y)
then X is called an orthogonal set (briefly, O-set) and x0 is called an orthogonal element.
We represent this O-set by (X,⊥).

Example 2.4 (cf. [4, p.570]). Let X = Z. We define m⊥n if there exists k ∈ Z such that
m = kn. It is obvious that 0⊥n for all n ∈ Z. So, (X,⊥) is an O-set.

Example 2.5 (cf. [4, p.571]). Let X = [0,∞). We define x⊥y if xy ∈ {x, y}. For orthogonal
elements x0 = 0 or x0 = 1, (X,⊥) is an O-set.

As seen in the above example, x0 is not necessarily unique.

Definition 2.6 (cf. [4, p.572]). Let (X,⊥) be O-set. A sequence {xi}i∈N is called an orthog-
onal sequence (briefly, O-sequence) if

(∀i, xi⊥xi+1) or (∀i, xi+1⊥xi).

Definition 2.7 (cf. [4, p.572]). The triplet (X,⊥, d) is called orthogonal metric space if
(X,⊥) is an O-set and (X, d) is a metric space.

Definition 2.8 (cf. [4, p.572]). Let (X,⊥, d) be an orthogonal metric space. The mapping
f : X → X is called orthogonally continuous (or ⊥-continuous) in x ∈ X if we get f(xi) →
f(a) for each O-sequence {xi}i∈N in X with xi → x as i→ ∞. And, the mapping f is called
⊥-continuous on X if f is ⊥-continuous for all x ∈ X.

Definition 2.9 (cf. [4, p.572]). Let (X,⊥, d) be an orthogonal metric space. X is called
orthogonally complete (briefly, O-complete) if every Cauchy O-sequence is convergent.

Remark 1 (cf. [4, p.572]). Every complete metric space is O-complete and the converse is
not true.

Definition 2.10 (cf. [4, p.573]). Let (X,⊥, d) be an O-set. A mapping f : X → X is
said to be ⊥-preserving if f(x)⊥f(y) whenever x⊥y. Also, f : X → X is said to be weakly
⊥-preserving if f(x)⊥f(y) or f(y)⊥f(x) whenever x⊥y.

Definition 2.11 (cf. [14, p.328]). Let (X,⊥, d) be an O-complete metric space, f : X → X
be a mapping. f is called sequential orthogonal mapping, if

fxn⊥fxn+1 ⇒ fxn+1⊥fxn+2

and

fxn+1⊥fxn ⇒ fxn+2⊥fxn+1

for all {xn} ⊆ X, n ∈ N.

3. Main results

Definition 3.1. Let f and g be self mappings of a O-set X. Then f and g are said to be
weakly compatible if fx = gx⇒ fgx = gfx.

Definition 3.2. Let f and g be self mappings of a O-set X. If w = fx = gx for some x ∈ X,
then x is called a coincidence point of f and g. And, w is called a point of coincidence of f
and g.

Proposition 3.3. Let f and g be weakly compatible self mappings of O-set X. If f and g
have a unique point of coincidence w = fx = gx, then w is the unique common fixed point
of f and g.

Proof. Since w = fx = gx and f , g are weakly compatible, we have

fw = fgx = gfx = gw.

That is, fw = gw is a point of coincidence of f and g. But w is the only point of coincidence
of f and g, so w = fw = gw. Moreover, if z = fz = gz, then z is a point of coincidence of f
and g. From uniqueness, we get z = w. Thus, w is the unique common fixed point of f and
g. �
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Theorem 3.4. Let (X,⊥, d) be an O-complete metric space. The O-sequence {xn}n∈N ⊆ X
and mappings f, g : X → X satisfy the following conditions:
(i) Let f and g be a weakly compatible mappings and f(X) ⊆ g(X).
(ii) Let f be a ⊥−preserving and sequential orthogonal mapping.
(iii) There exists ∃λ ∈ (0, 1) such that

d(fx, fy) > 0 ⇒ τ + F (d(fx, fy)) ≤ F (λd(gx, gy))

for all x, y ∈ X with gx⊥gy, where τ > 0 and F ∈ F .
(iv) If there exist u, v ∈ X such that gxn → v = gu, then gxn⊥v = gu for all n ∈ N+.
(v) ga⊥gb such that fa = ga and fb = gb for all a, b ∈ X.

Then f and g have a unique common fixed point.

Proof. Since (X,⊥) is an O-set, there exists x0 ∈ X such that

(x0⊥y for all y ∈ X) or (y⊥x0 for all y ∈ X).

For orthogonal element x0, fx0, gx0 ∈ X are well defined. Since f(X) ⊆ g(X), there exists
x1 ∈ X such that fx0 = gx1. Then we choose x2 ∈ X such that fx1 = gx2. By proceeding,
we get that there exists xn+1 ∈ X such that fxn = gxn+1 for all n ∈ N. Since x0 is orthogonal
element and f is a ⊥−preserving and sequential orthogonal mapping, we get

x0⊥x1 ⇒ fx0⊥fx1 ⇒ gx1 = fx0⊥fx1 = gx2 ⇒ gx1⊥gx2
or

x1⊥x0 ⇒ fx1⊥fx0 ⇒ gx2 = fx1⊥fx0 = gx1 ⇒ gx2⊥gx1.
Continuing this process, we can say that gxn−1⊥gxn or gxn⊥gxn−1 for n ∈ N. Then {gxn}n∈N
is an O-sequence. From (iii), we get

F (d(gxn+1, gxn)) = F (d(fxn, fxn−1)) ≤ F (λd(gxn, gxn−1))− τ ≤ F (λd(gxn, gxn−1))

for all n ∈ N and τ > 0. Since F is strictly increasing and λ ∈ (0, 1), we get

d(gxn+1, gxn) ≤ λd(gxn, gxn−1) < d(gxn, gxn−1)

for all n ∈ N. We take αn = d(gxn+1, gxn) for all n ∈ N. Then we have αn < αn−1 for all
n ∈ N. Consequently, we get

τ + F (αn) ≤ F (αn−1)

for all n ∈ N. Therefore, we get

(1) F (αn) ≤ F (αn−1)− τ ≤ · · · ≤ F (α0)− nτ

for all n ∈ N. As n→ ∞, we get lim
n→∞

F (αn) = −∞. By property (F2), we get

(2) lim
n→∞

αn = 0.

By property (F3), there exists k ∈ (0, 1) such that

(3) lim
n→∞

αk
nF (αn) = 0.

By (1), we get

(4) αk
nF (αn)− αk

nF (α0) ≤ −αk
nnτ ≤ 0

for all n ∈ N. If we take limit as n→ ∞ in (4), using (2) and (3) we get lim
n→∞

nαk
n = 0. Then

there exists n1 ∈ N such that nαk
n ≤ 1 for all n ≥ n1. So we get

(5) αn ≤ 1

n
1
k

for all n ≥ n1. Now, we claim that {gxn}n∈N is a Cauchy O-sequence. We consider n,m ∈ N
such that m > n ≥ n1, then using (5) we get

d(gxm, gxn) ≤ d(gxm, gxm−1) + d(gxm−1, gxm−2) + · · ·+ d(gxn+1, gxn)

= αm−1 + αm−2 + · · ·+ αn

=

m−1∑
i=n

αi ≤
∞∑
i=n

αi ≤
∞∑
i=n

1

i
1
k

.
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Since 1

i
1
k
<∞, it follows that {gxn}n∈N is a Cauchy O-sequence in X. Since X is O-complete,

there exists v ∈ X such that gxn → v. Then there exists ∃u ∈ X such that gu = v. From
(iii) and (iv), we get

F (d(gxn, fu)) < τ + F (d(gxn, fu)) = τ + F (d(fxn−1, fu)) ≤ F (λd(gxn−1, gu))

for n ∈ N+ and τ > 0. F is a strictly increasing mapping, we have

d(gxn, fu) ≤ λd(gxn−1, gu).

As n→ ∞, we get lim
n→∞

d(gxn, fu) = 0. On the otherhand, we can say that lim
n→∞

d(gxn, gu) =

0. From uniqueness of limit, we get gu = fu. To show the uniqueness of common fixed point
of f and g, let us show that they have a unique point of coincidence. For this, we assume
that there exists another point r in X such that fr = gr. Then from (iii) and (v), we get

F (d(gr, gu)) = F (d(fr, fu)) < τ + F (d(fr, fu)) ≤ F (λd(gr, gu))

which is a contradiction. Then we get d(gr, gu) = 0. That is, gr = gu. Then f and g have
a unique point of coincidence in X. From Proposition 3.3, f and g have a unique common
fixed point. �

Theorem 3.5. Let (X,⊥, d) be an O-complete metric space. The O-sequence {xn}n∈N ⊆ X
and mappings f, g : X → X satisfy the following conditions:
(i) Let f and g be a weakly compatible mappings and f(X) ⊆ g(X).
(ii) Let f be a ⊥−preserving and sequential orthogonal mapping.

(iii) There exists ∃λ ∈
(
0,

1

2

)
such that

d(fx, fy) > 0 ⇒ τ + F (d(fx, fy)) ≤ F (λ(d(fx, gx) + d(fy, gy)))

for all x, y ∈ X with gx⊥gy, where τ > 0 and F ∈ F .
(iv) If there exist u, v ∈ X such that gxn → v = gu, then gxn⊥v = gu for all n ∈ N+.
(v) ga⊥gb such that fa = ga and fb = gb for all a, b ∈ X.

Then f and g have a unique common fixed point.

Proof. Since (X,⊥) is an O-set, there exists x0 ∈ X such that

(x0⊥y for all y ∈ X) or (y⊥x0 for all y ∈ X).

For orthogonal element x0, fx0, gx0 ∈ X are well defined. Since f(X) ⊆ g(X), there exists
x1 ∈ X such that fx0 = gx1. Then we choose x2 ∈ X such that fx1 = gx2. By proceeding,
we get that there exists xn+1 ∈ X such that fxn = gxn+1 for all n ∈ N. Since x0 is orthogonal
element and f is a ⊥−preserving and sequential orthogonal mapping, we get

x0⊥x1 ⇒ fx0⊥fx1 ⇒ gx1 = fx0⊥fx1 = gx2 ⇒ gx1⊥gx2
or

x1⊥x0 ⇒ fx1⊥fx0 ⇒ gx2 = fx1⊥fx0 = gx1 ⇒ gx2⊥gx1.
Continuing this process, we can say that gxn−1⊥gxn or gxn⊥gxn−1 for n ∈ N. Then {gxn}n∈N
is an O-sequence. From (iii), we get

F (d(gxn+1, gxn)) = F (d(fxn, fxn−1))

≤ F (λ(d(fxn, gxn) + d(fxn−1, gxn−1)))− τ

< F (λ(d(gxn+1, gxn) + d(gxn, gxn−1)))

for all n ∈ N and τ > 0. Since F is strictly increasing, we get

d(gxn+1, gxn) < λ(d(gxn+1, gxn) + d(gxn, gxn−1))

for all n ∈ N. Then we get

d(gxn+1, gxn) <
λ

1− λ
d(gxn, gxn−1)

λ ∈
(
0,

1

2

)
for all n ∈ N. We take αn = d(gxn+1, gxn) for all n ∈ N. Since λ ∈

(
0,

1

2

)
, we

get αn < αn−1 for all n ∈ N. Consequently, we get

τ + F (αn) ≤ F (αn−1)
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for all n ∈ N. Therefore, we get

(6) F (αn) ≤ F (αn−1)− τ ≤ · · · ≤ F (α0)− nτ

for all n ∈ N. As n→ ∞, we get lim
n→∞

F (αn) = −∞. By property (F2), we get

(7) lim
n→∞

αn = 0.

By property (F3), there exists k ∈ (0, 1) such that

(8) lim
n→∞

αk
nF (αn) = 0.

By (6), we get

(9) αk
nF (αn)− αk

nF (α0) ≤ −αk
nnτ ≤ 0

for all n ∈ N. If we take limit as n→ ∞ in (9), using (7) and (8) we get lim
n→∞

nαk
n = 0. Then

there exists n1 ∈ N such that nαk
n ≤ 1 for all n ≥ n1. So we get

(10) αn ≤ 1

n
1
k

for all n ≥ n1. Now, we claim that {gxn}n∈N is a Cauchy O-sequence. We consider n,m ∈ N
such that m > n ≥ n1, then using (10) we get

d(gxm, gxn) ≤ d(gxm, gxm−1) + d(gxm−1, gxm−2) + · · ·+ d(gxn+1, gxn)

= αm−1 + αm−2 + · · ·+ αn

=
m−1∑
i=n

αi ≤
∞∑
i=n

αi ≤
∞∑
i=n

1

i
1
k

.

Since 1

i
1
k
<∞, it follows that {gxn}n∈N is a Cauchy O-sequence in X. Since X is O-complete,

there exists v ∈ X such that gxn → v. Then there exists ∃u ∈ X such that gu = v. From
(iii) and (iv), we get

F (d(gxn, fu)) < τ+F (d(gxn, fu)) = τ+F (d(fxn−1, fu)) ≤ F (λ(d(fxn−1, gxn−1)+d(fu, gu)))

for n ∈ N+ and τ > 0. F is a strictly increasing mapping, we have

d(gxn, fu) ≤ λ(d(fxn−1, gxn−1) + d(fu, gu))

≤ λ(d(fxn−1, gxn−1) + d(fu, gxn) + d(gxn, gu)).

Since gxn → gu = v, we get

d(gxn, fu) ≤ λ(d(fxn−1, gxn−1) + d(fu, gxn))

⇒ d(gxn, fu) ≤
λ

1− λ
d(gxn, gxn−1)

for λ ∈
(
0, 12
)
and all n ∈ N+. As n → ∞, we get lim

n→∞
d(gxn, fu) = 0. On the otherhand,

we can say that lim
n→∞

d(gxn, gu) = 0. From uniqueness of limit, we get gu = fu. To show the

uniqueness of common fixed point of f and g, let us show that they have a unique point of
coincidence. For this, we assume that there exists another point r in X such that fr = gr.
Then from (iii) and (v), we get

F (d(gr, gu)) = F (d(fr, fu)) ≤ F (λ(d(fr, gr) + d(fu, gu)))− τ < F (λ(d(fr, gr) + d(fu, gu)))

for τ > 0. Since F is a strictly increasing mapping, we get

d(gr, gu) < λ(d(fr, gr) + d(fu, gu)) = 0.

This is a contradiction. Then we get d(gr, gu) = 0 ⇒ gr = gu. Then f and g have a
unique point of coincidence in X. From Proposition 3.3, f and g have a unique common
fixed point. �
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Abstract. No event experienced or encountered in the universe we live in does not happen
by chance. In the background of these events there are excellent rules or rule systems. By
trying to understand and interpret these rules, sciences create different fields of study for
themselves and develop themselves. While doing this, they use some models in order to
understand and interpret these rules correctly. One of these models is differential equations.
The use of these equations in modeling most of the problems in the literature makes it
important to reach their solutions. Computations to reach solutions of differential equations
can be more complex than computations for algebraic equations. For this reason, different
methods have been put forward to reach the solutions of these equations. One of these
methods is integral transforms. In this study, we discussed Kashuri Fundo transform, which is
one of the integral transforms. In order to show the effectiveness of Kashuri Fundo transform
in solving ordinary differential equations, we applied Kashuri Fundo transform to chemical
reaction models modeled with ordinary differential equations. With these applications, we
have shown that solutions to chemical reaction models can be obtained without the need
for complex calculations with the Kashuri Fundo transform. From this point of view, it
can be concluded that the Kashuri Fundo transform is a very useful method in terms of its
applicability and ease of operation in reaching solutions of ordinary differential equations.

2020 Mathematics Subject Classifications: 34A12, 44A15, 65R10

Keywords: integral transform, Kashuri Fundo transform, inverse Kashuri Fundo trans-
form, ordinary differential equation, chemical reaction model

1. Introduction

Differential equations are used in modeling real life problems in engineering, physics, sta-
tistics, economics, chemistry and many other fields. Differential equations contain quantities
that vary depending on each other and the rates of change (derivative) of these quantities
with respect to each other (cf. [22]). Modeling the relationship between derivatives with
differential equations not only makes real life problems more understandable, but also makes
them easier to plan solutions through these models (cf. [21]).

Differential equations form a large and very important branch of modern mathematics (cf.
[17]). This makes the issue of reaching solutions very important. Computations in solutions
of differential equations can be more complex than computations in solutions of algebraic
equations. Researchers sought a way to transform differential equations into algebraic equa-
tions in order to find a solution to this situation. Until now, many different methods have
been put forward to reach solutions of differential equations (cf. [1, 9, 16]). One of these
methods is integral transforms.

Integral transforms are used in the solutions of initial-value problems, boundary-value
problems, differential equations and integral equations that have taken place in fields such
as engineering, physics and chemistry. The fact that the application area is so diverse has
caused the integral transforms to diversify within themselves (cf. [4]). The most well-known
integral transforms are Laplace and Fourier transforms.

Integral transforms are based on the purpose of creating an equation that does not include
derivatives of the dependent variable by multiplying each term in the equation with an ap-
propriate function called the kernel and taking the integral of each term with respect to the
independent variable (cf. [3]). In this study, we considered Kashuri Fundo transform, which
is one of the integral transforms (cf. [12]). We used the Kashuri Fundo transform to arrive
at the solution of some chemical reaction models.
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In the literature, it is possible to come across many studies on Kashuri Fundo transform.
In 2013, Kashuri Fundo transform and homotopy perturbation method were combined and
used to solve nonlinear partial differential equations (cf. [13]). Also in the same year, the
double Kashuri Fundo transform was introduced (cf. [15]). In later times, the Kashuri Fundo
transform were combined with the expansion coefficients of binomial series, the projected
differential transform method and the Adomian decomposition method, and used in various
fractional differential equations and nonlinear differential equations (cf. [11, 18, 23, 24, 25,
26, 27, 28]). In addition, the solutions of some models encountered in different fields of science
were investigated using the Kashuri Fundo transform (cf. [2, 5, 6, 7, 8, 10, 14, 19, 20]).

2. Kashuri Fundo Transform

The Kashuri Fundo transform is derived from the classical Fourier integral for solving ordi-
nary and partial differential equations with constant and variable coefficients (cf. [12]). The
basis of Kashuri Fundo transform, as in other integral transforms, is to facilitate the solution
process by converting differential equations into algebraic equations. After the necessary op-
erations are done, the solution of the equation is reached by using the inverse of the Kashuri
Fundo transform.

2.1. Definitions related to Kashuri Fundo transform.

Definition 2.1 (cf. [12]). We consider functions in the set F defined as

F = {f(t)|∃M,k1, k2 > 0, such that |f(t)| 6Me
|t|
k2
i , if t ∈ (−1)i × [0,∞)}

For a function belonging to the set F , the constant M must be finite number. k1, k2 may be
finite or infinite.

Definition 2.2 (cf. [12]). Kashuri Fundo transform defined on the set F and denoted by
K (.) is defined as,

(1) K [f(t)](v) = A(v) =
1

v

∞∫
0

e
−t

v2 f(t)dt, t > 0, −k1 < v < k2

The Kashuri Fundo transform expressed by equation (1) can also be expressed as,

K [f(t)](v) = A(v) = v

∞∫
0

e−tf(v2t) dt

Inverse Kashuri Fundo transform is denoted by K −1[A(v)] = f(t), t ≥ 0.

Definition 2.3 (cf. [12]). If there exist positive constants T andM such that, |f(t)| ≤Me
−t

k2 ,
for all t ≥ T , the function f(t) is said to have exponential order 1

k2
.

2.2. Some theorems related to Kashuri Fundo transform.

Theorem 2.4 (cf. [12] Sufficient conditions for existence of Kashuri Fundo trans-
form). If f(t) have exponential order 1

k2
and is piecewise continuous on [0,∞), then K [f(t)](v)

exists for |v| < k.

Theorem 2.5 (cf. [12] Linearity of Kashuri Fundo transform). Let the Kashuri Fundo
transforms of f(t) and g(t) be exist and c be a scalar. Then,

K [(f + g)(t)] = K [f(t)] + K [g(t)]

K [(cf)(t)] = cK [f(t)]

Theorem 2.6 (cf. [12] Kashuri Fundo transform of the derivatives). Let’s assume
that the Kashuri Fundo transform of f(t), denoted by A(v), exists. Then,

(2) K

[
df(t)

dt

]
=
A(v)

v2
− f(0)

v

(3) K

[
d2f(t)

dt2

]
=
A(v)

v4
− f(0)

v3
− f ′(0)

v
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(4) K

[
d(n)f(t)

dt(n)

]
=
A(v)

v2n
−

n−1∑
k=0

f (k)(0)

v2(n−k)−1

2.3. Kashuri Fundo transforms of some special functions. Some functions that are
frequently used in models that appear in different fields of science and the Kashuri Fundo
transforms of these functions are given below (cf. [12, 27, 28]). The functions we encounter
in the models in the literature are not limited to those expressed here. We have included the
most common functions here.

f(t) A(v)
t v3

tn, n ∈ Z n!v2n+1

ect v
1−cv2

sin(ct) cv3

1+c2v4

cos(ct) v
1+c2v4

sinh(ct) cv3

1−c2v4

cosh(ct) v
1−c2v4

tα, α ∈ R+ Γ(α+ 1)v2α+1

n∑
k=0

ckt
k

n∑
k=0

k!ckv
2k+1

Table 1. Kashuri Fundo Transform of Some Special Functions

3. Application of Kashuri Fundo transform to chemical reaction models

In this section, we look for solutions by applying Kashuri Fundo transform to chemical
reaction models which have an important place in chemistry and are modeled with ordinary
differential equations.
Application 3.1 (cf. [4, p. 258]). The zero-order chemical reaction model satisfies the
initial value problem

(5)
dc(t)

dt
= −k0, t > 0

(6) c(0) = c0

where k0 is a positive constant and c(t) is the concentration of a reacting substance at time
t. Solve the given zero-order chemical reaction model using Kashuri Fundo transform.

Having applied bilaterally the Kashuri Fundo transform to the equation (5), we acquire

(7) K

[
dc(t)

dt

]
= K [−k0]

Let K [c(t)] = A(v). Rearranging the equation (7) using the equation (2) and initial
condition, we get

(8) A(v) = c0v − k0v
3

Applying the inverse Kashuri Fundo transform to this equation using table 1, we will find
the solution of the given initial value problem as

(9) c(t) = c0 − k0t

Application 3.2 (cf. [4, p. 258]). The first-order chemical reaction model satisfies the initial
value problem
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(10)
dc(t)

dt
= −k1c(t), k1 > 0

(11) c(0) = c0

Solve the given first-order chemical reaction model using Kashuri Fundo transform.
Having applied bilaterally the Kashuri Fundo transform to the equation (10), we acquire

(12) K

[
dc(t)

dt

]
= K [−k1c(t)]

Let K [c(t)] = A(v). Rearranging the equation (12) using the equation (2) and initial
condition, we get

(13) A(v) =
c0v

1 + k1v2

Applying the inverse Kashuri Fundo transform to this equation using table 1, we will find
the solution of the given initial value problem as

(14) c(t) = c0e
−k1t

Application 3.3 (cf. [4, p. 258]). Solve the systems of differential equations governing the
consecutive chemical reactions of the first order given by

(15)
dc1(t)

dt
= −k1c1(t),

dc2(t)

dt
= k1c1(t)− k2c2(t),

dc3(t)

dt
= k2c2(t), t > 0

with the initial conditions

(16) c1(0) = c0, c2(0) = c3(0) = 0

by Kashuri Fundo transform. In the systems (15), c1(t) is the concentration of a substance
A1 at time t, which breaks down to form a new substance A2 with concentration c2(t), and
c3(t) is the concentration of a new element originated from A2.

We found the solution of the differential equation of function c1(t) as c0e
−k1t in the previous

application. Substituting this solution in the differential equation of the c2(t) function, we
get

(17)
dc2(t)

dt
= k1c0e

−k1t − k2c2(t)

Now having applied bilaterally the Kashuri Fundo transform to the equation (17), we
acquire

(18) K

[
dc2(t)

dt

]
= k1c0K

[
e−k1t

]
− k2K [c2(t)]

Let K [c2(t)] = A2(v). Rearranging the equation (18) using the equation (2) and table 1,
we obtain

(19) A2(v) = k1c0
v3

(1 + k1v2)(1 + k2v2)

If we rearrange this equation so that we can apply the inverse Kashuri Fundo transform,
we get

(20) A2(v) =
k1c0

k2 − k1

(
v

1 + k1v2
− v

1 + k2v2

)
Having applied bilaterally the inverse Kashuri Fundo transform to the equation (20) using

table 1, we acquire
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(21) c2(t) =
k1c0

k2 − k1

(
e−k1t − e−k2t

)
We now know the solutions of the differential equation of function c2(t). If we substitute

this solution in the differential equation of the c3(t) function, we get

(22)
dc3(t)

dt
= k2

(
k1c0

k2 − k1

(
e−k1t − e−k2t

))
And now, having applied bilaterally the Kashuri Fundo transform to the equation (22), we

acquire

(23) K

[
dc3(t)

dt

]
=

k2k1c0
k2 − k1

(
K
[
e−k1t

]
− K

[
e−k2t

])
Let K [c3(t)] = A3(v). Rearranging the equation (23) using the equation (2) and table 1,

we obtain

(24) A3(v) =
k2k1c0
k2 − k1

(
v3

1 + k1v2
− v3

1 + k2v2

)
Rearranging the equation (24) so that we can apply the inverse Kashuri Fundo transform,

we get

(25) A3(v) = c0v − c0
v

1 + k1v2
− k1c0
k2 − k1

(
v

1 + k1v2
− v

1 + k2v2

)
Having applied bilaterally the inverse Kashuri Fundo transform to this equation using table

1, we acquire

(26) c3(t) = c0 − c0e
−k1t − k1c0

k2 − k1

(
e−k1t − e−k2t

)
This result can also be expressed as follows, taking into account the solutions so far.

(27) c3(t) = c0 − c1(t)− c2(t)

4. Conclusion

Computations made in the solutions of differential equations compared to algebraic equa-
tions can be more complex. For this reason, in the solution of differential equations, the use
of integral transformations that transform these equations into algebraic equations provides
convenience in reaching the solution. In this study, we applied Kashuri Fundo transform to
some chemical reaction models in order to show that this transform facilitates the solution of
ordinary differential equations. These applications have shown that results can be obtained
without the need for complex calculations by using the Kashuri Fundo transform. From this
point of view, it can be concluded that the Kashuri Fundo transform is a very useful method
in terms of its applicability and ease of operation in the solution of ordinary differential
equations.
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[8] Güngör N., (2021), Solving convolution type linear Volterra integral equations with Kashuri Fundo trans-
form, J. Abstr. Comput. Math., 6 (2), 1-7.

[9] He H. J., (1999), Variational iteration method - a kind of non-linear analytical technique: some examples,
Int. J. Non Linear Mech., 34 (4) 699-708.

[10] Helmi N., Kiftiah M. and Prihandono B., (2016), Solving linear partial differential equations using Artion-
Fundo Transformation Method, Buletin Ilmiah Matematika Statistika dan Terapannya, 5 (3) 195-204.

[11] Johansyah M. D., Supriatna A. K., Rusyaman E. and Saputra J., (2022), Solving the economic growth
acceleration model with memory effects: an application of combined theorem of Adomian decomposition
methods and Kashuri-Fundo transformation methods, Symmetry, 14 (2) 192.

[12] Kashuri A. and Fundo A., (2013), A new integral transform, ATAM, 8 (1) 27-43.
[13] Kashuri A., Fundo A. and Kreku M., (2013), Mixture of a new integral transform and homotopy pertur-

bation method for solving nonlinear partial differential equations, Adv. Pure Math., 3 317-323.
[14] Kashuri A., Fundo A. and Liko R., (2013), New integral transform for solving some fractional differential

equations, Int. J. Pure Appl. Math., 103 (4) 675-682.
[15] Kashuri A., Fundo A. and Liko R., (2013), On double new integral transform and double Laplace trans-

form, Eur. Sci. J., 9 (33) 82-90.
[16] Liao S. J., (1992), The proposed homotopy analysis technique for the solution of non-linear problems,

Shanghai Jiao Tong University (Ph.D. thesis).
[17] Pala Y., (2013), Modern applied differential equations, Nobel Akademik Publishing, Ankara.
[18] Peker H. A. and Cuha F. A., (2022), Application of Kashuri Fundo transform and homotopy perturbation

methods to fractional heat transfer and porous media equations, Therm. Sci., 26 (4A) 2877-2884.
[19] Peker H. A., Cuha F. A. and Peker B., (2022), Solving steady heat transfer problems via Kashuri Fundo

transform, Therm. Sci., 26 (4A) 3011-3017.
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1. Introduction and Preliminaries

b-metric spaces is a generalization of metric spaces. There are many works about such
spaces (see [5], [9], [10]). In 2018, Karapinar [7] introduced the well-known fixed point theorem
of Kannan under the aspect of interpolation. When the interpolative type contractions in
the literature are examined, it is seen that the fixed points of such mappings are obtained
by Picard iteration (see [2], [3], [6], [7], [8]). Our aim in this paper is to show that the fixed
points of these contractions classes can be found by means of different iterations. It is already
known that convex structure is needed for different iteration schemes. So, in this work, we
firstly give the definition of the convex b-metric space and we introduce Mann’s iteration
scheme in such space. We also prove some fixed point theorems for two types of interpolative
contraction mapping using Mann’s iteration scheme in convex b-metric spaces. For this, the
fixed points of these contractions classes are obtained via Mann iteration ([12], [13]) by taking
convex metric space instead of metric space.

Now we will give some definitions that we will use in our results, respectively.

Definition 1.1. [11] Let (C,ρ) be a metric space. A convex structure is a mapping w :
C2 × I → C satisfying, for all ζ, η, r ∈ C and all µ ∈ I,

ρ(r, w(ζ, η;µ)) ≤ µρ(r, ζ) + (1− µ)ρ(r, η)

where I = [0, 1]. Then (C,ρ,w) is called a convex metric space.

Definition 1.2. [1] Let (C,ρ) be a b-metric space with constant s ≥ 1 and let the mapping
w : C2×I → C be a convex structure on (C, ρ). Then (C,ρb,w) is said to be a convex b-metric
space.

Throughout the article, we’ll call it cbms for the convex b-metric space and ccbms for the
complete convex b-metric space.

Definition 1.3. Let (C,ρb,w) be a cbms and F : C → C be a mapping. The Mann’s iteration
scheme is defined as follows:

ζn+1 = w(ζn,Fζn;µn), n ≥ 1,

where ζn ∈ C and µn ∈ I.

Definition 1.4. [7] Let (C, ρ) be a metric space and F : C → C be a mapping. The mapping
F is called an interpolative Kannan type contraction, if there are constants λ ∈ [0, 1),θ ∈ (0, 1)
such that

ρ(Fζ, Fη) ≤ λ[ρ(ζ, Fζ)]θ[ρ(η, Fη)]1−θ,

for all ζ, η ∈ C r Fix(F ) where Fix(F ) = {ζ ∈ C : Fζ = ζ}.
Definition 1.5. [8] Let (C, ρ) be a metric space and F : C → C be a mapping. The mapping
F is called an interpolative Reich–Rus–Ciri´c type contraction, if there are constants λ ∈ [0, 1)
and δ,θ ∈ (0, 1) such that

ρ(Fζ, Fη) ≤ λ[ρ(ζ, η)]δ[ρ(ζ, Fζ)]θ[ρ(η, Fη)]1−θ−δ,
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for all ζ, η ∈ C r Fix(F ) .

2. Main Results

Theorem 2.1. Let (C, ρb, w) be a ccbms and F : C → C be an interpolative Kannan type
contraction, that is, there exist λ ∈ [0, 1) and θ ∈ (0, 1) such that

(1) ρb(Fζ, Fη) ≤ λ[ρ(ζ, Fζ)]θ[ρ(η, Fη)]1−θ,

for all ζ, η ∈ CrFix(F ) where Fix(F ) = {ζ ∈ C : Fζ = ζ}. Let the sequence {ζn} be defined
as follows

(2) ζn = w(ζn−1, F ζn−1;µn−1),

where 0 ≤ µn−1 ≤ b < 1 for all n ∈ N and b ∈ R+. If b + λ <
1

s
and b <

1

s2
for all n ∈ N,

then F has a fixed point which is obtained via the Mann iteration (12).

Proof. From structure of convex metric space, (1) and (2) we obtain

(3) ρb(ζn, ζn+1) = ρb(ζn, w(ζn, F ζn;µn)) ≤ (1− µn)ρb(ζn, F ζn),

and

ρb(ζn, F ζn) ≤ sρb(ζn, F ζn−1) + sρb(Fζn−1, F ζn)(4)

= sρb(w(ζn−1, F ζn−1;µn−1), F ζn−1) + sρb(Fζn−1, F ζn)

≤ sµn−1ρb(ζn−1, F ζn−1) +

sλ[ρb(ζn−1, F ζn−1)]
θ.[ρb(ζn, F ζn)]

1−θ

Suppose that ρb(ζn−1, F ζn−1) < ρb(ζn, F ζn) for some n ≥ 1. From (4), we have

(5) ρb(ζn, F ζn) ≤ sµn−1ρb(ζn, F ζn) + sλ[ρb(ζn−1, F ζn−1)]
θ.[ρb(ζn, F ζn)]

1−θ

and

(1− sµn−1)ρb(ζn, F ζn)
θ ≤ sλ[ρb(ζn−1, F ζn−1)]

θ.

From above inequality, we obtain

ρb(ζn, F ζn)
θ ≤ sλ

1− sµn−1
[ρb(ζn−1, F ζn−1)]

θ(6)

≤ sλ

1− sb
[ρb(ζn−1, F ζn−1)]

θ.

Since b + λ <
1

s
, we obtain that ρb(ζn−1, F ζn−1) ≥ ρb(ζn, F ζn). But, this implies that a

contradiction. Then, we have ρb(ζn, F ζn) ≤ ρb(ζn−1, F ζn−1) for all n ≥ 1 which implies that
{ρb(ζn−1, F ζn−1)} is a non-increaing sequence. Hence, there exists v ≥ 0 such that

(7) lim
n→∞

ρb(ζn−1, ζn−1) = v.

Now, we will show that v = 0. Suppose that v > 0. Since ρb(ζn, F ζn) ≤ ρb(ζn−1, F ζn−1) for
all n ≥ 1, using (5), we get

ρb(ζn, F ζn) ≤ sλ

1− sµn−1
ρb(ζn−1, F ζn−1)(8)

sλ

1− sb
ρb(ζn−1, F ζn−1).

Taking limit at the inequality (8), we obtain that

v ≤ sλ

1− sb
v ≤ v.

This implies that a contradiction. So, we have that v = 0. From (3), we also have

ρb(ζn, ζn+1) ≤ (1− µn)ρb(ζn, F ζn) ≤ ρb(ζn, F ζn)

which implies that

(9) lim
n→∞

ρb(ζn, ζn+1) = 0.
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Now, we need to show that {ζn} is a Cauchy sequence. For this, the similar proof method
at the proof in [1] will be used. We suppose that {ζn} is not a Cauchy sequence. Thus, there

exist ϵ and the subsequences
{
ζθ(k)

}
and

{
ζϑ(k)

}
of {ζn}, such that θ(k) > ϑ(k) > k,

ρb(ζθ(k) , ζϑ(k)
) ≥ ϵ

and

ρb(ζθ(k)−1
, ζϑ(k)

) < ϵ.

Therefore, we have

(10) ϵ ≤ ρb(ζθ(k) , ζϑ(k)
) ≤ sρb(ζθ(k) , ζϑ(k)+1

) + sρb(ζϑ(k)+1
, ζϑ(k)

).

Using (3) and limn→∞ ρb(ζn, ζn+1) = 0,we obtain

ϵ

s
≤ lim

k→∞
sup ρb(ζθ(k) , ζϑ(k)+1

).

Also we have

ρb(ζθ(k) , ζϑ(k)+1
) = ρb(w(ζθ(k)−1

, F ζθ(k)−1
;µθ(k)−1

), ζϑ(k)+1
)

≤ µθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)+1
) + (1− µθ(k)−1

)ρb(Fζθ(k)−1
, ζϑ(k)+1

)

≤ µθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)+1
) + s(1− µθ(k)−1

)ρb(Fζθ(k)−1
, F ζϑ(k)+1

)

+s(1− µθ(k)−1
)ρb(Fζϑ(k)+1

, ζϑ(k)+1
)

≤ µθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)+1
)

+s(1− µθ(k)−1
)λ[ρb(ζθ(k)−1

, F ζθ(k)−1
]θ[ρb(ζϑ(k)+1

, F ζ
ϑ(k)+1

]1−θ

+s(1− µθ(k)−1
)ρb(Fζϑ(k)+1

, ζϑ(k)+1
)

≤ sµθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)
) + sµθ(k)−1

ρb(ζϑ(k)
, ζ

ϑ(k)+1
)

+s(1− µθ(k)−1
)λ[ρb(ζθ(k)−1

, F ζθ(k)−1
]θ[ρb(ζϑ(k)+1

, F ζ
ϑ(k)+1

]1−θ

+s(1− µθ(k)−1
)ρb(Fζϑ(k)+1

, ζϑ(k)+1
)

Taking lim sup as k → ∞ on both sides of above inequality and using (7),(9), we obtain

ϵ

s
≤ lim

k→∞
sup ρb(ζθ(k) , ζϑ(k)+1

)

≤ sµθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)
)

≤ sbρb(ζθ(k)−1
, ζϑ(k)

).

Since b <
1

s2
, we obtain

ϵ

s
≤ lim

k→∞
sup ρb(ζθ(k) , ζϑ(k)+1

) ≤ b
ϵ

s
<
ϵ

s
.

This is a contradiction. Thus,{ζn} is a Cauchy sequence in C. Since (C, ρb, w) be a ccbms,
there exists ζ∗ ∈ C such that limn→∞ ζn = ζ∗ ∈ C. Next, we will show that ζ∗is a fixed
point of F . Note that

ρb(ζ
∗, F ζ∗) ≤ s[ρb(ζ

∗, ζn) + ρb(ζn, F ζ
∗)]

≤ sρb(ζ
∗, ζn) + s2[ρb(ζn, F ζn) + ρb(Fζn, F ζ

∗)]

≤ sρb(ζ
∗, ζn) + s2ρb(ζn, F ζn) + s2λ[ρb(ζn, F ζn)]

θ[ρb(ζ
∗, F ζ∗)]1−θ

≤ sρb(ζ
∗, ζn) + s2(

sλ

1− sb
)nρb(ζ0, F ζ0) +

s2λ(
sλ

1− sb
)n[ρb(ζ0, F ζ0)]

θ[ρb(ζ
∗, F ζ∗)]1−θ.

If we take limit as n→ ∞ on both sides of above inequality ,we deduce that ρb(ζ
∗, F ζ∗) = 0

which implies that Fζ∗ = ζ∗. �

At the next theorem, we will give the following result for interpolative Reich–Rus–Ciri´c
type contraction in ccbms.
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Theorem 2.2. Let (C, ρb, w) be a ccbms and F : C → C be an interpolative Reich–Rus–
Ciri´c type contraction that is, there exist λ ∈ [0, 1) and θ,δ ∈ (0, 1) such that

(11) ρ(Fζ, Fη) ≤ λ[ρ(ζ, η)]δ[ρ(ζ, Fζ)]θ[ρ(η, Fη)]1−θ−δ,

for all ζ, η ∈ C\ Fix(F ) where Fix(F ) = {ζ ∈ C : Fζ = ζ}. Let {ζn} be defined as follows

(12) ζn = w(ζn−1, ζn−1;µn−1),

where 0 ≤ µn−1 ≤ b < 1 for all n ∈ N and b ∈ R+. If b + λ <
1

s
and b <

1

s2
for all n ∈ N,

then F has a fixed point which is obtained via the Mann iteration (12).

Proof. Note that, we obtain

(13) ρb(ζn, ζn+1) = ρb(ζn, w(ζn, F ζn;µn)) ≤ (1− µn)ρb(ζn, F ζn),

and

ρb(ζn, F ζn) ≤ sρb(ζn, F ζn−1) + sρb(ζn−1, ζn)(14)

= sρb(w(ζn−1, F ζn−1;µn−1), F ζn−1) + sρb(Fζn−1, F ζn)

≤ sµn−1ρb(ζn−1, F ζn−1)

+sλ[ρb(ζn−1, ζn)]
δ[ρb(ζn−1, F ζn−1)]

θ[ρb(ζn, F ζn)]
1−δ−θ

= sµn−1ρb(ζn−1, F ζn−1)

+sλ[ρb(ζn−1, w(ζn−1, F ζn−1;µn−1))]
δ

×[ρb(ζn−1, F ζn−1)]
θ[ρb(ζn, F ζn)]

1−δ−θ

≤ sµn−1ρb(ζn−1, F ζn−1)

+sλ[(1− µn−1)ρb(ζn−1, F ζn−1)]
δ

×[ρb(ζn−1, F ζn−1)]
θ[ρb(ζn, F ζn)]

1−δ−θ.

Assume that ρb(ζn−1, F ζn−1) < ρb(ζn, F ζn) for some n ≥ 1. Using (14), we have

ρb(ζn, F ζn) ≤ sµn−1ρb(ζn, ζn) +(15)

sλ(1− µn−1)
δ[ρb(ζn−1, F ζn−1)]

δ+θ[ρb(ζn, F ζn)]
1−δ−θ

which implies that

(1− sµn−1)ρb(ζn, F ζn)

[ρb(ζn, F ζn)]1−δ−θ
≤ sλ(1− µn−1)

δ[ρb(ζn−1, F ζn−1)]
δ+θ(16)

ρb(ζn, F ζn)
δ+θ ≤ sλ(1− µn−1)

δ

(1− sµn−1)
[ρb(ζn−1, F ζn−1)]

δ+θ.

Since
sλ(1− µn−1)

δ

(1− sµn−1)
≤ sλ

(1− sµn−1)
< 1, from above inequality (16), we obtain

ρb(ζn, F ζn)
δ+θ ≤ sλ

(1− sµn−1)
[ρb(ζn−1, F ζn−1)]

δ+θ(17)

sλ

(1− sb)
[ρb(ζn−1, F ζn−1)]

δ+θ.

Since b + λ <
1

s
, we obtain that ρb(ζn−1, ζn−1) ≥ ρb(ζn, F ζn). But, this implies that a

contradiction. Then, we have ρb(ζn, F ζn) ≤ ρb(ζn−1, F ζn−1) for all n ≥ 1 which implies that
{ρb(ζn−1, ζn−1)} is a non-increaing sequence. Hence, there exists v ≥ 0 such that

(18) lim
n→∞

ρb(ζn−1, F ζn−1) = v.

Now, we will show that v = 0. Suppose that v > 0. Since ρb(ζn, F ζn) ≤ ρb(ζn−1, F ζn−1) for
all n ≥ 1, using (17), we get

ρb(ζn, F ζn) ≤ sλ

1− sµn−1
ρb(ζn−1, F ζn−1)(19)

sλ

1− sb
ρb(ζn−1, F ζn−1).
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Taking limit on both sides of the inequality (19), we obtain that

v ≤ sλ

1− sb
v ≤ v.

This implies that a contradiction. So, we have that v = 0. From (13), (18) we also have

ρb(ζn, ζn+1) ≤ (1− µn)ρb(ζn, F ζn) ≤ ρb(ζn, F ζn)

which implies that

(20) lim
n→∞

ρb(ζn, ζn+1) = 0.

Now, we need to show that {ζn} is a Cauchy sequence. For this, the similar proof method at
the proof in [1] will be used. We suppose that {ζn} is not a Cauchy sequence. Thus, there

exist ϵ and the subsequences
{
ζθ(k)

}
and

{
ζϑ(k)

}
of {ζn}, such that θ(k) > ϑ(k) > k,

ρb(ζθ(k) , ζϑ(k)
) ≥ ϵ

and

(21) ρb(ζθ(k)−1
, ζϑ(k)

) < ϵ.

So, we have

ϵ ≤ ρb(ζθ(k) , ζϑ(k)
) ≤ sρb(ζθ(k) , ζϑ(k)+1

) + sρb(ζϑ(k)+1
, ζϑ(k)

).

From (13) and (20), we get that

ϵ

s
≤ lim

k→∞
sup ρb(ζθ(k) , ζϑ(k)+1

).

Noticing that

ρb(ζθ(k) , ζϑ(k)+1
) = ρb(w(ζθ(k)−1

, F ζθ(k)−1
;µθ(k)−1

), ζϑ(k)+1
)

≤ µθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)+1
) + (1− µθ(k)−1

)ρb(Fζθ(k)−1
, ζϑ(k)+1

)

≤ µθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)+1
) + s(1− µθ(k)−1

)ρb(Fζθ(k)−1
, F ζϑ(k)+1

)

+s(1− µθ(k)−1
)ρb(Fζϑ(k)+1

, ζϑ(k)+1
)

≤ µθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)+1
) + s(1− µθ(k)−1

)ρb(Fζϑ(k)+1
, ζϑ(k)+1

)

s(1− µθ(k)−1
)λ[ρb(ζθ(k)−1

, ζϑ(k)+1
)]δ ×

[ρb(ζθ(k)−1
, F ζθ(k)−1

)]θ[ρb(ζϑ(k)+1
, F ζϑ(k)+1

)]1−δ−θ

≤ sµθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)
) + sµθ(k)−1

ρb(ζϑ(k)
, ζϑ(k)+1

)

+s(1− µθ(k)−1
)λ[ρb(ζθ(k)−1

, ζϑ(k)+1
)]δ ×

[ρb(ζθ(k)−1
, F ζθ(k)−1

)]θ[ρb(ζϑ(k)+1
, F ζϑ(k)+1

)]1−δ−θ

+s(1− µθ(k)−1
)ρb(Fζϑ(k)+1

, ζϑ(k)+1
).

Taking lim sup as k → ∞ at the above inequality and using (18), (20) and (21) we obtain

ϵ

s
≤ lim

k→∞
sup ρb(ζθ(k) , ζϑ(k)+1

)

≤ sµθ(k)−1
ρb(ζθ(k)−1

, ζϑ(k)
)

≤ sbρb(ζθ(k)−1
, ζϑ(k)

).

Since b <
1

s2
, we obtain

ϵ

s
≤ lim

k→∞
sup ρb(ζθ(k) , ζϑ(k)+1

) ≤ b
ϵ

s
<
ϵ

s
.

This is a contradiction. Hence, {ζn} is a Cauchy sequence in C. Since (C, ρb, w) be a ccbms,
there exists ζ∗ ∈ C such that limn→∞ ζn = ζ∗ ∈ C. Finally, we will show that ζ∗is a fixed
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point of F . Using (11) and (12), we have

ρb(ζ
∗, F ζ∗) ≤ s[ρb(ζ

∗, ζn) + ρb(ζn, F ζ
∗)]

≤ sρb(ζ
∗, ζn) + s2[ρb(ζn, F ζn) + ρb(Fζn, F ζ

∗)]

≤ sρb(ζ
∗, ζn) + s2ρb(ζn, F ζn)

+s2λ[ρb(ζn, ζ
∗)]δ[ρb(ζn, F ζn)]

θ[ρb(ζ
∗, F ζ∗)]1−δ−θ

≤ sρb(ζ
∗, ζn) + s2(

sλ

1− sb
)nρb(ζ0, F ζ0)

+s2λ[ρb(ζn, ζ
∗)]δ[ρb(ζn, F ζn)]

θ[ρb(ζ
∗, F ζ∗)]1−δ−θ.

If we take limit as n→ ∞ on both sides of above inequality, we get that ρ(ζ∗, F ζ∗) = 0 which
implies that Fζ∗ = ζ∗. Thus, the proof is complete. �
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[10] Kadelburg, Z., Radenović, S., Notes on Some Recent Papers Concerning F -Contractions in b-Metric

Spaces, Constructive Mathematical Analysis, 1 (2018), No. 2, pp. 108-112.
[11] Takahashi, W., A convexity in metric space and nonexpansive mappings, Kodai Math. Sem. Rep, 22

(1970) 142-149.
[12] Yildirim, I., Fixed Point Results for Interpolative Type Contractions via Mann Iteration Process, J. Adv.

Math. Stud., Vol. 15(2022), No. 1, 35-45.
[13] Yildirim, I., On extended interpolative single and multi-valued F-contractions, Turk J Math, 46, (2022),

688-698.
[14] Zamfirescu, T., Fix point theorems in metric spaces, Arch. Math., 23 (1972), 292–298.

Department of Mathematics, Faculty of Science, Atatürk University, Erzu-
rum 25240, Turkey. 1

Email(s): isayildirim@atauni.edu.tr, yunussahin96@hotmail.com (corresponding author)

156



International E-Conference on Mathematical and Statistical
Science: A Selcuk Meeting

Interval Estimation for the Poisson Regression with
Lognormal Unobserved Heterogeneity

Sümeyra Sert

Abstract. The Poisson regression model is one of the widely used model for count
data. Considering real world problems and data sets, assumptions are not always provided to
perform Poisson regression analysis. Therefore, a need has arisen to consider different models
based on Poisson regression model. Considering the studies in the literature, it is seen that
the Poisson regression model with log-normal heterogeneity performs well and only credible
intervals are obtained for these model parameters. Hence, this study considers the interval
estimation for the Poisson regression parameters with lognormal unobserved heterogeneity to
fill this gap in the literature. In this regard, the maximum likelihood based, bootstrap and
the likelihood ratio confidence intervals are obtained. A numerical example is also provided
to illustrate the discussed procedures. The results obtained from this study will provide
foreknowledge for the practitioners studying with this topic.
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1. Introduction

The Poisson regression model is widely used in many fields such as examining the number
of graduate students based on their gender and GPA, number of traffic accidents based on
the weather situation and other factors, etc. The Poisson model includes the assumption that
the mean is equal to the variance, and hence the model cannot explain the empirical pattern
of excessive scatter in the count data. In fact, the usual observation of excess zeros is a
direct consequence of unobserved heterogeneity, as shown by Mullahy [1] and Tsionas [2]. As
emphasized by Gourieroux [3], the existence of the unobserved heterogeneity can lead to in-
consistent estimates and hence misleading interpretations. Many non-linear models are very
sensitive to ignoring individual heterogeneity, and therefore, alternative models are preferred
for Poisson regression models. Dean et al. [4] described a mixture of Poisson distributions
based on the Inverse Gaussian distribution. Tsionas [2] developed a Bayesian inference pro-
cedure for the Poisson regression with lognormal unobserved heterogeneity. Recently, Ye et
al. [5] proposed a semi-nonparametric Poisson regression model that can accommodate an
unobserved heterogeneity unlike the traditional negative binomial model.

The aim of this study is to discuss interval estimation for Poisson regression parameters
with lognormal unobserved heterogeneity. In this regard, maximum likelihood estimation
(MLE) based confidence intervals, bootstrap confidence intervals and likelihood ratio (LR)
confidence intervals are obtained. The performance of these methods are evaluated using
interval length criteria.

2. Poisson Regression Model with Lognormal Unobserved Heterogeneity

Let y = [y1, y2, ..., yn]
′
be a sample of count data. It is assumed that the sample is generated

from a Poisson distribution with

p (yi|λi) = exp (−λi)
λi
yi!
, i = 1, ..., n

where λi follows a lognormal distribution. Given a k × 1 vector of covariates xi and a k × 1
parameter vector β,

(1) log λi = x
′
iβ + ui.
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Here, ui ∼ IN
(
0, σ2

)
. It is clear that when σ = 0, this model corresponds to the Poisson

regression model with no unobserved heterogeneity (Tsionas [2]).

Let the n× k matrix X =
[
x

′
1,x

′
2, ...,x

′
n

]′
and the n× 1 vector λ = [λ1, λ2, ..., λn]

′
. Then,

the marginal distribution of the data is given in Tsionas [2] by

(2) p (yi|xi,β, σ) =
(
2πσ2

)− 1
2

∞∫
0

exp (−λi)
λyi−1i

yi!
exp

[
− 1

2σ2

(
log λi − x

′
iβ
)2]

dλi.

Then, the log-likelihood function of β and σ is

(3) ℓ (β, σ) =
n∑

i=1

log

(2πσ2)− 1
2

∞∫
0

exp (−λi)
λyi−1i

yi!
exp

[
− 1

2σ2

(
log λi − x

′
iβ
)2]

dλi

 .

This equation can be maximized to obtain the MLE of β and σ by using maxLik function
in R.

3. Confidence intervals for the Poisson Regression with Lognormal
Unobserved Heterogeneity

Let β = (β0, β1, β2)
T is the regression parameters, x = (xi1, xi2, xi3)

T are the covariates

and θ̂ =
(
β̂0, β̂1, β̂2, σ̂

)
is the MLE of θ = (β0, β1, β2, σ) . Here, xi1 is a n × 1 dimensional

vector consisting of 1’s. Then, MLE based, bootstrap and likelihood-ratio based confidence
intervals are considered and the details of these methods are given in below, respectively.

• An approximate (1− α)% confidence intervals for β0, β1, β2 and σ can be written by

(4) β̂0 ± z1−α/2ŝe
(
β̂0

)
,

(5) β̂1 ± z1−α/2ŝe
(
β̂1

)
,

(6) β̂2 ± z1−α/2ŝe
(
β̂2

)
,

and

(7) σ̂ ± z1−α/2ŝe (σ̂) ,

where ŝe
(
β̂0

)
, ŝe

(
β̂1

)
, ŝe

(
β̂2

)
and ŝe (σ̂) can be computed by inverse of the Fisher

information matrix.
• Normal bootstrap confidence interval is used following the methodology in Rizzo [6].
The algorithm is given in below.

1- Sample x∗1, x
∗
2, ..., x

∗
n with replacement from the original data sample. Let it be

the empirical distribution.
2- Obtain the ML estimator of θ = (β0, β1, β2, σ) from each resample. This boot-

strap estimate is denoted by θ̂
∗
i for the ith cycle.

3- Repeat (1,2) n times (n is bootstrap iterations).

The normal bootstrap (N-boot) CI based on θ̂
∗
is calculated as

CI1−αNormal =

(
2θ̂
∗ −

−
θ∗ − z1−α

2

√
S
(
θ̂
∗)
, 2θ̂
∗ −

−
θ∗ + z1−α

2

√
S
(
θ̂
∗))

,

where zpis p
th the quantile of the standard normal distribution,

−
θ∗ =

1

NBoot

NBoot∑
i=1

θ̂
∗
i ,

and

S
(
θ̂
∗)

=
1

NBoot − 1

NBoot∑
i=1

(
θ̂
∗
i −

−
θ∗
)2

.
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• Uncorrected Likelihood Ratio (ULR) confidence intervals are considered by Doganaksoy
and Scheme [7] and Doganaksoy [8]. For this study, the likelihood ratio confidence
intervals are obtained following Doganaksoy [8]. The likelihood ratio statistic for θ is
defined by

W (θ) = −2
[
ℓ
(
θ, δ̃θ

)
− ℓ

(
θ̂, δ̂
)]
.

Here, θ denotes the scale parameter vector of interest, δ is the vector of p nuisance

parameters,
(
θ̂, δ̂
)
is the MLE of (θ, δ) and δ̃θ is the constrained MLE of δ under a

given value of θ. Also, ℓ (θ, δ) denotes the log-likelihood function, ℓ
(
θ, δ̃θ

)
denotes

the profile log-likelihood function for θ and ℓ
(
θ̂, δ̂
)
denotes the maximized value of

the log-likelihood function. For large samples and under true parameter values,W (θ)
is approximately distributed as χ2

(1).

The test statistic Λ can be used for testing H0 : θ = θ0 against H1 : θ ̸= θ with
critical region Λ > χ2

(1) (1− α). Then, we conclude that the ULR confidence interval

for θ readily arises a nice set
{
θ : Λ < χ2

(1) (α)
}
. Using this fact, 100 (1− α)% ULR

CI limits

(8) (θL, θU )

that satisfy

(9) −2
(
ℓ (θ)− ℓ

(
θ̂
))

− χ2
(1) (1− α) = 0

with θL < θ̂ and θU > θ̂.
It is noticed by Fraser [9] that the ULR and asymptotically normal (AN) CIs are

asymptotically equivalent. The ULR CIs are transformation invariant, unlike the AN
method. Furthermore, the ULR CIs always produce limits inside of the parameter
space, as emphasized also in Sert et al. [10].

4. Numerical Example

In this section, a simulated data set is used to evaluate the performances of above-
mentioned methods. In this context, the independent variables X2 and X3 are assumed
to be N(0, 1), and the response variable Y has the pdf in Eq (1). ui ∼ N(0, σ2) and the
parameters are prefixed as β0 = 0.5, β1 = 0.5, β2 = 0.5, σ = 1. For bootstrap sampling,
the re-sample size is prefixed as Nboot = 100. Also, the number of observations is prefixed
n = 100. While maxLik function is used for the construction of MLE based and bootstrap
confidence intervals, optim function is used to obtain lower and upper bounds for likelihood
ratio based confidence intervals. R program is used for all computations. The results are
given in Table (1)-(2).

β0 β1 β2 σ
ML estimates 0.3296 0.3812 0.4900 0.9343

Table 1. ML estimates for the model parameters

Method Bound β0 β1 β2 σ
MLE Lower 0.0507 0.1182 0.2086 0.7061

Upper 0.6084 0.6443 0.7714 1.1625
Bootstrap Lower 0.0737 0.1489 0.2171 0.7195

Upper 0.6413 0.6187 0.7360 1.2299
LR Lower 0.0450 0.1128 0.2028 0.3522.

Upper 0.6141 0.6497 0.7772 1.5164

Table 2. Lower and upper bounds for the model parameters of numerical example

From Table (2), considering simulated data set, it is clear that LR based confidence interval
performed best among all methods considered in this study. While there is not much difference
between the results of two, one may prefer to use LR confidence intervals in terms of the length
criteria instead of bootstrap confidence intervals to avoid long computation time.
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5. Conclusion

In this study, interval estimation problem for the Poisson regression with lognormal un-
observed heterogeneity is considered. The confidence intervals are constructed using the
asymptotic normality of MLE, bootstrap and LR methods. Results indicate that LR method
is superior than other methods in terms of interval length. The most important problem
encountered during the study is that the program runs very slowly due to integrals in the
likelihood function. Another problem should be considered is the lack of numerical integra-
tion methods to handle with divergent integrals in R. Further studies are planned to conduct
to address these issues.
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The Effect of Reinsurance Contracts on Ruin
Probability
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Abstract. Reinsurance is the transfer of some of the risks of a ceding insurance company
to another insurance company. There are various types of reinsurance, both proportional and
non-proportional, between ceding and reinsurance companies. Determining which of these
reinsurance types will be more effective in reducing the probability of a company’s ruin is a
rather complex problem. In particular, according to different types of distributions such as
symmetrical, left-skewed, right-skewed in terms of claim size distribution, determining which
reinsurance contract will be more beneficial for the company in terms of the probability of
ruin is a more complex problem. Solving such complex problems with simulation is much
more practical than solving them theoretically. In this study, considering different types of
claims and reinsurance contracts, the probability of ruin of companies has been tried to be
obtained by simulation and it has been tried to determine which reinsurance contract is more
suitable for which type of claim size.
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1. Introduction

The theoretical foundations of ruin theory (or risk process) were introduced by Lundberg
[5]. This work was later republished by Cramer [3]. Risk process (or surplus process) is a
model of the accumulation of an insurance company’s capital at time t and can be defined as

(1) U (t) = u+ p (t)− S (t) , t ≥ 0.

In Equation (1), U (t) represents insurance company’s capital at time t, p (t) represents the
capital inflow (incoming cash premiums), u is the initial capital, S (t) represents the capital
outflow (outgoing claims) and can be defined as

(2) S (t) =

N(t)∑
i=1

Xi , t ≥ 0,

where N (t) is the number of claims up to time t and Xi is the claim amount of i. In a risk
model, different light-tailed (suh as exponential, gamma, hyperexponential) and heavy-tailed
(such as Weibull, lognormal, Pareto) distributions can be used as the claim size distribution
(for more details, see [1] ).

Ruin of insurance company occurs when U (t) < 0 for some t > 0. This can be expressed
as follows

(3) Ruin= {U (t) < 0, t > 0} ,

and the random variable T , called ruin time, can be defined as

(4) T = inf {t > 0 : U (t) < 0} .

Accordingly, ruin probability can be defined as

(5) ψ (u) = P (ruin | U (0) = u) = P (T <∞) .

One can consult [4] for more details. Reinsurance is a type of insurance contract between two
insurance companies. Carter [2] summarized the primary functions of reinsurance as follows:

• to protect insurers from underwriting losses which may imperil their solvency;
• to stabilize underwriting results;
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• to increase the flexibility of an insurer in the size and types of risk and the volume of
business he can underwrite;

• further spread the risk of loss.

Moreover, reinsurance may assist in the financing of insurance operations. There are various
types of reinsurance, both proportional and non-proportional, between ceding and reinsurance
companies. Determining which of these types of reinsurance will be more effective in reducing
the probability of a company going ruin is a complex problem. In this study, considering
different types of claims and reinsurance contracts, the probability of ruin of companies has
been tried to be obtained by simulation and it has been tried to determine which reinsurance
contract is more suitable for which type of claim size.

2. Types of Reinsurance

Reinsurance is the transfer of some of the risks of a ceding insurance company to another
insurance company (reinsurance company or reinsurer). Reinsurance transactions are one of
the basic elements of insurance. Basically, reinsurance transactions take place in the following
three stages:

• The ceding insurance company transfers some of its risks to the reinsurance company.
• The ceding insurance company pays a premium to the reinsurance company for the
risk it has transferred.

• In cases where the risk occurs, the compensation is paid by the reinsurance company
to ceding insurance company.

The total claim amount of ceding insurance company {S (t) , t ≥ 0} up to time t can be
defined as

(6) S (t) =


N(t)∑
i=1

Xi , N (t) > 0

0 , N (t) = 0

where N (t) , t ≥ 0 is the number of claims up to time t and Xi, i ∈ N is the individual claim
amount.

Considering that the total claim amount in a reinsurance contract is shared between the
ceding company and the reinsurer, S (t) can be expressed as follows

(7) S (t) = D (t) +R (t) .

In Equation (7), R (t) is the amount remaining in the ceding company after reinsurance and
D (t) is the amount to be paid by the reinsurance company. For most reinsurance contract,
this split is expressed in terms of individual Xi risks as follows:

(8) Xi = Di +Ri.

There are various types of reinsurance, both proportional and non-proportional, between
ceding and reinsurance companies.

2.1. Proportional Reinsurance. In these types of reinsurance contract, insurance pre-
mium and claims are shared between the insurance company and the reinsurer at a certain
rate.

2.1.1. Quota Share Reinsurance. In a quota share reinsurance, Ri and R (t) can be expressed
as

(9) Ri = aXi

and

(10) R (t) = aS (t)

where a (0 < a < 1) is the proportionality factor. If the distribution of claim size X is known,
the distribution functions of R and D can be obtained as

(11) P (R ≤ x) = P (aX ≤ x) = P
(
X ≤ x

a

)
= Fx

(x
a

)
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and

(12) P (D ≤ x) = P ((1− a)X ≤ x) = P

(
X ≤ x

1− a

)
= Fx

(
x

1− a

)
respectively. Similarly, the distribution functions for the total risk can be can be expressed
as

(13) P (R (t) ≤ x) = P (aS (t) ≤ x) = P
(
S (t) ≤ x

a

)
and

(14) P (D (t) ≤ x) = P ((1− a)S (t) ≤ x) = P

(
S (t) ≤ x

1− a

)
2.1.2. Surplus Share Reinsurance. In a surplus share reinsurance, Ri and Di can be expressed
as

(15) Ri =

(
1− M

Qi

)
Xi1{Qi>M}

and

(16) Di = Xi1{Qi≤M} +M
Xi

Qi
1{Qi>M}

where, M is the retention and Qi is the sum insured for claim Xi and 1{x∈A} is the identity
function defined as

(17) 1{x∈A} =

{
1 , x ∈ A
0 , x /∈ A

For total claim size, R (t) and D (t) can be expressed as follows

(18) R (t) =

N(t)∑
i=1

Ri

and

(19) D (t) =

N(t)∑
i=1

Di

where N (t) is the number of claim up to time t.

2.2. Non-Proportional Reinsurance. In these types of reinsurance contracts, if the in-
surer’s loss exceeds a certain amount, the reinsurer is only obliged to pay the excess.

2.2.1. Excess of Loss Reinsurance. In a excess of loss reinsurance, R (t) and D (t) can be
expressed as

(20) R (t) =

N(t)∑
i=1

(Xi −M)+

and

(21) D (t) =

N(t)∑
i=1

min (Xi,M) .

That is, the reinsurer will pay the excess amount for each claim exceeding the retention share.
If the reinsurer will pay a certain upper limit of L, R (t) and D (t) can be defined as given in
Equations (22) and (23).

(22) R (t) =

N(t)∑
i=1

min
{
(Xi −M)+ , L

}
and

(23) D (t) =

N(t)∑
i=1

max {min (Xi,M) , Xi − L}

163



Reinsurance and Ruin Probability

2.2.2. Stop Loss Reinsurance. In a stop-loss reinsurance, R (t) can be expressed as

(24) R (t) =

N(t)∑
i=1

(Xi − C)+

That is, the reinsurer deals with the portion of the total loss that exceeds a certain amount
of C. If an upper limit such as d is added to the contract, R (t) can be defined as given in
Equation (25).

(25) R (t) = min


N(t)∑

i=1

(Xi − C)+ , d

 .

3. Simulation Study

In this section, the Monte Carlo simulation (based on 10000 reputations) are conducted
to obtain ruin probability of ceding companies in case of different claim size distributions
(Pareto, lognormal, Weibull) and different reinsurance contracts (quota share reinsurance,
excess of loss reinsurance). Also, simulation results given in Tables 1 - 3 have been obtained
for different parameters of the considered claim size distributions and for different cases of
the considered reinsurance contracts.

The following situations were taken into consideration while conducting the simulation
study:

- while one of the distribution parameters is taken as constant, the other has been deter-
mined such that the expected value of the considered claim size distribution is equal to the
given mean value.

- the number of claims distribution has been assumed as Poisson with λ parameter. In the
simulation study, the results for different λ’s (for 2, 5 and 8) were examined.

- the initial capital is taken as u = 10.
- the expected value principle has been used as the premium sharing method. Premium

loading is taken 0.20 for insurer and 0.10 for ceding insurance company
- two cases have been considered for the quota share reinsurance contract: a = 0.40 and

a = 0.50.
- two cases have been considered for the excess of loss reinsurance contract: M = 5 and

M = 8.
In Table 1, simulation results are given for the case where the claim size distribution is

Pareto.

Ruin Probabilities for Reinsurance Contracts

Mean Parameters No Quota share Quota share Excess of loss Excess of loss

λ claim size (α;β) contract (a = 0.4) (a = 0.5) (M = 5) (M = 8)
3 (4; 9) 0.4527 0.2440 0.1972 0.1390 0.2397

5 (4; 15) 0.5580 0.3695 0.3283 0.1328 0.2691

2 7 (4; 21) 0.6098 0.4335 0.3986 0.0924 0.2382

10 (4; 30) 0.6642 0.5065 0.4739 0.0661 0.2082

15 (4; 45) 0.6973 0.5685 0.5406 0.0469 0.1818

3 (4; 9) 0.5121 0.2740 0.2265 0.1396 0.2445

5 (4; 15) 0.5950 0.3862 0.3466 0.1284 0.2664

5 7 (4; 21) 0.6564 0.4609 0.4256 0.1176 0.2680

10 (4; 30) 0.7025 0.5322 0.5003 0.0928 0.2537

15 (4; 45) 0.7365 0,5897 0.5653 0.0554 0.1933

3 (4; 9) 0.5225 0.2818 0.2401 0.1397 0.2434

5 (4; 15) 0.6149 0.3928 0.3502 0.1221 0.2593

8 7 (4; 21) 0.6762 0.4835 0.4442 0.1049 0.2557

10 (4; 30) 0.7179 0.5411 0.5095 0.0961 0.2518

15 (4; 45) 0.7401 0.6010 0.5786 0.0657 0.2121

Table 1. Ruin Probabilities in the case of Xi ∼ Pareto (α;β)
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In Table 2, simulation results are given for the case where the claim size distribution is
lognormal.

Ruin Probabilities for Reinsurance Contracts

Mean Parameters No Quota share Quota share Excess of loss Excess of loss

λ claim size (µ;σ) contract (a = 0.4) (a = 0.5) (M = 5) (M = 8)
3 (1; 0.444) 0.3056 0.0753 0.0469 0.1644 0.1920

5 (1; 1.104) 0.5481 0.3773 0.3370 0.1070 0.2308

2 7 (1; 1.375) 0.5957 0.4631 0.4340 0.1017 0.2403

10 (1; 1.614) 0.5970 0.4947 0.4762 0.0865 0.2283

15 (1; 1.848) 0.6014 0.5157 0.5016 0.0121 0.0732

3 (1; 0.444) 0.3279 0.0805 0.0516 0.1676 0.1933

5 (1; 1.104) 0.5985 0.4033 0.3669 0.1252 0.2592

5 7 (1; 1.375) 0.6633 0.5203 0.4908 0.0816 0.2221

10 (1; 1.614) 0.6820 0.5729 0.5543 0.0476 0.1603

15 (1; 1.848) 0.6707 0.5886 0.5763 0.0238 0.1103

3 (1; 0.444) 0.3384 0.0827 0.0543 0.1634 0.1914

5 (1; 1.104) 0.6272 0.4192 0.3806 0.1340 0.2659

8 7 (1; 1.375) 0.6843 0.5259 0.5005 0.0892 0.2240

10 (1; 1.614) 0.7030 0.5885 0.5711 0.0298 0.1204

15 (1; 1.848) 0.7012 0.6138 0.6017 0.0094 0.0636

Table 2. Ruin Probabilities in the case of Xi ∼ lognormal (µ;σ)

In Table 3, simulation results are given for the case where the claim size distribution is
Weibull.

Ruin Probabilities for Reinsurance Contracts

Mean Parameters No Quota share Quota share Excess of loss Excess of loss

λ claim size (k; θ) contract (a = 0.4) (a = 0.5) (M = 5) (M = 8)
3 (0.7; 2.369) 0.4844 0.2772 0.2271 0.1292 0.2463

5 (0.7; 3.949) 0.5873 0.4052 0.3649 0.1078 0.2484

2 7 (0.7; 5.529) 0.6297 0.4660 0.4302 0.0841 0.2356

10 (0.7; 7.899) 0.6798 0.5392 0.5039 0.0611 0.2038

15 (0.7; 11.849) 0.7073 0.5959 0.5716 0.0501 0.1882

3 (0.7; 2.369) 0.5397 0.3077 0.2614 0.1275 0.2508

5 (0.7; 3.949) 0.6337 0.4318 0.3884 0.1197 0.2671

5 7 (0.7; 5.529) 0.6755 0.4979 0.4641 0.0782 0.2172

10 (0.7; 7.899) 0.7202 0.5657 0.5383 0.0603 0.1990

15 (0.7; 11.849) 0.7447 0.6090 0.5865 0.0448 0.1804

3 (0.7; 2.369) 0.5602 0.3140 0.2633 0.1280 0.2522

5 (0.7; 3.949) 0.6461 0.4344 0.3964 0.1269 0.2731

8 7 (0.7; 5.529) 0.6978 0.5174 0.4801 0.0960 0.2477

10 (0.7; 7.899) 0.7231 0.5671 0.5355 0.0603 0.1970

15 (0.7; 11.849) 0.7552 0.6178 0.5951 0.0375 0.1611

Table 3. Ruin Probabilities in the case of Xi ∼ Weibull (k; θ)

Tables 1 - 3 show the ruin probabilities for situations with and without a reinsurance
contract in the case of different claims number and different distribution parameters. When
the tables are examined, the following situations are observed in all three tables:

• in all cases if there is no reinsurance contract, the probability of ruin is highest.
• in the quota share contract, the probability of ruin decreases as the rate (a) increases.
• in the excess of loss contract, the probability of ruin increases as retention (M) in-
creases.

• as the mean claim size increases, the probability of ruin increases in quota share
contract and decreases in the excess of loss contract.
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4. Conclusion

Reinsurance transactions, which is one of the basic elements of insurance, is the transfer
of some of the risks of a ceding insurance company to another insurance company. The
reinsurance gives financial strength to companies that insure their risks and also allows the
insurance industry to grow and operate on a wider scale. There are different types of rein-
surance contracts. In this study, considering different claim size distributions such as Pareto,
lognormal and Weibull and different proportional (quota share) and non-proportional (excess
of loss) reinsurance contracts, ruin probability of ceding insurance companies is examined by
a simulation study. In addition, for all cases discussed in the study, the probability of ruin
in the absence of a reinsurance contract has been examined.
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1. Introduction

Linear positive operators proposed by Szász [21], for 0 ≤ x <∞ are given as

(1) Sn(f ;x) = e−nx
∞∑
k=0

(nx)k

k!
f(
k

n
), f ∈ C[0,∞).

In the same notions, Gupta and Noor [7] introduced the following sequence of linear positive
operators for 0 ≤ x <∞,

(2) Sn(f ;x) =

∞∑
k=1

sn,k(x)

∞∫
0

bn,k(t)f(t)dt+ sn,0f(0),

where
sn,k(x) = e−nx (nx)k

k! , bn,k(t) =
1

B(n+1,k)
tk−1

(1+t)n+k+1 .

They studied distinct approximation properties for these operators in simultaneous approx-
imation. In order to approximate a function by linear positive operators, application of
q-calculus is a very interesting area of research. The first q-analogue of Bernstein polyno-
mials was given by Lupas in [9], after that Phillips [16] introduced another q-analogue of
Bernstein polynomials. P. Maheshwari and other authors [10], [12] and [17] studied some ap-
proximation properties of certain q-genuine linear positive operators. Many q-generalizations
of integral type operators and their approximation behaviors were intensively studied in ([2],
[13], [14]).
Post quantum calculus is considered as an extension of quantum calculus. In this direction
Acar [1] introduced the (p, q)-analogue of Szász Mirakyan operators. Aral and Gupta ([3]
and [4]) gave (p, q)-variant of Szász-Beta operators and also proposed an integral version of
these operators by using (p, q)-Beta function of second kind. By the application of (p, q)-Beta
function of second kind (p, q)-genuine Baskakov-Durrmeyer operators were defined in [8].
After studying the operators given by the authors ([4], [8]), in the present paper we construct
an integral modification of the sequence of linear positive operators defined by Mursaleen et
al. [15] by using (p, q)-Beta function of second kind.
P. Maheshwari and M. Abid [11] published a paper on approximation of (p, q) Szasz-Beta-
Stancu operators.
We mention some notations, definitions of (p, q)-calculus as follows (for details one can refer
[19] and [20]).
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The (p, q)-integer is defined as

[n]p,q =
pn − qn

p− q
, n = 0, 1, 2......, [0]p,q = 0.

The (p, q)-factorial is defined as

[n]p,q! =
n∏

m=1

[m]p,q, n ≥ 1, [0]p,q! = 1.

The (p, q)-binomial coefficient is given by[
n
m

]
p,q

=
[n]p,q!

[n−m]p,q![n]p,q!
, 0 ≤ m ≤ n.

For p = 1, these notations turn to the notation studied for q-analogues. It can easily be
verified that [n]p,q = pn−1[n]q/p.

Definition 1.1. The (p, q)-power basis is defined below

(x⊕ y)np,q = (x+ y)(px+ qy)(p2x+ q2y)..........(pn−1x+ qn−1y)

(x⊖ y)np,q = (x− y)(px− qy)(p2x− q2y)..........(pn−1x− qn−1y).

Definition 1.2. [18] For n ≥ 0, the (p, q)-Gamma function is given as

Γp,qn+ 1 =
(p⊖ q)np,q
(p− q)n

= [n]p,q!, 0 < q < p.

Definition 1.3. The (p, q)-derivative of the function f is defined as

Dp,qf(y) =
f(py)− f(qy)

(p− q)y
, y ̸= 0

and Dp,qf(0) = f ′(0), provided f is differentiable at zero.

Proposition 1.4. [18] The (p, q)-integration by parts is defined as

b∫
a

g(px)Dp,qh(x)dp,qx = g(b)h(b)− g(a)h(a)−
b∫

a

h(qx)Dp,qg(x)dp,qx.

The (p, q)-Beta function of second kind [3] is given by

Bp,q(m,n) =

∞∫
0

xm−1

(1⊕ px)m+n
p,q

dp,qx,

where m,n ∈ N.
The relation between (p, q)-Beta function and (p, q)-Gamma function is given as

Bp,q(m,n) = q
2−m(m−1)

2 p
−m(m+1)

2
Γp,qmΓp,qn

Γp,q(m+ n)
.

The two (p, q)-analogues of exponential functions are defined as

ep,q(x) =
∞∑
n=0

p
n(n−1)

2

[n]p,q!
xn

and

Ep,q(x) =

∞∑
n=0

q
n(n−1)

2

[n]p,q!
xn,

which satisfy the equation ep,q(x)Ep,q(−x) = 1.
For p = 1, we find the q-analogue of exponential functions.
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Based on (p, q)-integers Mursaleen et al. [15] introduced (p, q)-Szász Mirakyan operators for
x ∈ [0,∞) and for 0 < q < p ≤ 1, as below

(3) Sn,p,q(f ;x) =

∞∑
m=0

smn,p,qf

(
[m]p,q

pm−1[n]p,q

)
,

where

smn,p,q =
p

m(m−1)
2

q
m(m−1)

2

([n]p,qx)
m

[m]p,q!
ep,q(−[n]p,qq

−mx).

Remark 1. [15] For the operators defined in (3), for x ≥ 0 and n ∈ N , the following
equalities holds for 0 < q < p ≤ 1

Sn,p,q(1;x) = 1, Sn,p,q = x, Sn,p,q(t
2;x) =

x2

p
+

x

[n]p,q
,

Sn,p,q(t
3;x) =

x3

p3
+

2p+ q

p2[n]p,q
x2 +

x

[n]2p,q
,

Sn,p,q(t
4;x) =

x4

p6
+

3p2 + 2pq + q2

p5[n]p,q
x3 +

3p2 + 3pq + q2

p3[n]2p,q
x2 +

x

[n]3p,q
.

In this paper, we have given some lemmas which are necessary to prove our main results.
We obtain local approximation behaviors of the operators given in equation (3) in terms of
second order modulus of smoothness and classical modulus of continuity. We also present
uniform convergence theorems in terms of weighted approximation for the functions belonging
to weighted spaces. In the last sections, we prove the Voronvskaya type asymptotic formula
and direct estimates using Peetre’s K-functional respectively.

1.1. Preliminaries and Construction of operators. For x ∈ [0,∞) and for 0 < q < p ≤
1, we present (p, q) Szász-Mirakyan-Beta operators using (p, q)-Beta function of second kind
as

(4) Mn,p,q(f ;x) =
∞∑

m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

f(p2qmt)dp,qt+
f(0)

ep,q([n]p,qx)
.

For p = q = 1, these operators are the same as the operators defined by (2).

Lemma 1.5. For x ≥ 0 and n ∈ N , for the operators defined in (4), we have the following
moments for 0 < q < p ≤ 1

Mn,p,q(1;x) = 1,

Mn,p,q(t;x) = x,

Mn,p,q(t
2;x) =

[2]p,qx

pq[n− 1]p,q
+

[n]p,qx
2

p2[n− 1]p,q
,

Mn,p,q(t
3;x) =

p2[2]p,q + pq(p+ 2q) + q3

p3q3[n− 1]p,q[n− 2]p,q
x
(p3 + 2pq[2]p,q + q3)[n]p,q
p5q2[n− 1]p,q[n− 2]p,q

x2 +

[n]2p,q
p6[n− 1]p,q[n− 2]p,q

x3,

Mn,p,q(t
4;x) =

p6 + 3p5q + 5p4q2 + 5p3q3 + 2p2q4 + pq3 + q6

p6q6[n− 1]p,q[n− 2]p,q[n− 3]p,q
x+

[n]p,q(p
7 + 3p6q + 4p5q2 + 2p4q3 + 2p3q2 + p2q3 + 3p2q5 + 3pq6 + q7)

p9q5[n− 1]p,q[n− 2]p,q[n− 3]p,q
x2 +

[n]2p,q(p
3 + 3p2q3 + 3pq4 + q5)

p11q3[n− 1]p,q[n− 2]p,q[n− 3]p,q
x3 +

[n]3p,q
p12[n− 1]p,q[n− 2]p,q[n− 3]p,q

x4.
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Proof. From the operators (4) and Remark 1, we have

Mn,p,q(1;x) =
∞∑

m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

dp,qt+
1

ep,q([n]p,qx)

= Sn,p,q(1;x)

= 1.

Next

Mn,p,q(t;x) =

∞∑
m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

(p2qmt)dp,qt

=
∞∑

m=1

smn,p,q
p2qm

Bp,q(m,n+ 1)
Bp,q(m+ 1, n)

=

∞∑
m=1

smn,p,qp
−m+1 [m]p,q

[n]p,q

=

∞∑
m=1

smn,p,q

(
[m]p,q

pm−1[n]p,q

)
= Sn,p,q(t;x)

= x.

Similarly and by using the equality [m+ 1]p,q = pm + q[m]p,q and Remark 1, we have

Mn,p,q(t
2;x) =

∞∑
m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

(p4q2mt2)dp,qt

=

∞∑
m=1

smn,p,q
p4q2m

Bp,q(m,n+ 1)
Bp,q(m+ 2, n− 1)

=

∞∑
m=1

smn,p,qq
−1p−2m+1 [m]p,q[m+ 1]p,q

[n− 1]p,q[n]p,q

=

∞∑
m=1

smn,p,qq
−1p−2m+1 [m]p,q(p

m + q[m]p,q)

[n− 1]p,q[n]p,q

=
1

q[n− 1]p,q
Sn,p,q(t;x) +

[n]p,q
p[n− 1]p,q

Sn,p,q(t
2;x)

=
[2]p,qx

pq[n− 1]p,q
+

[n]p,qx
2

p2[n− 1]p,q
.

Again using, [m + 1]p,q = pm + q[m]p,q, [m + 2]p,q = pm+1 + qpm + q2[m]p,q and Remark 1,
we have

Mn,p,q(t
3;x) =

∞∑
m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

(p6q3mt3)dp,qt

=
∞∑

m=1

smn,p,q
p6q3m

Bp,q(m,n+ 1)
Bp,q(m+ 3, n− 2)

=
∞∑

m=1

smn,p,qq
−3p−3m

[m]p,q[m+ 1]p,q[m+ 2]p,q
[n− 2]p,q[n− 1]p,q[n]p,q

=

∞∑
m=1

smn,p,qq
−3p−3m

1

[n− 2]p,q[n− 1]p,q[n]p,q(
p2m+1[m]p,q + pm+1q[m]2p,qp

2mq[m]p,q + 2pmq2[m]2p,q + q3[m]3p,q
)
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=
1

[n− 2]p,q[n− 1]p,q

(
1

q3
+

1

q2p

)
Sn,p,q(t;x) +

[n]p,q
[n− 2]p,q[n− 1]p,q

( 1

q2p
+

2

qp2
)
Sn,p,q(t

2;x) +

[n]2p,q
[n− 2]p,q[n− 1]p,q

1

q3
+

1

p3
Sn,p,q(t

3;x)

=
p2[2]p,q + pq(p+ 2q) + q3

p3q3[n− 1]p,q[n− 2]p,q
x
(p3 + 2pq[2]p,q + q3)[n]p,q
p5q2[n− 1]p,q[n− 2]p,q

x2 +

[n]2p,q
p6[n− 1]p,q[n− 2]p,q

x3.

Finally taking, [m + 1]p,q = pm + q[m]p,q, [m + 2]p,q = pm+1 + qpm + q2[m]p,q, [m + 3]p,q =
pm+2 + qpm+1 + q2pm + q3[m]p,q and Remark 1, we have

Mn,p,q(t
4;x) =

∞∑
m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

(p8q4mt4)dp,qt

=

∞∑
m=1

smn,p,q
p8q4m

Bp,q(m,n+ 1)
Bp,q(m+ 4, n− 3)

=

∞∑
m=1

smn,p,qq
−6p−4m−2

[m]p,q[m+ 1]p,q[m+ 2]p,q[m+ 3]p,q
[n− 3]p,q[n− 2]p,q[n− 1]p,q[n]p,q

=
p3 + 2pq(p+ q) + q3

p3q6[n− 3]p,q[n− 2]p,q[n− 1]p,q
Sn,p,q(t;x) +

[n]p,q(p
3 + 3p2q + 4pq2 + 2q3)

p4q5[n− 3]p,q[n− 2]p,q[n− 1]p,q
Sn,p,q(t

2;x) +

[n]2p,q(p
2 + 2pq + 3q2)

p5q3[n− 3]p,q[n− 2]p,q[n− 1]p,q
Sn,p,q(t

3;x) +

[n]3p,q
p6[n− 3]p,q[n− 2]p,q[n− 1]p,q

Sn,p,q(t
4;x)

=
p6 + 3p5q + 5p4q2 + 5p3q3 + 2p2q4 + pq3 + q6

p6q6[n− 1]p,q[n− 2]p,q[n− 3]p,q
x+

[n]p,q(p
7 + 3p6q + 4p5q2 + 2p4q3 + 2p3q2 + p2q3 + 3p2q5 + 3pq6 + q7)

p9q5[n− 1]p,q[n− 2]p,q[n− 3]p,q
x2 +

[n]2p,q(p
3 + 3p2q3 + 3pq4 + q5)

p11q3[n− 1]p,q[n− 2]p,q[n− 3]p,q
x3 +

[n]3p,q
p12[n− 1]p,q[n− 2]p,q[n− 3]p,q

x4.

�
Corollary 1.6. Using Lemma 1.5, we immediately have the following formula for the central
moments

Mn,p,q((t− x);x) = 0,

Mn,p,q((t− x)2;x) =
[2]p,qx

pq[n− 1]p,q
+

(
[n]p,q

p2[n− 1]p,q
− 1

)
x2.

Remark 2. As a special case for p = q = 1, we get the moments of operators discussed in
[7].

2. Main results

In this section, we present the main results of this paper.

2.1. Weighted Approximation.

Remark 3. Since limn→∞[n]p,q = 1
p−q for q ∈ (0, 1) and p ∈ (q, 1], therefore the operators

defined in (4) are not in approximation process in weighted space. To study the convergence
properties of these operators, we assume that p = pn and q = qn satisfy 0 < qn < pn ≤ 1
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and pn → 1, qn → 1, pnn → 1, qnn → 1 as n → ∞. Here we note that with these assumptions
limn→∞[n]p,q = ∞.

Let us consider the functions in weighted space defined as

(1) B2[0,∞) denotes the set of all functions f defined on [0,∞), such that |f(x)| ≤
Mf (1 + x2), where Mf > 0 depending only on f .

(2) C[0,∞) be the set of all continuous functions f defined on [0,∞).

(3) C2[0,∞) denotes the sub space of all continuous functions in B2[0,∞).

(4) By C∗2 [0,∞) represents the subspace of all functions f ∈ C2[0,∞), for which limx→∞
f(x)
1+x2

is finite.

B2[0,∞) is a norm linear space with the norm

∥f∥2 = sup
x∈[0,∞)

|f(x)|
1 + x2

.

Theorem 2.1. Let p = pn and q = qn, such that 0 < qn < pn ≤ 1 and pn → 1, qn → 1 ,
pnn → 1, qnn → 1 as n→ ∞. Then for each f ∈ C∗2 [0,∞), we have

lim
n→∞

∥Mn,pn,qn(f ;x)− f∥2 = 0.

Proof. According to [6], it is sufficient to verify the following three conditions

(5) lim
n→∞

∥Mn,pn,qn(t
α;x)− xα∥2 = 0, α = 0, 1, 2.

Since Mn,pn,qn(1;x) = 1 and Mn,pn,qn(t;x) = x, hence equation (5) holds for α = 0, 1 .
Next by using [n]pn,qn = pn−1n + qn[n]pn,qn and Lemma 1.5, we have for n > 1

∥Mn,pn,qn(t
2;x)− x2|2 = ∥

(
[n]pn,qn

p2n[n− 1]pn,qn
− 1

)
x2 +

[2]pn,qnx

pn, qn[n− 1]pn,qn
∥2

≤
(

[n]pn,qn
p2n[n− 1]pn,qn

− 1

)
sup

x∈[0,∞)

x2

1 + x2

+
[2]pn,qn

pn, qn[n− 1]pn,qn
sup

x∈[0,∞)

x

1 + x2

≤
(

[n]pn,qn
p2n[n− 1]pn,qn

− 1

)
+

[2]pn,qn
pn, qn[n− 1]pn,qn

≤ pn−2n

[n− 1]pn,qn
+

(
qn
p2n

− 1

)
+

[2]pn,qn
pn, qn[n− 1]pn,qn

.

Which implies

lim
n→∞

∥Mn,pn,qn(t
2;x)− x2∥2 = 0.

Therefore the equation (5) holds for α = 2.
Hence the proof. �

2.2. Voronovskaya type Asymptotic formula.

Theorem 2.2. Let p = pn and q = qn such that 0 < qn < pn ≤ 1 and pn → 1, qn → 1,
pnn → 1, qnn → 1 as n→ ∞. Then for any f ∈ C∗2 [0,∞), such that f ′, f ′′ ∈ C∗2 [0,∞), we have

lim
n→,∞

[n]pn,qn (Mn,pn,qn − f(x)) =
f ′′(x)

2
[2x+ x2(1 + β)],

where

β = lim
n→,∞

[n]pn,qn

(
qn
p2n

− 1

)
uniformly on any [0, L], L > 0.
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Proof. Let f, f ′, f ′′ ∈ C∗2 [0,∞) and x ∈ [0,∞). Then by Taylor’s formula

(6) f(t) = f(x) + f ′(x)(t− x) +
1

2
f ′′(x)(t− x)2 + γ(t, x)(t− x)2,

where γ(t, x) is the Peano form of the remainder.
Since γ(·, x) ∈ C∗2 [0,∞), for sufficiently large n

lim
t→x

γ(t, x) = 0.

Applying the operators (4) to both the sides of (6), we get
Mn,pn,qn(f ;x)− f(x) = f ′(x)Mn,pn,qn((t− x);x) + 1

2f
′′(x)Mn,pn,qn((t− x)2;x)

+Mn,pn,qn(γ(t, x)(t− x)2;x).

By Cauchy-Schwarz-inequality, we have

(7) Mn,pn,qn(γ(t, x)(t− x)2;x) ≤
√
Dn,pn,qn(γ

2(t, x);x)
√
Dn,pn,qn((t− x)4;x).

We can see that γ2(x, x) = 0 and γ2 ∈ C∗2 [0,∞).
Using Theorem 2.1, we observe that

(8) lim
n→∞

Mn,pn,qn(γ
2(t, x);x) = γ2(x, x) = 0,

uniformly with respect to x ∈ [0, L].
Therefore from equations (7) and (8), we get

lim
n→∞

[n]pn,qnMn,pn,qn(γ(t, x)(t− x)2;x) = 0.

Now using Corollary 1.6, we have

Mn,pn,qn((t− x);x) = 0.

Thus

lim
n→∞

[n]pn,qn (Mn,pn,qn(f ;x)− f(x)) =
1

2
f ′′(x) lim

n→∞
[n]pn,qnMn,pn,qn((t− x)2;x)

=
1

2
f ′′(x) lim

n→∞
[n]pn,qn

[
[2]pn,qn

pn, qn, [n− 1]pn,qn
x+(

[n]pn,qn
p2n[n− 1]pn,qn

− 1

)
x2
]

=
1

2
f ′′(x)[2x+ (1 + β)x2].

Hence proved. �

2.3. Direct Results. Let CB[0,∞) be the space of all real valued continuous bounded func-
tions f on the interval [0,∞), endowed with the norm

∥f∥ = sup
x∈[0,∞)

|f(x)|.

The Peetre’s K-functional is defined as

K2(f, δ) = inf
g∈C2

B [0,∞)
{∥f − g∥+ δ∥g′′∥},

where C2
B[0,∞) = {g ∈ CB[0,∞) : g′, g′′ ∈ CB[0,∞)}. By [5], there exists an absolute

constant C > 0 such that

(9) K2(f, δ) ≤ Cω2(f,
√
δ),

where δ > 0 and the second order modulus of smoothness is defined by

ω2(f, δ) = sup
0<h≤δ

sup
x∈[0,∞)

|f(x+ 2h)− 2f(x+ h) + f(x)|.
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The usual modulus of continuity of f ∈ CB[0,∞) is defined by

(10) ω(f, δ) = sup
0<h≤δ

sup
x∈[0,∞)

|f(x+ h)− f(x)|.

Theorem 2.3. Let q ∈ (0, 1) and p ∈ (q, 1], the operators Mn,p,q maps CB[0,∞) into
CB[0,∞) and

∥(Mn,p,q(f ;x))∥ ≤ ∥f∥.

Proof. Using Lemma 1.5, we have

∥(Mn,p,q(f ;x))∥ = sup
0≤x<∞

|Mn,p,q(f ;x)|.

|Mn,p,q(f ;x)| ≤
∞∑

m=1

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

|f(p2qmt)|dp,qt+
|f(0)|

ep,q([n]p,qx)

≤ sup
0≤x<∞

|f(x)|
∞∑

m=0

smn,p,q
1

Bp,q(m,n+ 1)

∞∫
0

tm−1

(1⊕ pt)m+n+1
p,q

dp,qt

= sup
0≤x<∞

|f(x)|Mn,p,q(1;x)

= ∥f∥.

Hence the proof. �

Theorem 2.4. For f ∈ CB[0,∞) and for every x ∈ [0,∞), there exists a constant C > 0,
such that

|Mn,p,q(f ;x)− f(x)| ≤ Cω2

(
f ;

√
[2]p,q

pq[n− 1]p,q
+

(
[n]p,q

p2[n− 1]p,q
− 1

)
x2

)
.

where p, q ∈ (0, 1) and q < p.

Proof. Let g ∈W 2, then from the Taylor’s expansion, we have

g(t) = g(x) + g′(x)(t− x) +

t∫
x

(t− u)g′′(u)du, t ∈ [0, R], R > 0.

Now by Corollary 1.6, we get

Mn,p,q(g;x) = g(x) +Mn,p,q

 t∫
x

(t− u)g′′(u)du;x



|Mn,p,q(g;x)− g(x)| ≤ Mn,p,q

 t∫
x

|(t− u)| |g′′(u)|du;x


≤ Mn,p,q((t− x)2;x)∥g′′∥.

Therefore, we get

|Mn,p,q(g;x)− g(x)| ≤ ∥g′′∥
(

[2]p,q
pq[n− 1]p,q

+

(
[n]p,q

p2[n− 1]p,q
− 1

)
x2
)
.

Using |Mn,p,q(f ;x)| ≤ ∥f∥, we have

|Mn,p,q(f ;x)− f(x)| ≤ |Mn,p,q((f − g);x)− (f − g)(x)|+ |Mn,p,q(g;x)− g(x)|

≤ ∥f − g∥+ ∥g′′∥
(

[2]p,q
pq[n− 1]p,q

+

(
[n]p,q

p2[n− 1]p,q
− 1

)
x2
)
.
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Now taking the infimum on the right hand side over all g ∈W 2, we get

|Mn,p,q(f ;x)− f(x)| ≤ CK2

(
f ;

√
[2]p,q

pq[n− 1]p,q
+

(
[n]p,q

p2[n− 1]p,q
− 1

)
x2

)
.

Using equation (9), we get

|Mn,p,q(f ;x)− f(x)| ≤ Cω2

(
f ;

√
[2]p,q

pq[n− 1]p,q
+

(
[n]p,q

p2[n− 1]p,q
− 1

)
x2

)
.

Hence the proof is completed. �

3. Conclusion

Here the author has derived the results for (p, q)- Szasz-Mirakyan-Beta operators using
(p, q)-Beta function of second kind, similar convergence estimates can be investigated for
these type of operators using p, q-Gamma function in the simultaneous approximation.
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Abstract. In this work, the spacings based on order statistics obtained from continuous
distributions are discussed. We present distributional results for spacings and a method of
classification of distribution tails. By this method, we derive asymptotic results for spacings.
We also obtain strong limit results for spacings.
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1. Introduction

The spacings based on order statistics play an important role in many research areas such
as goodness-of-fit tests, reliability analysis, survival analysis and inferential methods. A lot of
practical problems and applications are associated with spacings. For example, the problems
of using spacings in goodness-of-fit tests have been discussed in [5, 8]. The estimation method
based on generalized spacings is known in the literature as a good alternative to the maximum
likelihood method and the method of moments; see, for example, [6]. The works [9] and [12]
utilize the lowest uniform spacings for testing hypotheses of randomness against alternative
hypotheses suggestive of clustering. The papers [2] and [10] also use the lowest uniform
spacings for studying scan statistics. For more details on spacings, one may refer to the
books [1], [7], [11], [13] and the references contained therein. In the present work, we discuss
some asymptotic properties of spacings in general continuous case.

1.1. Preliminaries. Let X1, X2, . . . , Xn be independent and identically distributed random
variables with continuous cumulative distribution F and

X1,n ≤ X2,n ≤ . . . ≤ Xn,n

be the corresponding order statistics. Then,

Si,n = Xi+1,n −Xi,n (i = 1, . . . , n− 1)

define the spacings based on these order statistics. Let us also assume that

inf{x : F (x) > 0} = −∞ and sup{x : F (x) < 1} = ∞.

One can raise the following question. Do the spacings tend to zero or infinity in probability
or with probability one? We discuss this issue here. Let us start our discussion with analyzing
the ”middle“ spacings S[αn],n, where α ∈ (0, 1) and [y] is the integral part of real number y.
For continuous distributions, for any α ∈ (0, 1), we have

X[αn],n
a.s.→ xα and X[αn]+1,n

a.s.→ xα,

where xα is the α-quantile of F . For spacings in the ”middle“, we then get that

S[αn],n
a.s.→ 0, n→ ∞.

For analyzing the limit behavior of lower and upper spacings Sk,n and Sn−k,n, when k is
fixed and n → ∞, let us make use of ”thickness“ of the right and left distribution tails. For
s > 0, let us consider the limits

(1) lim
x→∞

1− F (s+ x)

1− F (x)
= β(s)

and

(2) lim
x→−∞

F (x− s)

F (x)
= γ(s).
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The limits in (1) and (2) were previously used for studying the asymptotic behavior of the
numbers of observations registered near lower and upper order statistics; see, for example,
[3].

We will show in this work that the limit behaviors of Sk,n and Sn−k,n, when k is fixed and
n→ ∞, depend on the ”thickness“ of the left and right distribution tails F (x) and 1−F (x),
respectively. Studying asymptotic properties of upper and lower spacings, we can classify
continuous distributions by ”thickness“ of their tails. Such classification for the right tail is
proposed in Definition 1.1.

Definition 1.1. If the limit in (1) exists for all s > 0 and if β(s) = 1, then we say that
the underlying distribution F has a ”thick“ right tail, if 0 < β(s) < 1, we then say that the
distribution F has a ”medium“ right tail, and if β(s) = 0, then the distribution F has a
”thin“ right tail.

Applying values of γ and using the consimilar argument, we can similarly classify the left
tail of F .

2. Main results

In this section, we present our limit results. Upon analyzing the joint distribution of the
order statistics Xk,n and Xk+1,n, one can show that the distribution of the spacing Sk,n has
the form

FSk,n
(s) = 1− n!

(k − 1)!(n− k)!

×
∫
R
F k−1(x)(1− F (x+ s))n−kdF (x) (s ≥ 0, k = 1, . . . , n− 1).

Applying the above classification and the last identity, we can derive the following limit result.

Proposition 2.1. (i) Let the limit in (1) exist for all s > 0. Then

P (Sn−k,n > s) → βk(s) (k ≥ 1, n→ ∞).

(ii) Let the limit in (2) exist for all s > 0. Then

P (Sk,n > s) → γk(s) (k ≥ 1, n→ ∞).

Corollary 2.2 readily results from Proposition 2.1.

Corollary 2.2. (i) Let the right tail of F is ”thin“. Then

Sn−k,n
p→ 0 (k ≥ 1, n→ ∞).

Let the right tail of F is ”medium“. Then

ESn−k,n →
∫ ∞
0

βk(s)ds (k ≥ 1, n→ ∞),

provided that the integral in the last asymptotic expression exists. Let the right tail of F is
”thick“. Then

Sn−k,n
p→ ∞ (k ≥ 1, n→ ∞)

and

ESn−k,n → ∞ (k ≥ 1, n→ ∞).

(ii) Let the left tail of F is ”thin“. Then

Sk,n
p→ 0 (k ≥ 1, n→ ∞).

Let the left tail of F is ”medium“. Then

ESk,n →
∫ ∞
0

γk(s)ds (k ≥ 1, n→ ∞),

provided that the integral in the last asymptotic expression exists. Let the left tail of F is
”thick“. Then

Sk,n
p→ ∞ (k ≥ 1, n→ ∞)

and

ESk,n → ∞ (k ≥ 1, n→ ∞).
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Applying further the modern form of Borel-Cantelli lemma, see [4], one can obtain the
following strong limit result.

Proposition 2.3. (i) Let β(s) = 0 and

(3)

∫
R

F (x+ s)− F (x− s)

(1− F (x− s))2
dF (x) <∞.

Then
Sn−k,n

a.s.→ 0 (k ≥ 1, n→ ∞).

(ii) Let β(s) = 1 and (3) holds true, then

Sn−k,n
a.s.→ ∞ (k ≥ 1, n→ ∞).

(iii) Let γ(s) = 0 and

(4)

∫
R

F (x+ s)− F (x− s)

F 2(x+ s)
dF (x) <∞.

Then
Sk,n

a.s.→ 0 (k ≥ 1, n→ ∞).

(iiii) Let γ(s) = 0 and (4) holds true. Then

Sk,n
a.s.→ ∞ (k ≥ 1, n→ ∞).

3. Examples

In final Section 3, we illustrate the above theoretical results by examples.

Example 3.1. Let

F (x) = Φ(x) =
1√
2π

∫ x

−∞
e−u

2/2du (x ∈ R)

be the standard normal distribution. The density function of it is symmetric over the origin
and all the asymptotic results for Sk,n follow from the corresponding asymptotic results for
Sn−k,n. We present here only the results for Sn−k,n. For s > 0, we can show that

lim
x→∞

1− Φ(s+ x)

1− Φ(x)
= 0.

It follows from Corollary 2.2 that

Sn−k,n
p→ 0 (k ≥ 1, n→ ∞).

Identity (3) is also valid here. That way,

Sn−k,n
a.s.→ 0 (k ≥ 1, n→ ∞).

Upon analyzing the expected value of the spacing

ESn−k,n =
n!

(n− k − 1)!k!

∫
R

∫ ∞
0

Φn−k−1(x)(1− Φ(x+ s))kdsdΦ(x),

we can show here that
ESn−k,n → 0 (k ≥ 1, n→ ∞).

Example 3.2. Let us take the extreme value distribution

F (x) = e−e
−x

(x ∈ R).
Here, we have β(s) = e−s and γ(s) = 0, i.e., the left tail of the distribution F is ”medium“
and the right one is ”thin“. It follows from Proposition 2.1 and Corollary 2.2, respectively,
that

P (Sn−k,n ≤ s) → 1− e−ks (k ≥ 1, n→ ∞),

ESn−k,n → 1

k
, (k ≥ 1, n→ ∞)

and
Sk,n

p→ 0, (k ≥ 1, n→ ∞).

Here (4) holds true and then

Sk,n
a.s.→ 0, (k ≥ 1, n→ ∞).
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2020 Mathematics Subject Classifications: 34D20, 39A30, 93D05, 49K40

Keywords: Hurwitz stabilty, differential equations, sensitivity.

1. Introduction

Let A ∈ MN (C) and x(t)-N dimensional vector and consider the following differential
equation system:

(1)
d

dt
x(t) = Ax(t).

It is well known that the stability of the system (1), in the literature. According to
Lyapunov’s theorem a necessary and sufficient condition for matrix A to be asymptotic stable
is that the eigenvalues of the matrix A lay in the left open half-plane, that is, Reλi(A) < 0
for all i = 1, 2, . . . , N , where λi(i = 1, 2, . . . , N) stands for the eigenvalues of the coefficient
matrix A [1, 2]. In the literature, this is also called spectral criterion. To denote the complex
region with C, system (1) is said to be Hurwitz stable if σ(A) ⊂ CH = {z | Re(z) < 0} [8].
Let’s also give the family of Hurwitz stable matrices as follows;

HN = {A ∈MN (C) | Reλi(A) < 0 (i = 1, 2, ..., N)} .

In other words, the eigenvalues of the matrix A formed for the differential equation system
(1), fall into the left open half-plane, which determines the Hurwitz stability of this system .

If the locations of these eigenvalues are known approximately, stability analysis of the
system can be done with help of many well-known methods. However, in practice it is not so
easy to determine the eigenvalue therefore the eigenvalue problem is an ill-posed problem for
nonsymmetric matrices [9]. More precisely, small changes in the inputs of the matrices lead
to big changes in the eigenvalues. Let’s give the following example for this situation [1, 2].

Aw (L) =



−20 2.5L
0 −19 3.5L 0
...

. . .
. . .

...
. . .

. . .

0 0 . . . −2 20.5L
w 0 0 . . . 0 −1


If we write L = 10 in w = 1.5L−19then we get w = 1.5 × 10−19. The matrix A0 (10) is
the Hurwitz stable but Aw (10) is non-Hurwitz stable since 0.5 ∈ σ(A). Therefore, for the
determination of stability, it is more convenient to use the parameters calculated with the
help of the solution of a linear algebraic equation which characterizing the stability. With
this notion for linear systems, the stability problem is reduced to the problem of the existence
of a positive definite solution of Lyapunov matrix equation

(2) A∗F + FA+ I = 0.
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According to Lyapunov’s theorem, if the Lyapunov matrix equation for the differential
system (1), which determines the asymptotic stability of the systems, has a solution

(3) F =

∞∫
0

(
etA
)∗
etAdt, F = F ∗ > 0

then system of differential equations (1) is said to be Hurwitz stable [1, 2, 6]. The existence
of F = F ∗ > 0 equivalent to having the eigenvalues of the matrix A in the left open half-plane.
In other words, the stability of a system means the same as the stability of the coefficient
matrix A. However, existence of F does not enough to comment on quality. So we need a
parameter which determines the quality of the stability.

Hurwitz stability parameter or simply condition number κ(A) for the system (1) is defined
as κ(A) = 2 ∥A∥ ∥F∥ ≥ 1 [3, 4]. Moreover, κ∗ be the practical Hurwitz stability parameter of
the system (1), where 1 < κ∗ ∈ R and the value κ∗ chosen by user in view of their problem.
If κ(A) ≤ κ∗ then the matrix A is κ∗- Hurwitz stable matrix. Otherwise, the matrix A is κ∗-
Hurwitz unstable matrix [3, 4, 5].

Let’s take Hurwitz stable matrix set as follow,

HN = {A ∈MN (C) | κ(A) <∞} .

Let’s give the matrix families

L (A1, A2) = {A (rL) = A1 + rLA2 | A1, A2 ∈MN (C)}

and

C (A1, A2) = {A (rC) = (1− rC)A1 + rCA2 | A1, A2 ∈MN (C)}
which consist of linear and convex combination of A1, A2 ∈ MN (C), respectively. Here,

for the sake of brevity the indices will be L and C instead of L (A1, A2) and C (A1, A2),
respectively. If A1 ∈ HN , A2 ∈ MN (C) and rL ∈ IL then the matrix family L (A1, A2) is
Hurwitz stable [7]. Similarly, if A1 ∈ HN , A2 ∈ MN (C) and rC ∈ IC then the matrix family
C (A1, A2) is Hurwitz stable [7]. These all results known as continuity theorems in the litera-
ture. In the remainder of the paper, algebraic properties of L (A1, A2) and C (A1, A2) matrix
families introduced. Here these algebraic properties concern about existence, uniqueness,
convex combination, arithmetic sum, difference of matrix families L (A1, A2) and C (A1, A2) .

2. Properties for Matrix Families

Let’s take, A1 ∈ HN and A2 ∈MN (C) then L (A1, A2) , C (A1, A2) ⊂ HN with rL ∈ IL and
rC ∈ IC , respectively. Accordingly, the following properties are obtained for the L (A1, A2)
and C (A1, A2) matrix families:

(1) L (A1, A2) ̸= L (A2, A1) .
Let’s take A1 ∈ L (A1, A2) and A2 ∈ L (A2, A1). If we write these equalities,

A1 = A1 + rA2 and A2 = A2 + rA1 are obtained. It is easily seen that, this equality
is not satisfied unless A1 = A2 specifically.

(2) A ∈ L (A1, A2) there is exist and unique where the interval which r ∈ IL.
Indeed, we say the existence of r ∈ IL from the definition of the A ∈ L (A1, A2)

for A = A1 + rA2. In addition, let be A = (aij) ,A1 =
(
a1ij

)
, A2 =

(
a2ij

)
A ∈ L (A1, A2) ⇐⇒ ∃r =

aij − a1ij
a2ij

(i, j = 1, 2, ..., N) .

On the other hand, if a2ij = 0 then it means A2 = 0 and automatically get A = A1

i.e. aij = a1ij .

(3) A, B ∈ L (A1, A2) =⇒ 1
2 (A+B) ∈ L (A1, A2) .

Let be A ∈ L (A1, A2) ∋ A = A1 + r1A2 and B ∈ L (A1, A2) ∋ B = A1 + r2A2 for
r1, r2 ∈ IL. Since r1+r2

2 = r3 ∈ IL for r1, r2 ∈ IL
1

2
(A+B) = A1 +

r1 + r2
2

A2 = A1 + r3A2.

So we can write A1 + r3A2 ∈ L (A1, A2) .
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(4) A, B ∈ L (A1, A2) =⇒ (A−B) /∈ L (A1, A2).
Indeed, let’s take A = A1+r1A2 and B = A1+r2A2 for A, B ∈ L (A1, A2). Then,

we get,
A−B = (r1 − r2)A2 /∈ L (A1, A2) .

However, this difference is a member of the L (0, A2) matrix family.
(5) The convex sum of matrices A and B is also an element of L (A1, A2) for A, B ∈

L (A1, A2), i.e. αA+ βB ∈ L (A1, A2) for α+ β = 1 and α, β > 0.
Let’s take A = A1 + r1A2, B = A1 + r2A2 ∈ L (A1, A2). If we write

αA+ βB = (α+ β)A1 + (αr1 + βr2)A2.

We know that α+ β = 1 from convex sum and αr1 + βr2 ∈ IL from r1, r2 ∈ IL so we
get

αA+ βB ∈ L (A1, A2) .

(6) L (A1, A2) Hurwitz stable matrix family then A1 ∈ L (A1, A2) when r = 0 also A2 /∈
L (A1, A2) for A1 ̸= 0.

Let’s take A ∈ L (A1, A2) so we have A = A1 + rA2. From this equality, if we
specially choose r = 0 then we get A = A1 ∈ L (A1, A2) and unless A1 = 0, A2 is not
element of L (A1, A2) .

(7) Let I1
L ⊂ I2

L then L1 (A1, A2) ⊂ L2 (A1, A2).
(8) C (A1, A2) ̸= C (A2, A1) for r ̸= 0.5.

Let’s take A1 ∈ C (A1, A2) and A2 ∈ C (A2, A1). If written these equalities, A1 =
(1− r)A1 + rA2 and A2 = (1− r)A2 + rA1 are obtained. It is easily seen that, this
equality is not satisfied unless r = 0.5 specifically.

(9) A ∈ C (A1, A2) there is exist and unique where the interval which r ∈ IC .
Indeed, we say the existence of r ∈ IC from the definition of the A ∈ C (A1, A2) for

A = (1− r)A1 + rA2. In addition, let be A = (aij) ,A1 =
(
a1ij

)
, A2 =

(
a2ij

)
A ∈ C (A1, A2) ⇐⇒ ∃r =

aij − a1ij
a2ij − a1ij

(i, j = 1, 2, ..., N) .

On the other hand, if a2ij = a1ij then it means A2 = A1 and automatically get A = A1

i.e. aij = a1ij .

(10) A, B ∈ C (A1, A2) =⇒ 1
2 (A+B) ∈ C (A1, A2) .

Let be A ∈ C (A1, A2) ∋ A = (1− r1)A1 + r1A2 and B ∈ C (A1, A2) ∋ B =
(1− r2)A1 + r2A2 for r1, r2 ∈ IC . Since r1+r2

2 = r3 ∈ IC for r1, r2 ∈ IC
1

2
(A+B) =

(
1− r1 + r2

2

)
A1 +

r1 + r2
2

A2 = (1− r3)A1 + r3A2.

So we can write (1− r3)A1 + r3A2 ∈ C (A1, A2) .
(11) A, B ∈ C (A1, A2) =⇒ (A−B) /∈ C (A1, A2).

Indeed, let’s take A = (1− r1)A1 + r1A2 and B = (1− r2)A1 + r2A2 for A, B ∈
C (A1, A2). Then, we get,

A−B = − (r1 − r2)A1 + (r1 − r2)A2 /∈ C (A1, A2) .

(12) The convex sum of matrices A and B is also an element of C (A1, A2) for A, B ∈
C (A1, A2), i.e. αA+ βB ∈ C (A1, A2) for α+ β = 1 and α, β > 0.

Let’s take A = (1− r1)A1 + r1A2, B = (1− r2)A1 + r2A2 ∈ C (A1, A2). If we
write

αA+ βB = ((α+ β)− (αr1 + βr2)A1 + (αr1 + βr2)A2.

We know that α+ β = 1 from convex sum and αr1 + βr2 ∈ IC from r1, r2 ∈ IC so we
get,

αA+ βB ∈ C (A1, A2) .

(13) C (A1, A2) Hurwitz stable matrix family then A1 ∈ C (A1, A2) when r = 0 and A2 ∈
C (A1, A2) if r = 1.

Let’s take A ∈ C (A1, A2) so we have A = (1− r)A1 + rA2. From this equality, if
we specially choose r = 0 then we get A = A1 ∈ C (A1, A2) and r = 1 then we get
A = A2 ∈ C (A1, A2) .

(14) Let I1
C ⊂ I2

C then C1 (A1, A2) ⊂ C2 (A1, A2).
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(15) L (A1, A2) and C (A1, A2) Hurwitz stable matrix family then A1 ∈ L∩C, i.e. L∩C ̸= ∅.
From the above properties it can be seen easily.

Remark 1. The properties given above are valid for Hurwitz stability of L (A1, A2) and
C (A1, A2) matrix families. The set of practical Hurwitz stable matrix is shown with

H∗N = {A ∈ HN | κ(A) ≤ κ∗} .
if A1 ∈ H∗N , A2 ∈MN (C) and rL ∈ I∗L and rC ∈ I∗C [7], respectively, the above properties are
valid for κ∗−Hurwitz stability of matrix families L (A1, A2) and C (A1, A2) matrix families in
general.

3. Conclusion

In this study, new matrix families L (A1, A2) and C (A1, A2) based on linear and convex
summation were recalled, respectively. The IL and IC intervals that make these families
Hurwitz stable were reminded. Similarly, I∗L and I∗C intervals that will provide κ∗−Hurwitz
stability of matrix families L and C were also recalled. Using these matrix families and their
Hurwitz and κ∗−Hurwitz stability intervals, some algebraic properties were given.
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Abstract. Randomization test (R-test) is often advocated as an alternative data analysis
method when assumptions of most commonly used statistical techniques (such as analysis
of variance, regression analysis, t-test, and analysis of covariance etc.) are violated. In
this work, the robustness in terms of empirical type-I-error and power (sensitivity) of R-test
was evaluated and compared with that of F -test in the analysis of a single factor repeated
measures design; when the data are normal, and non-normal with or without outliers. The
Monte Carlo approach was used in the simulation study. The results showed that when the
data are normal, the R-test was approximately as sensitive and robust as the F -test, while
it was more sensitive than the F -test when data had skewed distributions. The R-test was
more sensitive and robust than the F -test in the presence of an outlier.

2020 Mathematics Subject Classifications: 62-06, 62K25

Keywords: Randomization test, Outlier, Type I error, Robustness, Power and Monte
Carlo.

1. Introduction

Repeated measure designs (RMDs) are one of the most frequently used classes of exper-
imental designs in many of applied fields, e.g., medical, pharmaceutical, agricultural, zoo-
logical and biological sciences ([1] and [2]). An advantage of RMDs is that they get rid of
the effect of individual differences from the analysis since the same subjects are used in all
treatment conditions ([3], [4]). The single factor repeated measure design (RMD) according
to [5] is an extension to the dependent t-test (paired t-test), and is traditionally analyzed
using the repeated measures analysis of variance (RM ANOVA) based on the F -test statistic
with parametric test assumptions of normality, independence and equality of variance. The
inability of the F-test to produce a reliable result in the face of failure of data to meet para-
metric test assumptions is its major disadvantage. In order to overcome this problem, the
randomization test was used this work to analyzed single factor RMD.

The randomization test(R-test), also called permutation test, is a way of hypotheses testing
about treatment effects in an experiment which is based on rearrangement or randomization
of the data without referenced to the distribution of the datasets ([6]). In randomization
test, [6] elucidated how a reference distribution which is generated from the data is used
in place of a theoretical or standard distribution as a basis for comparison with the actual
value of a test statistic from an analysis. [7] discussed methods to analyze RMD based on
general approximate permutation test which involved permutation of reduced and modified
residuals which removes correlation between the residuals and was found to be superior to
the convectional RM ANOVA in terms of maintaining the pre-assigned type-1-error. The
ability of a test to make the right decision either by rejecting or accepting of a hypothesis
also referred to as power of a test, can be affected by the presence of outliers in the datasets.
Outliers are often inevitably seen in datasets of repeated measurements, even when data come
from reputable sources and the data collection is carefully executed ([8]).

An outlier is an individual value that is substantially different either larger or smaller
from the values obtained for other individuals in a data set ([9]). Outliers often lie far away
from other values in a random sample from a population. They may be an indicator of data
errors or rare events, and should be investigated carefully to understand why they appear in
a sample as highlighted by [10]. The existence of outliers has been recognized and noted for
centuries and led to concerns about the disproportionate influence of outliers on statistical
analyses like in inflation of type-I-error rates and power reduction in parametric t- and F -tests
([11], [12]). [13] hinted that the adverse effects of outliers which manifests in distortions of
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statistical significance tests can lead to erroneous conclusions if indications of outliers are not
carefully examined and robust test used in analysis of such data. As a remedy to the effects
of outliers, several approaches can be used to diminish or lower the impact of outliers such
as log transformation and nonparametric statistical ranking ([10]), and Winsorizing ([14]).
These approaches highlighted can either have poor power properties as in transformation,
loss of information as in use of rank and negative bias in estimation of parameters in the case
of winsorizing ([15]), therefore it is necessary to employ the randomization test (which only
depends on the use of a permutation technique in executing significance testing) in order to
reduce the impact of the outlying observations thus can be said to be a robust test in relation
to the effect of outliers.

In this work, the robustness in terms of empirical type-I-error (p-value) and power of R-test
was evaluated and compared with that of F -test in the analysis of a single factor repeated
measures design; when the data are normal and non-normal with or without outliers.

2. SIMULATION PROCEDURES

Data were simulated from five theoretic distributions. The normal distribution was used
to test condition under which normality assumption holds. The skewed distributions used
include exponential, lognormal, Chi-square, and Weibull distributions. These represent con-
dition under which the distribution assumption (normality) does not hold. The dataset
without outlier is referred to as complete case.

Datasets for comparison were generated via Monte Carlo simulation when the normal and
non-normal assumptions are met or not for without and with outlier for various sample sizes of
5, 7 and 9. In the simulation, the experiment was repeated 10,000 times for each distribution
under the condition when the dataset is complete, and in the presence of an outlier. The
outliers were introduced using Tukey (1977) box plot method of detecting outlier whereby an
extreme value beyond the outer fences is a probable. The procedures: the IQR (Inter Quartile
Range) is the distance between the lower (Q1) and upper (Q3) quartiles, inner fences are
located at a distance 1.5*IQR below Q1 and above Q3 [Q1-1.5*IQR, Q3+1.5*IQR] and outer
fences are located at a distance 3*IQR below Q1 and above Q3 [Q1-3*IQR, Q3+3*IQR] then
a value between the inner and outer fences is a possible outlier. An extreme value beyond
the outer fences is a probable outlier. There is no statistical basis for the reason that Tukey
uses 1.5 and 3 regarding the IQR to make inner and outer fences. The Tukey’s method as
implemented using Sigma Magic software detected four outliers injected into the data in this
work. The rate of empirical type-1-error and power for the two tests (R-test and F -test) were
computed for the two cases (without and with outlier).

3. THE P-VALUE (EMPIRICAL TYPE-I-ERROR) AND POWER FOR
COMPARISON

In statistical hypothesis testing, the p-value or probability value is the probability of obtain-
ing test results at least as extreme as the results actually observed during the test, assuming
that the null hypothesis is correct. The percentage of significant test out of 10,000 iterations
for a given case was considered as either the rejection or the acceptance rate for that case.
The comparison procedures were considered in two cases. For the first case where the null
hypothesis is true, the rejection rate of the null hypothesis was regarded as the empirical
type-I-error (p-value) for each test. The test that had the closest p-value (empirical type-
I-error rate) to the nominal α = 0.05 was considered as the more robust of the two. The
second case is where the alternative hypothesis true, the rejection rate was considered as the
power for each test. The test that had larger power was taken to be more sensitive than the
other.

4. RESULTS AND DISCUSSION

Using the procedures described in Section 2, the optimal p-value and the highest power
for the normal and skewed distributions for the R- and F -tests were obtained and tabulated
in Table 1 for complete case and in the presence of an outlier. The values for the case with
outlier are presented in the bracket on the table. From the results without outlier, both tests
were roughly sensitive and robust under normal assumption since F -test have a better value
(p = 0.05) while F -test and R-test were very high at 0.9914 and 0.9805 respectively for the
power. For exponential distribution, (p = 0.0542) is the optimal p-value for F -test and for
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R-test (p = 0.0581), while the highest power for F -test and R-test were 0.9028 and 0.9469
respectively which shows that R-test was more powerful than F -test, and more robust too for
exponential data. For lognormal distribution, the F -test and R-test respectively had optimal
p-values for both tests as 0.0413 and 0.0490, while both tests exhibited power of 0.8689 and
0.8629 respectively for F -test and R-test. For the Chi-square distribution, F -test had optimal
p-value of 0.0479 and 0.0524 for R-test. Also, the highest power of the F -test and R-test
respectively were 0.6628 and 0.8086. For the Weibull distribution, p-value = 0.0525 for the
R-test was more robust and power = 0.8334 was more powerful.

In the presence of an outlier presented in bracket in Table 1, we have under assumption
of normal (p = 0.0824, power = 0.5869), exponential (p = 0.0755, power = 0.6963), lognor-
mal (p = 0.0792, power = 0.6876), Chi-square (p = 0.0843, power = 0.6628), and Weibull
(p = 0.0818, power = 0.5994). These results indicated that p-values for F -test under the
exponential and lognormal distributions had a decreasing trend but an increasing trend for
Chi-square and Weibull distribution. Also, the power for F -test exhibited slight decreasing
trend for normal and Weibull, while it increased for exponential Chi-square and lognormal.
On the other hand, the R-test was more powerful and robust in all distribution: normal (p =
0.0588, power = 0.8209), exponential (p = 0.0566, power = 0.8202), lognormal (p = 0.0512,
power = 0.8094), Chi-square (p = 0.0516, power = 0.8180), and Weibull (p = 0.0536, power
= 0.7933). The value in bracket is p-value and power for with outlier.

Distribution F-test R-test

p-value power p-value power
Normal 0.0500(0.0824) 0.9914(0.5869) 0.0429(0.0588) 0.9805(0.8209)
Exponential 0.0542(0.0755) 0.9028(0.6963) 0.0581(0.0566) 0.9469(0.8202)
Lognormal 0.0413(0.0792) 0.8689(0.6876) 0.0490(0.0512) 0.8629(0.8094)
Chi-Square 0.0479(0.0843) 0.6729(0.6628) 0.0524(0.0516) 0.8086(0.8180)
Weibull 0.0525(0.0818) 0.6804(0.5994) 0.0740(0.0536) 0.8334(0.7933)

Table 1. The p-values and power of F -test and R-test without and with outlier

5. CONCLUSION

This work assessed the robustness of R- tests in the presence of outlier for repeated mea-
sures design. The empirical type-I-error (p-value) and power of the R-test was evaluated
and compared with that of the F -test under normal and skewed distributions. The results
showed that when the normality condition was met in a complete case, the randomization test
was comparably as robust and sensitive as the F -test. When data had skewed distributions
(exponential, lognormal, Chi-square and Weibull), the F -test was less robust and sensitive.
Also, in the presence of an outlier, the randomization test was more robust and sensitive
than the F -test. In a nutshell, the randomization test was approximately as sensitive as the
F-test in RMD when dataset follows normal condition but more sensitive when the dataset is
skewed (exponential, Chi-square, lognormal and Weibull). Based on the results obtained in
this study we recommend the randomization test to serve as a better option in the presences
of outlier.
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Abstract. In this paper we will construct a generalization of Bernstein operators using
Kantorovich’s method. In this sense we will use a general derivative operator denoted by Dl

and its corresponding anti-derivative operator I l, having the property Dl ◦ I l = I l ◦Dl = Id.
We will prove that the convergence on all continuous functions on [0, 1] holds even though
the operators constructed this way are not positive.
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1. Introduction and Preliminaries

In order to prove Weierstrass’s approximation theorem [16], S. N. Bernstein proposed, in
paper [3], the following positive and linear operators: let f ∈ C [0, 1] :

(1) Bn (f, x) =

n∑
k=0

pn,k (x) f

(
k

n

)
, x ∈ [0, 1] ,

where pn.k (x) =
(
n
k

)
xk (1− x)n−k , for 0 ≤ k ≤ n, and pn.k (x) = 0 for k > n. It is well-known

that these operators can be used to uniformly approximate all continuous functions on [0, 1] ,

and also for the simultaneous approximation: for f ∈ Ck [0, 1] we have Bnf
(k) → f (k),

uniformly as n→ ∞, see [5, 15].
After the Bernstein operators were introduced, there arose a lot of generalizations of them

(for example see [4, 5, 8, 10, 13]). One of these generalizations was given by D.D. Stancu
in [14], which introduced a modification of the Bernstein operators (1) depending on two
parameters 0 ≤ α ≤ β : let f ∈ C [0, 1] :

(2) Bα,β
n (f, x) =

n∑
k=0

pn,k (x) f

(
k + α

n+ β

)
, x ∈ [0, 1] ,

and proved that
∥∥∥Bα,β

n f − f
∥∥∥→ 0 as n→ ∞. Further it has been shown that for f ∈ Ck [0, 1] ,

the simultaneous approximation Bα,β
n f (k) → f (k) holds uniformly (see [1]).

Another notable generalization was given by Kantorovich in paper [9], which introduced
a modification of Bernstein operators using the following method: let L be an operator,
D = d

dx be a differential operator and If (x) =
∫ x
0 f (t) dt, the corresponding antiderivative

in the sense: D◦I = I ◦D = Id, where Id is the identity operator. In this case, the Kantorovich
modification of L is given by

(3) K = D ◦ L ◦ I.

Now, if we take L = Bn+1 in (3), we obtain the Bernstein-Kantorovich operators Kn, studied
in detail in [9], defined as K = D ◦Bn+1 ◦ I, having the following expression: let f ∈ L1[0, 1],

(4) Kn (f, x) = (n+ 1)

n∑
k=0

pn,k (x)

k+1
n+1∫
k

n+1

f (t) dt, x ∈ [0, 1].
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In the case of Bernstein-Kantorovich we have that these operators uniformly approximate all
integrable functions on [0, 1] . After these operators were introduced, they were extensively
studied (see, for example [2, 6]).

Another modification using Kantorovich’s method was introduced by Gonska H. et. al.
in paper [7] where they analyzed the operators obtained by taking the derivative operators

Dk = d
dxk , and the antiderivative operators as Ikf (x) =

∫ x
0

(x−t)k−1

(k−1)! f (t) dt, and considering

the operators K̃n = Dk ◦ Bn ◦ Ik called k-th order Kantorovich operators. They proved the
uniform convergence K̃nf → f, for f ∈ L1 [0, 1] .

In paper [11], Pltnea R. introduced a modification of Bernstein operators using Kan-
torovich’s method by taking the differential operator Dcf = f ′ + cf . He proved that the
operators constructed as K∗n = Dc ◦ Bn+1 ◦ Ic, where Ic is a corresponding antiderivative
operator, can be used to approximate functions on C[0, 1] and the operators are not positive.
Having in mind these operators we will introduce a new class of Kantorovich type operators
which are constructed using Kantorovich’s method, but taking a more general differential
operator: let l ∈ {1, 2, . . . } ,

(5) Dlf = f (l) + al−1f
(l−1) + · · ·+ a1f

′ + bf,

a1, a2, . . . , al−1, b ∈ R, and a corresponding antiderivative operator I l with respect to Dl◦I l =
I l ◦Dl = Id. This condition leads to:(

Dl ◦ I l
)
(f) = f,

therefore we have:

(6)
(
I lf
)(l)

+ al−1

(
I lf
)(l−1)

+ · · ·+ a1

(
I lf
)′

+ b
(
I lf
)
= f,

which is a linear differential equation of order l with constant coefficients for which we know
that I lf exists but it is not unique and it is of class C l[0, 1]. Since there is an infinity of such
antiderivatives, one can obtain a unique one by imposing a Cauchy problem for differential
equations such as, in a certain point the anti-derivative I lf and its derivatives up to order
l − 1 should have particular values.

The Kantorovich type operators that will be studied in this paper are of the form

(7) K l = Dl ◦ L ◦ I l,

where L is an operator.
Further we will consider L = Bn+l in (7) and we will prove that these linear operators can

approximate continuous functions on [0, 1] even though they are not positive operators.
Along the paper we will use the following notions. Denote by es the monomials es (t) = ts.
Let ∆hf (x) = f (x+ h) − f (x) be the first finite difference of f with step h. The l-th

iterate of ∆ is denoted by ∆l and is defined as follows

(8) ∆l
hf (x) = ∆h

[
∆l−1

h f (x)
]
.

We can write the finite difference of order l as follows:

(9) ∆l
hf (x) =

l∑
i=0

(−1)l−i
(
l

i

)
f (x+ ih) .

Proposition 1.1. If f is a polynomial of degree l − 1 then ∆l
hf (x) = 0.

Let I be an interval and x0, x1, . . . , xn ∈ I n + 1 distinct points of I. Let f be a function
defined on I. The divided differences of f on x0, x1, . . . , xn are given by

f [xk] : = f (xk) , k = 0, n,(10)

f [xk, xk+1, . . . , xk+p] : =
f [xk+1, . . . , xk+p]− f [xk, xk+1, . . . , xk+p−1]

xk+p − xk
,

for k = 0, n− p, j = 0, n.
Divided differences have the following properties:

Proposition 1.2. If f is a polynomial of degree < n, then

(11) f [x0, x1, . . . , xn] = 0.
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Proposition 1.3. (Mean value theorem for divided differences) If f is n times differentiable,
then

(12) f [x0, x1, . . . , xn] =
f (n) (ξ)

n!
,

for ξ ∈
(
mink∈{0,1,...n} xk,maxk∈{0,1,...n} xk

)
.

Proposition 1.4. The following relation between finite differences and divided differences
holds:

(13) f [x, x+ h, . . . , x+ lh] =
1

l!hl
∆l

hf (x) .

It is well known that if we consider the l-th derivative of Bernstein operators (1), it can
be written in terms of finite differences of order l as follows, see [5]:

(14) B(l)
n (f, x) =

n!

(n− l)!

n−l∑
j=0

∆l
1
n

f

(
j

n

)
pn−l,j (x) , x ∈ [0, 1].

With all the considerations from above, let us define our Kantorovich type operators:

(15) K l
n (f, x) =

(
Dl ◦Bn+l ◦ I l

)
(f, x) , x ∈ [0, 1]

which can be written as

(16) K l
n (f, x) = Dl

(
Bn+lI

lf
)
(x) .

For simplicity, let us denote I lf := F

K l
n (f, x) =(17)

= [Bn+l (F, x)]
(l) + al−1 [Bn+l (F, x)]

(l−1) + · · ·+ a1 [Bn+l (F, x)]
′
+ bBn+l (F, x)

=
(n+ l)!

n!

n∑
j=0

∆l
1

n+l
F

(
j

n+ l

)
pn,j (x)+

+al−1
(n+ l)!

(n+ 1)!

n+1∑
j=0

∆l−1
1

n+l

F

(
j

n+ l

)
pn+1,j (x)+

+ · · ·+ a1
(n+ l)!

(n+ l − 1)!

n+l−1∑
j=0

∆ 1
n+l

F

(
j

n+ l

)
pn+l−1,j (x) + bBn+l (F, x) .

Remark 1. The operators (17) are linear operators.

Our aim is to prove that ∥∥∥K l
nf − f

∥∥∥→ 0, as n→ ∞

for all continuous functions on [0, 1].

2. Main results

In order to prove our main approximation result we need the following lemma:

Lemma 2.1. Let F be a Ck function on a compact interval I, then the following convergence
holds:

(18) (n+ l)k ∆k
1

n+l
F (x) → F (k) (x) , uniformly as n→ ∞, x ∈ I.

Proof. In order to prove the result we will use the following representation of the finite
difference:

(n+ l)k ∆k
1

n+l
F (x) = (n+ l)k

k∑
i=0

(−1)i+k

(
k

i

)
F

(
x+

i

n+ l

)
.
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Now, using the Taylor expansion of order k for the function F in the point x we obtain the
following:

(n+ l)k ∆k
1

n+l

F (x) = (n+ l)k
k∑

i=0

(−1)i+k

(
k

i

)
×(19)

×


k∑

s=0

1

s!
F (s) (x)

(
i

n+ l

)s

+

x+ i
n+l∫

x

(
x+ i

n+l − u
)k−1

(k − 1)!

[
F (k) (u)− F (k) (x)

]
du


= (n+ l)k

k∑
s=0

1

s!
F (s) (x)

k∑
i=0

(−1)i+k

(
k

i

)(
i

n+ l

)s

+R

=: T +R.

We will treat separately T and R.

T = (n+ l)k
k∑

s=0

1

s!
F (s) (x)

k∑
i=0

(−1)i+k

(
k

i

)(
i

n+ l

)s

(20)

= (n+ l)k
k−1∑
s=0

1

s!
F (s) (x)∆k

1
n+l

es (0) + (n+ l)k
1

k!
F (k) (x)∆k

1
n+l

ek (0) .

Using the Proposition 1.1 we have that ∆k
1

n+l

es (0) = 0 for s ≤ k − 1.

Now, for the second term we will use the relation between finite differences and divided
differences:

∆k
1

n+l
ek (0) = k!

1

(n+ l)k
ek

[
0,

1

n+ l
, . . . ,

k

n+ l

]
(21)

= k!
1

(n+ l)k
e
(k)
k (ξ)

k!
= k!

1

(n+ l)k
k!

k!

= k!
1

(n+ l)k
.

We have obtained that

(22) T = F (k) (x) .

Our next purpose is to show that R→ 0 uniformly. Take

|R| ≤(23)

≤ (n+ l)k
k∑

i=0

(
k

i

) ∣∣∣∣∣∣∣∣
x+ i

n+l∫
x

(
x+ i

n+l − u
)k−1

(k − 1)!

[
F (k) (u)− F (k) (x)

]
du

∣∣∣∣∣∣∣∣
≤ (n+ l)k

k∑
i=0

(
k

i

)
ω
(
F (k), δ

) x+ i
n+l∫

x

(
x+ i

n+l − u
)k−1

(k − 1)!

(
1 +

(u− x)2

δ2

)
du

= (n+ l)k
k∑

i=0

(
k

i

)
ω
(
F (k), δ

)[( i

n+ l

)k 1

k!
+

+
1

δ2

x+ i
n+l∫

x

(
x+ i

n+l − u
)k−1

(k − 1)!
(u− x)2 du
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Treat the integral part separately. For simplicity, denote ρ := i
n+l . We have:

J =

x+ρ∫
x

(x+ ρ− u)k−1

(k − 1)!
(u− x)2 du(24)

=

x+ρ∫
x

(x+ ρ− u)k−1

(k − 1)!

[
(x+ ρ− u)2 − 2ρ (x+ ρ− u) + ρ2

]
du

=
ρk+2

(k + 2) (k − 1)!
− 2

ρk+2

(k + 1) (k − 1)!
+
ρk+2

k!

≤ Cρk+2,

where C is a constant. We get

(25) |R| ≤ ω
(
F (k), δ

) k∑
i=0

(
k

i

)[
ik

k!
+
ik+2

δ2
C

1

(n+ l)2

]
.

Taking δ = 1
n+l we obtained that R→ 0 uniformly, which proves our result. �

Now, we can state and prove the approximation result.

Theorem 2.2. Let f ∈ C [0, 1] . The following convergence holds:

(26) K l
nf → f, uniformly as n→ ∞.

Proof. Let us take into account the expression (17) for the operators K l
nf. As we have proved

in Lemma 2.1: ∀ε > 0 there is nε ∈ N such that for all n ≥ nε we have

(27) | (n+ l)k ∆k
1

n+l

F (x)− F (k) (x) | < ε,

uniformly with respect to x, for each k ∈ {0, 1, . . . }.
Now, we shall consider the difference:

K l
nf (x) =

(n+ l)!

n!

1

(n+ l)l

n∑
j=0

(n+ l)l ∆l
1

n+l

F

(
j

n+ l

)
pn,j (x)+(28)

+al−1
(n+ l)!

(n+ 1)!

1

(n+ l)l−1

n+1∑
j=0

(n+ l)l−1∆l−1
1

n+l

F

(
j

n+ l

)
pn+1,j (x)

+ · · ·+ a1
(n+ l)!

(n+ l − 1)!

n+l−1∑
j=0

∆ 1
n+l

F

(
j

n+ l

)
pn+l−1,j (x) + bBn+l (F, x)

= A0
n

n∑
j=0

(n+ l)l ∆l
1

n+l

F

(
j

n+ l

)
pn,j (x)+(29)

+al−1A
1
n

n+1∑
j=0

(n+ l)l−1∆l−1
1

n+l

F

(
j

n+ l

)
pn+1,j (x)

+ · · ·+ a1A
l−1
n

n+l−1∑
j=0

∆ 1
n+l

F

(
j

n+ l

)
pn+l−1,j (x) + bBn+l (F, x) ,

where Ak
n := (n+l)!

(n+k)!
1

(n+l)l−k , k ∈ {0, . . . , l − 1}.
There exists n1ε such that

∣∣Ak
n − 1

∣∣ < ε for n ≥ n1ε, for 0 ≤ k ≤ l − 1, and we obtain the
following:

K l
nf (x) →

n∑
j=0

F (l)

(
j

n+ l

)
pn,j (x) + al−1

n+1∑
j=0

F (l−1)
(

j

n+ l

)
pn+1,j (x) +

+ · · ·+ a1

n+l−1∑
j=0

F ′
(

j

n+ l

)
pn+l−1,j (x) + bBn+l (F, x) .
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Now, we notice that the sums appearing above can be expressed in terms of Bernstein-Stancu
operators as follows:

n+k∑
j=0

F (l−k)
(

j

n+ l

)
pn+k,j (x) = B0,l−k

n+k

(
F (l−k), x

)
, k ≤ l − 1

for which we know that B0,l−k
n+k

(
F (l−k), x

)
→ F (l−k) (x) as n→ ∞, uniformly with respect to

x, and the term Bn+l (F, x) → F (x) since it is the classical Bernstein operator.

K l
nf (x) → F (l) (x) + al−1F

(l−1) (x) + · · ·+ a1F
′ (x) + bF (x) =

= Dl ◦ I l (f (x)) = f (x) ,

and the convergence above is uniform with respect to x. �

Remark 2. The operators K l
nf (x) are not positive as the following example shows:

Example 2.3. Let n = 1 and the differential operator be D1f = f ′ − f which has a fixed
corresponding antiderivative I1f (x) = ex

∫ x
0 e
−tf (t) dt, which will be denoted by I1f (x) :=

F (x) and chosen such that F (0) = 0. We consider the function

f (t) = e−5t, t ∈ [0, 1].

Now, we compute K1
1 :

K1
1f (x) =

(
D1 ◦B2 ◦ I1

)
(f (x)) = [B2 (F, x)]

′ −B2 (F, x) =(30)

=

[
F (0) (1− x)2 + 2F

(
1

2

)
x (1− x) + F (1)x2

]′
−(31)

−
[
F (0) (1− x)2 + 2F

(
1

2

)
x (1− x) + F (1)x2

]
= 2F

(
1

2

)(
1− 3x+ x2

)
+ F (1)

(
2x− x2

)
= 2

(
1− 3x+ x2

)
e

1
2

∫ 1
2

0
e−6tdt+

(
2x− x2

)
e

∫ 1

0
e−6tdt

= −1

3

(
1− 3x+ x2

)
e

1
2
(
e−3 − 1

)
− e

6
(2x− x2)

(
e−6 − 1

)
.

We take x = 1 and obtain

K1
1f (1) =

1

3
e

1
2
(
e−3 − 1

)
− e

6

(
e−6 − 1

)
= −7.0288× 10−2,

which holds our remark.

3. Conclusion

The operators considered in this paper constitutes an example of approximation opera-
tors that can be used to approximate continuous functions on [0, 1] even though they are
nonpositive operators.
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The Inverse Limits of Dicompact Bi-Hausdorff
Spaces
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Abstract. Inverse systems and inverse limits are introduced and studied for some cat-
egories of dicompact texture spaces, that is the ditopological spaces which are compact in
the textural sense as a natural counterpart of the classical compactness. According to that,
in this study we especially restrict ourselves to the topological subcategory ifPDicompT2

consisting of dicompact, bi-Hausdorff ditopological spaces that have plain texturing which is
proper, but still quite extensive subclass of textures. In the context of this category, some
various properties of inverse limits and the related theorems are discussed. In particular, by
taking into consideration the fact that ifPDicompT2 is the full subcategory of the category
ifPDitop, whose objects are ditopological plain spaces, we acquired a few topological results
about the theory of inverse systems-limits of dicompact texture spaces satisfying a specific
condition.

2020 Mathematics Subject Classifications: 46M40, 54B10, 54B30, 54D30, 18B35,
18A30, 54A05

Keywords: Inverse limit, ditopological plain texture, equalizer, dicompact space, full
subcategory, joint topology

1. Introduction

The theory of inverse systems and inverse limits was handled in (cf. [5]) first-time, in the
categories of some special textures. Within the framework of this idea, the main purpose of
our study is to present some crucial properties of the inverse limits in the context of dicompact
bi-Hausdorff texture spaces.

Accordingly, after giving the background information in Section 1 required for this study,
the category of dicompact bi-Hausdorff ditopological plain texture spaces and the bicontin-
uous point functions satisfying a specific condition is introduced and discussed in Section 2
as the full subcategory of the category consisting of ditopological plain texture spaces. Fol-
lowing that the notion of inverse limit for the inverse systems in the category of dicompact
bi-Hausdorff plain spaces and the other concepts related with the inverse limits of inverse
systems in that category are presented in Section 3. Especially, the required theorems and
results for the rest of paper are mentioned here in a categorical setting for the plain textures
via the notion of joint topology for a ditopology.

Finally, Section 4 as the last part of the paper gives a conclusion about the whole of the
work.

1.1. Preliminaries. The theory of ditopological textures was introduced by L. M. Brown as
a point-based setting for the study of complement-free mathematical concepts. Within the
framework of this theory, let us remind the following concepts (cf. [2, 3, 4]) will be required
for this study:

Texture: If S is a set, a texturing S on S is a subset of P (S) which is a point-separating,
complete, completely distributive lattice containing S and ∅, and for which meet coincides
with intersection and finite joins with union. The pair (S, S) is then called a texture.

For a texture (S, S), most properties are conveniently defined in terms of the p-sets and
q-sets:

Ps =
∩

{A ∈ S | s ∈ A}, Qs =
∨

{A ∈ S | s /∈ A}

Plain Texture: The texture (S, S) is called plain if S is closed under arbitrary unions, equiv-
alently if Ps ̸⊆ Qs for all s ∈ S.
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Point Function Between Textures: If (S, S), (T,T) are textures and φ : S → T a point
function between the base sets of textures satisfying the compatibility condition Ps ̸⊆ Qs′ =⇒
Pφ(s) ̸⊆ Qφ(s′), that is φ is called ω-preserving. In addition, the following equalities define
the inverse image with respect to φ for each B ∈ T.

φ←B =
∨

{Pu | φ(u) ∈ B} =
∩

{Qv | φ(v) /∈ B}

Ditopological Space: Since a texturing S need not be closed under the operation of taking
the set-complement, the notion of topology is replaced by that of dichotomous topology or
ditopology, namely a pair (τ, κ) of subsets of S, where the set of open sets τ satisfies

(1) S, ∅ ∈ τ ,
(2) G1, G2 ∈ τ =⇒ G1 ∩G2 ∈ τ and
(3) Gi ∈ τ , i ∈ I =⇒

∨
iGi ∈ τ ,

and the set of closed sets κ satisfies the dual conditions:

(1) S, ∅ ∈ κ,
(2) K1, K2 ∈ κ =⇒ K1 ∪K2 ∈ κ and
(3) Ki ∈ κ, i ∈ I =⇒

∩
Ki ∈ κ.

A ditopological texture space with respect to a ditopology (τ, κ) on the texture (S, S) is
denoted by (S, S, τ, κ).

An adequate introduction to the theory of ditopological spaces and the motivation for its
study may be obtained from (cf. [2, 3, 4]).

Now we will show that we may associate the ditopology (τ, κ) on a plain texture (S, S)
with a topology Jτκ on S, by adapting the notion appropriate joint topology for a ditopology
described in (cf. [3]) to plain case:

Definition 1.1. (cf. [4]) Let (S, S, τ, κ) ∈ Ob ifPDitop. We define the joint topology on S
in terms of its family Jcτκ of closed sets by the condition

W ∈ Jcτκ ⇐⇒ (s ∈ S, G ∈ η(s),K ∈ µ(s) =⇒ G ∩W ̸⊆ K) =⇒ s ∈W.

Here η(s) = {N ∈ S | Ps ⊆ G ⊆ N ̸⊆ Qs for some G ∈ τ} and µ(s) = {M ∈ S | Ps ̸⊆
M ⊆ K ⊆ Qs for some K ∈ κ}.

Note that the proof of the fact “Jcτκ satisfies the closed-set axioms” is straightforward and
on passing to the complement this verifies that

(i) {G ⊆ S | G ∈ τ} ∪ {S \K ⊆ S | K ∈ κ} is a subbase, and
(ii) {G ∩ (S \K) ⊆ S | G ∈ τ,K ∈ κ} a base

of open sets for the topology Jτκ on S.

Remark 1. (1) From now on, in this work we will use the terms jointly closed (open,
dense) for the set which is closed (open, dense) with respect to the appropriate joint
topology of the ditopology on space.

(2) For (S, S, τ, κ) ∈ Ob ifPDitop, it is easy to see that κ ⊆ Jcτκ and τ ⊆ Jτκ. Also, the
family τ ∪ κc is the subbase for the joint topology Jτκ.

Product Ditopology: Let (Sj , Sj , τj , κj)j∈J be ditopological spaces and (S, S) the product of the
textures (Sj , Sj)j∈J . Then the ditopology (τ, κ) on (S, S) with subbase {Π←j G = E(j,G) |
G ∈ τj , j ∈ J} and cosubbase {π←j K = E(j,K) | K ∈ κj , j ∈ J} is called the product

ditopology on (S, S). In this case, the ditopological space (S, S, τ, κ) is called the product of
the family (Sj , Sj , τj , κj)j∈J , and is denoted by (

∏
j∈J

Sj ,
⊗
j∈J

Sj ,
⊗
j∈J

τj ,
⊗
j∈J

κj).

Bicontinuity: An ω-preserving point function between the ditopological texture spaces, is
called bicontinuous if the inverse image of every open set is open and the inverse image of
every closed set is closed.

The Category ifPTex : Objects are plain textures and morphisms are ω-preserving point
functions.

The Category ifPDitop : Objects are ditopological plain texture spaces and morphisms are
ω-preserving, bicontinuous point functions.

It is easy to verify that the category ifPDitop is a topological category over ifPTex.
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Now we can turn our attention to the theory of inverse systems in the context of textures:

Inverse Systems and Inverse Limits in the Category ifPTex The foundations of the theory
of inverse systems and their limits that is inverse limits, are handled in a textural context
and investigated first-time for the plain textures in (cf. [5]).

Specifically, the reader may consult (cf. [1]) for all the general concepts relating to category
theory.

2. The Category of Dicompact Bi-Hausdorff Spaces

The following notions discussed in (cf. [2, 4]) will be required in order to construct a new
category.

Definition 2.1. Let (τ, κ) be a ditopology on the texture (S, S). Then (S, S, τ, κ) is called

(i) Compact if whenever S =
∨

i∈I Gi, Gi ∈ τ , i ∈ I, there is a finite subset J of I with∪
j∈J Gj = S.

(ii) Cocompact if whenever
∩

i∈I Fi = ∅, Fi ∈ κ, i ∈ I, there is a finite subset J of I with∩
j∈J Fj = ∅.

(iii) Stable if every K ∈ κ with K ̸= S is compact, i.e. whenever K ⊆
∨

i∈I Gi, Gi ∈ τ ,
i ∈ I, there is a finite subset J of I with K ⊆

∪
j∈J Gj.

(iv) Costable if every G ∈ τ with G ̸= ∅ is co-compact, i.e. whenever
∩

i∈I Fi ⊆ G, Fi ∈ κ,
i ∈ I, there is a finite subset J of I with

∩
j∈J Fj ⊆ G.

We will refer to a ditopological texture space which has all four properties as a dicompact
space.

Definition 2.2. A ditopological space (S, S, τ, κ) is bi-T2 (bi-Hausdorff) if given s, s′ ∈ S
with Qs ̸⊆ Qs′ there exists H ∈ τ,K ∈ κ with H ⊆ K, Ps ̸⊆ K and H ̸⊆ Qs′.

The Category ifPDiCompT2 : Objects are dicompact, bi-Hausdorff plain texture spaces and
morphisms are ω-preserving, bicontinuous point functions.

Accordingly, taking into consideration Definition 1.1, we have the following:

Theorem 2.3. Let (S, S, τ, κ) ∈ Ob ifPDiCompT2 and (S, Jτκ) the corresponding joint
topological space. Then (S, Jτκ) is compact if and only if (S, S, τ, κ) is dicompact. Moreover,
(S, Jτκ) is Hausdorff.

Proof. If (S, S, τ, κ) is an object of ifPDiCompT2 then it is dicompact and bi-Hausdorff. In
this case, the corresponding joint topological space (S, Jτκ) constructed as in Definition 1.1 is
compact with the similar proof of (cf. [4, Proposition 4.6 (1)]). Additionally, since (S, S, τ, κ)
bi-Hausdorff the space (S, Jτκ) will be Hausdorff because of (cf. [4, Proposition 4.6 (2)]) �

Now we can turn our attention to the following two propositions proved in (cf. [5]).

Proposition 2.4. Let (S, S) be a plain texture and A ⊆ S. In this case, the family SA =
{A∩T | T ∈ S} defines a texturing on A and in particular, the pair (A, SA) is a plain texture.

Proposition 2.5. The product of ditopological plain spaces is a ditopological plain space.

Particularly, as far as the subsets of ditopological plain spaces are concerned, we have also
the following statement from :

Proposition 2.6. Let (S, S, τ, κ) be a ditopological plain space and A ⊆ S. In this case, the
families SA = S|A = {A ∩ T | T ∈ S}, τA = τ |A = {A ∩ T | T ∈ τ} and κA = κ|A = {A ∩K |
K ∈ κ} decribes a texturing, topology and cotopology, respectively on A and in particular, the
subspace (A, SA, τA, κA) is a ditopological plain space.

Additionally, let ’s take a glance at the next proposition related to subditopological spaces:

Proposition 2.7. If (S, S, τ, κ) is bi-Hausdorff and A ⊆ S then the induced subditopological
texture space (A, SA, τA, κA) is bi-Hausdorff.
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Proof. Let (S, S, τ, κ) be bi-Hausdorff and A ⊆ S. Thus in order to prove that the subditopo-
logical space (A, SA, τA, κA) is bi-Hausdorff, take s, s

′ ∈ A with Qs∩A = QA
s ̸⊆ QA

s′ = Q′s∩A.
In this case, we have s, s′ ∈ S and Qs ̸⊆ Qs′ , so there exists H ∈ τ,K ∈ κ with H ⊆ K,
Ps ̸⊆ K and H ̸⊆ Qs′ since (S, S, τ, κ) is bi-Hausdorff. Hence, H ∩A ∈ τA, K ∩A ∈ κA with
H ∩ A ⊆ K ∩ A, PA

s ̸⊆ K ∩ A and H ∩ A ̸⊆ QA
s′ . It means that the subditopological space

(A, SA, τA, κA) is bi-Hausdorff. �

According to the above considerations, we are now in a position to present a crucial theorem
and a result as follows:

Theorem 2.8. If (S, S, τ, κ) is an object of ifPDiCompT2 and A ⊆ S is jointly closed then
the induced subditopological space (A, SA, τA, κA) is an object of ifPDiCompT2.

Proof. Suppose that A is jointly closed set in S. In this case, A is closed with respect to the
joint topology on S. Also, the joint topological space (S, Jτκ) is compact by Proposition 2.3
(2) and so A is compact with respect to the restricted joint topology JτAκA = Jτκ|A on A. That
is, the joint topological space (A, JτAκA) of (A, SA, τA, κA) is compact. That is, (A, SA, τA, κA)
will be dicompact. Moreover, since (S, S, τ, κ) is bi-Hausdorff and (A, SA, τA, κA) is a subspace
of (S, S, τ, κ), the subditopological space (A, SA, τA, κA) becomes bi-Hausdorff by virtue of
Proposition 2.7. Finally, (A, SA, τA, κA) is an object of ifPDiCompT2. �

Corollary 2.9. i) The category ifPDiCompT2 has products.
ii) The category ifPDiCompT2 has equalizers.

Proof. In view of Proposition 2.5, the part i) is clear. In addition, by using the definition of
equalizer given in (cf. [1, Definition 7.51]), together with Proposition 2.6, the part ii) is seen,
easily. �

Incidentally, note here that the fact the category ifPDiCompT2 has equalizers and prod-
ucts is also trivial since it is a full subcategory of ifPDitop.

3. Inverse Limits In The Category ifPDiCompT2

First of all, let us recall the inverse system theory in the category ifPDitop:

Definition 3.1. (cf. [6]) Let Λ be a directed set and (Sα, Sα, τα, κα) ∈ Ob ifPDitop, α ∈ Λ.
If take the point functions

φαβ : (Sα, Sα, τα, κα) → (Sβ, Sβ, τβ, κβ) , α ≥ β

which are w-preserving and bicontinuous as the morphisms of ifPDitop, the family

{(Sα, Sα, τα, κα), φαβ}α≥β is called an inverse system of the ditopological plain spaces over Λ
or called an inverse system in the category ifPDitop over Λ if the conditions

i) φαα = idSα

ii) φβγ ◦ φαβ = φαγ , for all α ≥ β ≥ γ, α, β, γ ∈ Λ

are satisfied.

Since the category ifPDiCompT2 has products and equalizers by Corollary 2.9, each
inverse system in ifPDiCompT2 yields a limit space. It will be manifest by virtue of the
considerations given in (cf.[1, Sections 12,13]). Thus, we are now in a position to describe an
inverse limit space for the inverse system in the category ifPDiCompT2, as follows:

Definition 3.2. Let {(Sα, Sα, τα, κα), φαβ}α≥β be an inverse system in the category ifPDiCompT2

over a directed set Λ. Form the product ditopological space(∏
α

Sα,
⊗
α

Sα,
⊗
α

τα,
⊗
α

κα

)
α∈Λ

and for each α ∈ Λ, let πα be its projection (point) function onto the α th factor space
(Sα, Sα, τα, κα). We define a subset of the product

∏
α∈Λ Sα as follows:

I = {s ∈
∏
α

Sα | s = {sα} , for each α, β ∈ Λ , α ≥ β ⇒ πβ(s) = (φαβ ◦ πα)(s)}
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Moreover, we have a subtexturing I = (
⊗
α
Sα) |I and a subditopology (τI , κI) as τI = (

⊗
α
τα) |I ,

κI = (
⊗
α
κα) |I that is, as the restriction of the product ditopology (

⊗
α
τα,
⊗
α
κα)α on the

product texture (
∏
α
Sα,

⊗
α
Sα)α to the set I.

Therefore, we have a ditopological plain subtexture space (I, I, τI , κI), called the inverse
limit space of the inverse system {(Sα, Sα, τα, κα), φαβ}α≥β and usually denoted by the no-
tation

(S∞, S∞, τ∞, κ∞)

shortly, where S∞ = lim
←

{Sα}α∈Λ.

We are now in a position to present a useful theorem associated with the preservation of
the separation axiom bi-Hausdorff in the context of inverse systems and their limits:

Theorem 3.3. The inverse limit of an inverse system consisting of bi-Hausdorff spaces in
the category ifPDitop is a bi-Hausdorff space as an object of ifPDitop.

Proof. By Proposition 2.5, ifPDitop has products and moreover, by (cf. [2]) the textural
product of bi-Hausdorff ditopological spaces is a bi-Hausdorff space. Thus, the product of
objects in the category ifPDitop is a bi-Hausdorff space. Also, from Proposition 2.7, it
is known that any subditopological space of a bi-Hausdorff ditopological plain space is a
bi-Hausdorff plain space. Hence, clearly the inverse limit space will be bi-Hausdorff as a
subditopological space of that product. �

Theorem 3.4. If A = {(Sα, Sα, τα, κα), φαβ}α≥β is an inverse system in the category -
ifPDiCompT2 over the directed set Λ then the inverse limit space (S∞, S∞, τ∞, κ∞) of the
inverse system A is an object of the category ifPDiCompT2.

Proof. Assume that (Sα, Sα, τα, κα) ∈ Ob ifPDiCompT2, α ∈ Λ. In order to show that the
space (S∞, S∞, τ∞, κ∞) is jointly closed by using Definition 1.1, take a point s ∈

∏
α
Sα, s /∈ S∞

and for G ∈ η(s), K ∈ µ(s) suppose that G ∩ S∞ ̸⊆ K. In this case, µα(s) ̸= φβα(µβ(s)) for
β ≥ α and so sα ̸= φβα(sβ). It means that Psα ̸= Pφβα(sβ) and since the texture (Sα, Sα) is
plain, we have Qsα ̸= Qφβα(sβ).

Now suppose that Qsα ̸⊆ Qφβα(sβ). Thus, there exists H1 ∈ τα, H2 ∈ κα, H1 ⊆ H2, H1 ̸⊆
Qφβα(sβ) and Psα ̸⊆ H2 since the space (Sα, Sα, τα, κα) is bi-Hausdorff. So H1 ∈ η(φβα(sβ))

and H2 ∈ µ(sα).

On the other hand, note that the texture (Sβ, Sβ), β ∈ Λ is plain. Hence φ−1βαH1 ∈ η(sβ)

and µ−1β [φ−1βαH1] = (φβα ◦ µβ)−1[H1] ∈ η(s), so µ−1α H1 ∈ η(s) since µα = φβα ◦ µβ. Also,

µ−1α H2 ∈ µ(s) as well. Hence the fact µ−1α H1 ∩ S∞ ̸⊆ µ−1α H2 is clear by the definition of
joint topology given in Definition 1.1. In this case, there exists a point a ∈ S∞ such that
µ−1α H1 ∩ S∞ ̸⊆ Qa and Pa ̸⊆ µ−1α H2, and so µα(a) ∈ H1, µα(a) /∈ H2. But it contradicts
with the fact that H1 ⊆ H2. In conclusion, s ∈ S∞. That is, the closure of the set S∞ with
respect to the joint topology, is itself. It means that the inverse limit space (S∞, S∞, τ∞, κ∞)
of A is jointly closed and thus it is an object of ifPDiCompT2 by Theorem 2.8. �

4. Conclusion

Various aspects of the inverse system-limit theory for ditopological spaces are investigated
in the context of dicompact, bi-Hausdorff plain texture spaces and placed them in a categorical
setting as the main purpose of this study.

There are considerable difficulties involved in constructing a suitable theory of inverse
systems for general dicompact spaces. Hence, in the present context we confined our attention
to the inverse systems and inverse limits constructed in the full subcategory ifPDiCompT2

of ifPDitop, whose objects are dicompact, bi-Hausdorff spaces which have plain texturing.
Finally, We leave as an open problem the task of extending and translating the concepts
and also results obtained here to more general categories in the theory of dicompact texture
spaces.
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